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Ââåäåíèå

Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ

Äðîáíîå èíòåãðî-äèôôåðåíöèàëüíîå èñ÷èñëåíèå ïðåäîñòàâëÿåò ýôôåêòèâ-

íûå èíñòðóìåíòû äëÿ èññëåäîâàíèÿ ïðèêëàäíûõ ìàòåìàòè÷åñêèõ çàäà÷ â

ðàçëè÷íûõ îáëàñòÿõ íàóêè, òàêèõ êàê ôèçèêà, ìàòåìàòè÷åñêàÿ áèîëîãèÿ, òåî-

ðèÿ ôèíàíñîâûõ ðûíêîâ è ìíîãèõ äðóãèõ. Â íàó÷íîé ëèòåðàòóðå â ïîñëåäíèé

äåñÿòèëåòèÿ ïîÿâèëîñü áîëüøîå êîëè÷åñòâî ìàòåìàòè÷åñêèõ ìîäåëåé ðàçëè÷-

íûõ ðåàëüíûõ ïðîöåññîâ, îïèñûâàåìûõ óðàâíåíèÿìè ñ äðîáíûìè ïðîèçâîä-

íûìè è äðîáíûìè èíòåãðàëàìè [27,46,81,99,120]. Â òî æå âðåìÿ òàêèå óðàâíå-

íèÿ ïðåäñòàâëÿþò è òåîðåòè÷åñêèé èíòåðåñ äëÿ òåîðèè äèôôåðåíöèàëüíûõ

óðàâíåíèé è ïîýòîìó ÿâëÿþòñÿ îáúåêòàìè èññëåäîâàíèÿ ìíîãèõ àâòîðîâ (ñì.

ìîíîãðàôèè [35,38,67,86,98,101,109] è áèáëèîãðàôèè ê íèì).

Âñå ñêàçàííîå âûøå ñâèäåòåëüñòâóåò îá àêòóàëüíîñòè òåìû èññëåäîâà-

íèÿ äàííîé äèññåðòàöèè, êàê è òîò ôàêò, ÷òî êîëè÷åñòâî ðàáîò, èçó÷àþùèõ

ðàçëè÷íûå çàäà÷è äëÿ äðîáíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, êàê òåîðåòè-

÷åñêèå, òàê è ïðèêëàäíûå, ñ êàæäûì ãîäîì òîëüêî íàðàñòàåò.

Ñòåïåíü ðàçðàáîòàííîñòè òåìû èññëåäîâàíèÿ

Â XVII âåêå çàðîäèëàñü èñòîðèÿ èñïîëüçîâàíèÿ èíòåãðî-äèôôåðåíöèàëüíûõ

îïåðàòîðîâ äðîáíîãî ïîðÿäêà. Ã. Â. Ëåéáíèö, Ã. Ô. Ëîïèòàëü, ß. Áåðíóëëè,

Ä. Âàëëèñ îáñóæäàëè âîçìîæíîñòü ðàññìàòðèâàòü äðîáíûå ïðîèçâîäíûå è

äðîáíûå èíòåãðàëû. Â XVIII âåêå â èñòîðèþ äðîáíîãî èñ÷èñëåíèÿ âîøëè

åùå äâà èìåíè � Æ. Ë. Ëàãðàíæ è Ë. Ýéëåð. Â XIX è íà÷àëå XX âåêà

ìíîãèå çíàìåíèòûå èññëåäîâàòåëè ïèñàëè ðàáîòû íà òàêóþ òåìó, ñðåäè íèõ

Ï.-Ñ. Ëàïëàñ, Æ.-Á. Æ. Ôóðüå, Í. Õ. Àáåëü, Æ. Ëèóâèëëü, Ã. Ô. Á. Ðèìàí,

Â. Ãðþíâàëüä, À. Â. Ëåòíèêîâ, Î. Õýâèñàéä, À. Çèãìóíä, Ð. Êóðàíò è äð.

Âî âòîðîé ïîëîâèíå XX âåêà èíòåðåñ èññëåäîâàòåëåé ê äðîáíîìó èñ-
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÷èñëåíèþ íå èñ÷åç, ïðè÷åì èññëåäîâàíèÿ âåëèñü âî âñåõ íàïðàâëåíèÿõ, îò

ìàòåìàòè÷åñêîãî àíàëèçà, äî ïðèêëàäíûõ çàäà÷. Íàïðèìåð, â ñåðåäèíå è âî

âòîðîé ïîëîâèíå XX âåêà òåîðèÿ äðîáíûõ ïðîèçâîäíûõ ñòàëà àêòèâíî èñ-

ïîëüçîâàòüñÿ â ìåõàíèêå ñïëîøíûõ ñðåä, â ÷àñòíîñòè, â ðàáîòàõ À. Í. Ãå-

ðàñèìîâà [8], Ì. Êàïóòî [66], ñì. ïî ýòîìó ïîâîäó òàêæå îáçîðíûå ñòàòüè

Þ. À. Ðîññèõèíà [113] è Î. Ã. Íîâîæåíîâîé [100]. Â XXI âåêå ëèøü âîçðîñ

èíòåðåñ ê òàêîé òåìàòèêå, ïîÿâëÿþòñÿ íîâûå âèäû äðîáíûõ ïðîèçâîäíûõ è

èíòåãðàëîâ.

Ñðåäè ñîâðåìåííûõ ðàáîò îòìåòèì íåêîòîðûå ðàáîòû, ïîñâÿùåííûå

ýòîé òåìàòèêå: K. B. Oldham, J. Spanier [101], K. S. Miller, B. Ross [98],

Ñ. Ã. Ñàìêî, À. À. Êèëáàñ, Î. È. Ìàðè÷åâ [38], À. À. Kilbas, H. M. Srivastava,

J. J. Trujillo [86], À. Ì. Íàõóøåâ [27�29], À. Â. Ïñõó [32�36], K. Diethelm [67],

M. Kosti�c [87, 88], Ì. Î. Ìàì÷óåâ [26, 96], Ñ. Ì. Ñèòíèê, Ý. Ë. Øèøêè-

íà [42, 114]. Ð. Ê. Ãàçèçîâûì, À. À. Êàñàòêèíûì, Ñ. Þ. Ëóêàùóêîì [5�7, 79]

ðàçâèâàþòñÿ ìåòîäû ãðóïïîâîãî àíàëèçà äëÿ óðàâíåíèé ñ äðîáíûìè ïðîèç-

âîäíûìè.

Çàäà÷è äëÿ ðàçëè÷íûõ êëàññîâ óðàâíåíèé ñ íåñêîëüêèìè äðîáíûìè

ïðîèçâîäíûìè (multi-term fractional equations) èññëåäîâàëèñü ìíîãèìè àâ-

òîðàìè, â ÷àñòíîñòè èçó÷àëèñü íà÷àëüíî-êðàåâûå çàäà÷è äëÿ òåëåãðàôíûõ

[83], äèôôóçèîííûõ óðàâíåíèé [63, 92] òàêîãî âèäà, èìïóëüñíûå óðàâíåíèÿ

[117, 118], ðàçëè÷íûå óðàâíåíèÿ â ëîêàëüíî âûïóêëûõ (â ÷àñòíîñòè, â áàíà-

õîâûõ) ïðîñòðàíñòâàõ ñ ïðèëîæåíèÿìè ê óðàâíåíèÿì â ÷àñòíûõ ïðîèçâîä-

íûõ [10,72,84,91,93], óðàâíåíèÿ ñ íåñêîëüêèìè äðîáíûìè ïðîèçâîäíûìè Ðè-

ìàíà � Ëèóâèëëÿ, àíàëîãè÷íûå ðàññìîòðåííûì â äàííîé ðàáîòå [58,76�78].

Â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé îòäåëüíûé êëàññ ñîñòàâëÿþò

óðàâíåíèÿ è ñèñòåìû óðàâíåíèé ñîáîëåâñêîãî òèïà [14, 25], îñîáûå ñâîéñòâà

êîòîðûõ îáóñëîâëåíû íåðàçðåøåííîñòüþ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé.

Ïðè íàëè÷èè âûðîæäåííîãî îïåðàòîðà ïðè ñòàðøåé ïðîèçâîäíîé â òàêîì

óðàâíåíèè áóäåì íàçûâàòü åãî òàêæå âûðîæäåííûì ýâîëþöèîííûì óðàâíå-
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íèåì [69]. Ðàçëè÷íûå êëàññû óðàâíåíèé ñîáîëåâñêîãî òèïà, â òîì ÷èñëå, âû-

ðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé öåëîãî ïîðÿäêà èçó÷àëèñü â ðàáîòàõ

À. Ïóàíêàðå [110], C. W. Oseen [104], J. Leray [90], E. Hopf [82], Î. À. Ëàäûæåí-

ñêîé [24], Ñ. Ë. Ñîáîëåâà [43, 44] è åãî ó÷åíèêîâ è ïîñëåäîâàòåëåé. Ïåðåõîäÿ

ê íàñòîÿùåìó âðåìåíè, îòìåòèì â ýòîì íàïðàâëåíèè ðàáîòû R. E. Showalter

[115], Í. À. Ñèäîðîâà, Á. Â. Ëîãèíîâà, Ì. Â. Ôàëàëååâà [40, 41, 47, 48, 116],

Ã. Â. Äåìèäåíêî, Ñ. Â. Óñïåíñêîãî, È. È. Ìàòâååâîé [1,13,14], Þ. Å. Áîÿðèíöå-

âà, Â. Ô. ×èñòÿêîâà, Ì. Â. Áóëàòîâà, À. À. Ùåãëîâîé [2�4,61], À. È. Êîæàíîâà

[19�21], Ñ. Ã. Ïÿòêîâà, È. Å. Åãîðîâà, Ñ. Â. Ïîïîâà [15,37,112], À. Ã. Ñâåøíèêî-

âà, Ì. Î. Êîðïóñîâà, À. Á. Àëüøèíà, Þ. Ä. Ïëåòíåðà [22,23,25], È. À. Øèø-

ìàðåâà, Å. È. Êàéêèíîé, Ï. È. Íàóìêèíà [17,18].

Îòìåòèì, ÷òî îäèí èç ïîäõîäîâ ê èññëåäîâàíèþ âûðîæäåííûõ ýâîëþ-

öèîííûõ óðàâíåíèé ïåðâîãî ïîðÿäêà â áàíàõîâûõ ïðîñòðàíñòâàõ îñíîâàí íà

ïðèìåíåíèè ìåòîäîâ òåîðèè ïîëóãðóïï îïåðàòîðîâ. Îí èñïîëüçóåòñÿ â ðà-

áîòàõ ðàçëè÷íûõ àâòîðîâ: A. Favini, A. Yagi [68�70], Ã. À. Ñâèðèäþêà [39],

È. Â. Ìåëüíèêîâîé è À. Ôèëèíêîâà [97], Â. Å. Ôåäîðîâà [49�51].

Ìåòîäû òåîðèè ðàçðåøàþùèõ ïîëóãðóïï îïåðàòîðîâ äèôôåðåíöèàëü-

íûõ óðàâíåíèé ðàñïðîñòðàíåíû â ìîíîãðàôèè J. Pr�uss [111] íà ýâîëþöèîí-

íûå èíòåãðàëüíûå óðàâíåíèÿ. Ïîëó÷àåìûå ïðè ýòîì ðàçðåøàþùèå ñåìåéñòâà

îïåðàòîðîâ èíòåãðàëüíîãî óðàâíåíèÿ óæå íå îáëàäàþò ïîëóãðóïïîâûì ñâîé-

ñòâîì, íî ïî-ïðåæíåìó ïîçâîëÿþò èññëåäîâàòü ìíîãèå êà÷åñòâåííûå ñâîé-

ñòâà ðåøåíèé óðàâíåíèÿ. Â ðàáîòå Ý. Ã. Áàæëåêîâîé [65] àíàëîãè÷íûì îáðà-

çîì èññëåäîâàíû óðàâíåíèÿ, ðàçðåøåííûå îòíîñèòåëüíî äðîáíîé ïðîèçâîä-

íîé Ãåðàñèìîâà � Êàïóòî, è èõ ðàçðåøàþùèå ñåìåéñòâà îïåðàòîðîâ. Îòìå-

òèì òàêæå áëèçêèå ê ýòîìó íàïðàâëåíèþ ðàáîòû À. Â. Ãëóøàêà è åãî ñî-

àâòîðîâ [9�11] î äðîáíûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿõ â áàíàõîâûõ ïðî-

ñòðàíñòâàõ, ðàáîòû Ì. Êîñòè÷à ñ ñîàâòîðàìè [72, 87, 88, 91], â êîòîðûõ èñ-

ñëåäóþòñÿ ðàçëè÷íûå îáùèå êëàññû ðàçðåøàþùèõ ñåìåéñòâ îïåðàòîðîâ äëÿ

èíòåãðî-äèôôåðåíöèàëüíûõ ýâîëþöèîííûõ óðàâíåíèé â ëîêàëüíî âûïóêëûõ
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ïðîñòðàíñòâàõ, âêëþ÷àÿ ýâîëþöèîííûå óðàâíåíèÿ ñ íåñêîëüêèìè äðîáíûìè

ïðîèçâîäíûìè Ãåðàñèìîâà � Êàïóòî, â òîì ÷èñëå âûðîæäåííûå [87], è ðàáî-

òû íåêîòîðûõ äðóãèõ àâòîðîâ (ñì. [62, 83, 94] è äð.), ïîñâÿùåííûå èçó÷åíèþ

óðàâíåíèé ñ íåñêîëüêèìè äðîáíûìè ïðîèçâîäíûìè.

Â ðàáîòàõ Â. Å. Ôåäîðîâà, Ì. Â. Ïëåõàíîâîé è èõ ó÷åíèêîâ ìåòîäû òåî-

ðèè ðàçðåøàþùèõ ñåìåéñòâ îïåðàòîðîâ áûëè ðàñïðîñòðàíåíû íà ðàçëè÷íûå

óðàâíåíèÿ â áàíàõîâûõ ïðîñòðàíñòâàõ ñ äðîáíûìè ïðîèçâîäíûìè Ãåðàñèìî-

âà � Êàïóòî, Ðèìàíà � Ëèóâèëëÿ, Äæðáàøÿíà � Íåðñåñÿíà, ñ ðàñïðåäå-

ëåííûìè äðîáíûìè ïðîèçâîäíûìè. Ïðè ýòîì èññëåäîâàíû ðàçëè÷íûå êëàñ-

ñû óðàâíåíèé, êàê ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé äðîáíîé ïðîèçâîä-

íîé [52,56,58,74,76�78], òàê è âûðîæäåííûõ [54,55,57,59,105�108]. Àáñòðàêò-

íûå ðåçóëüòàòû èñïîëüçóþòñÿ ïðè èññëåäîâàíèè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ

óðàâíåíèé è ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Äàííàÿ äèññåðòàöè-

îííàÿ ðàáîòà ïðåäñòàâëÿåò ñîáîé îäíî èç èññëåäîâàíèé â ýòîì íàïðàâëåíèè.

Îáðàòíûå êîýôôèöèåíòíûå çàäà÷è äëÿ ðàçëè÷íûõ óðàâíåíèé ñ äðîá-

íîé ïðîèçâîäíîé ñòàëè ïðåäìåòîì èññëåäîâàíèÿ â ïîñëåäíèå ïîëòîðà äåñÿ-

òèëåòèÿ � ñì. ðàáîòû [11,12,64,71,73,75,89,94,102].

Öåëè è çàäà÷è

Öåëüþ äèññåðòàöèîííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå âîïðîñîâ ñóùåñòâî-

âàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ íà÷àëüíûõ è íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ

íîâûõ êëàññîâ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåñêîëüêèìè äðîáíûìè ïðî-

èçâîäíûìè Ãåðàñèìîâà � Êàïóòî.

Çàäà÷àìè äèññåðòàöèè ÿâëÿåòñÿ ïîëó÷åíèå óñëîâèé ñóùåñòâîâàíèÿ åäèí-

ñòâåííîãî êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ ëèíåéíûõ è êâàçèëèíåé-

íûõ óðàâíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé Ãåðàñèìî-

âà � Êàïóòî, â ñëó÷àÿõ îãðàíè÷åííûõ è íåîãðàíè÷åííûõ ëèíåéíûõ îïåðà-

òîðîâ â óðàâíåíèè, à òàêæå íåêîòîðûõ ìîäèôèêàöèé çàäà÷è Øîóîëòåðà �
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Ñèäîðîâà äëÿ ëèíåéíûõ íåîäíîðîäíûõ óðàâíåíèé ñ âûðîæäåííûì îïåðàòî-

ðîì ïðè ñòàðøåé ïðîèçâîäíîé Ãåðàñèìîâà � Êàïóòî â ïðåäïîëîæåíèè, ÷òî

ïàðà ëèíåéíûõ îïåðàòîðîâ â óðàâíåíèè ïðè ñòàðøèõ äðîáíûõ ïðîèçâîäíûõ

ñïåêòðàëüíî îãðàíè÷åíà èëè ñåêòîðèàëüíà.

Ïîëó÷åííûå ðåçóëüòàòû äîëæíû ñîäåðæàòü óñëîâèÿ, êîòîðûå îòíîñè-

òåëüíî ïðîñòî ïðîâåðÿþòñÿ â ïðèëîæåíèÿõ è ìîãóò áûòü èñïîëüçîâàíû äëÿ

èññëåäîâàíèÿ âîïðîñîâ îäíîçíà÷íîé ðàçðåøèìîñòè íîâûõ íà÷àëüíî-êðàåâûõ

çàäà÷ äëÿ óðàâíåíèé è ñèñòåì óðàâíåíèé ñ íåñêîëüêèìè ïðîèçâîäíûìè Ãåðà-

ñèìîâà � Êàïóòî ïî âðåìåíè.

Íàó÷íàÿ íîâèçíà

Ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè

äëÿ ëèíåéíûõ îäíîðîäíûõ è íåîäíîðîäíûõ, à òàêæå äëÿ êâàçèëèíåéíûõ óðàâ-

íåíèé ñ íåñêîëüêèìè ïðîèçâîäíûìè Ãåðàñèìîâà � Êàïóòî â ëèíåéíîé ÷à-

ñòè, ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé èç íèõ. Â ñëó÷àå íåîãðàíè÷åííûõ

îïåðàòîðîâ â óðàâíåíèè ââåäåíî ïîíÿòèå ðàçðåøàþùåãî ñåìåéñòâà îïåðàòî-

ðîâ òàêîãî óðàâíåíèÿ è ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùå-

ñòâîâàíèÿ àíàëèòè÷åñêîãî â ñåêòîðå ðàçðåøàþùåãî ñåìåéñòâà â òåðìèíàõ ðå-

çîëüâåíòû ïó÷êà îïåðàòîðîâ. Ñîîòâåòñòâóþùèå íàáîðû îïåðàòîðîâ äëÿ óäîá-

ñòâà íàçûâàþòñÿ ñåêòîðèàëüíûìè. Íàéäåíû ïðåäñòàâëåíèÿ ðàçðåøàþùèõ ñå-

ìåéñòâ îïåðàòîðîâ â âèäå èíòåãðàëîâ Äàíôîðäà � Òåéëîðà â ñëó÷àå îãðà-

íè÷åííûõ îïåðàòîðîâ â óðàâíåíèè èëè ïðè óñëîâèè ñåêòîðèàëüíîãî íàáîðà

îïåðàòîðîâ. Ïîëó÷åííûé àíàëîã ôîðìóëû Äþàìåëÿ äëÿ ëèíåéíîãî íåîäíî-

ðîäíîãî óðàâíåíèÿ èñïîëüçîâàí äëÿ èññëåäîâàíèÿ ëîêàëüíîé è íåëîêàëüíîé

îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ ñ

ñîîòâåòñòâóþùåé ëèíåéíîé ÷àñòüþ.

Âûðîæäåííûå óðàâíåíèÿ ðàññìàòðèâàþòñÿ ïðè óñëîâèè ñïåêòðàëüíîé

îãðàíè÷åííîñòè èëè ñåêòîðèàëüíîñòè ïàðû îïåðàòîðîâ ïðè äâóõ ñòàðøèõ
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ïðîèçâîäíûõ â óðàâíåíèè. Èçâåñòíûå äëÿ òàêèõ ïàð îïåðàòîðîâ ðåçóëüòàòû

î ñóùåñòâîâàíèè ïàð èíâàðèàíòíûõ ïîäïðîñòðàíñòâ èñïîëüçîâàíû äëÿ ðå-

äóêöèè èñõîäíîãî âûðîæäåííîãî óðàâíåíèÿ ê ïàðå óðàâíåíèé, ðàçðåøåííûõ

îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé è çàäàííûõ íà âçàèìíî äîïîëíèòåëüíûõ

ïîäïðîñòðàíñòâàõ. Ïðè ýòîì èñïîëüçîâàíû íîâûå, âåñüìà îáùèå óñëîâèÿ ñî-

ãëàñîâàíèÿ îñòàëüíûõ îïåðàòîðîâ â óðàâíåíèè ñ îïåðàòîðàìè ïðè ñòàðøèõ

ïðîèçâîäíûõ, âûïîëíÿþùèåñÿ â çàäà÷àõ äëÿ ñèñòåì óðàâíåíèé äèíàìèêè âÿç-

êîóïðóãèõ æèäêîñòåé.

Ïîëó÷åííûå äëÿ íà÷àëüíûõ çàäà÷ ðåçóëüòàòû ïîçâîëèëè èññëåäîâàòü

íîâûå êëàññû ëèíåéíûõ îáðàòíûõ çàäà÷ ñ íå çàâèñÿùèì îò âðåìåíè íåèçâåñò-

íûì ïàðàìåòðîì êàê äëÿ ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé

óðàâíåíèé ñ íåñêîëüêèìè ïðîèçâîäíûìè Ãåðàñèìîâà � Êàïóòî, òàê è äëÿ

âûðîæäåííûõ óðàâíåíèé àíàëîãè÷íîãî âèäà.

Àáñòðàêòíûå ðåçóëüòàòû ïîçâîëèëè èññëåäîâàòü îäíîçíà÷íóþ ðàçðå-

øèìîñòü íîâûõ êëàññîâ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ êëàññîâ óðàâíåíèé ñ

ìíîãî÷ëåíàìè îò ýëëèïòè÷åñêîãî îïåðàòîðà ïî ïðîñòðàíñòâåííûì ïåðåìåí-

íûì, âêëþ÷àþùåãî â ñåáÿ íåêîòîðûå óðàâíåíèÿ òåîðèè ôèëüòðàöèè, äëÿ ñè-

ñòåì óðàâíåíèé òåîðèè âÿçêîóïðóãîñòè ñ íåñêîëüêèìè ïðîèçâîäíûìè Ãåðà-

ñèìîâà � Êàïóòî ïî âðåìåíè, íà÷àëüíûå çàäà÷è äëÿ ñèñòåì îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé ñîîòâåòñòâóþùåãî âèäà.

Âñå îñíîâíûå ðåçóëüòàòû ðàáîòû ÿâëÿþòñÿ íîâûìè.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü ðàáîòû

Äèññåðòàöèîííàÿ ðàáîòà ïîñâÿùåíà ðàçâèòèþ ìåòîäîâ êà÷åñòâåííîãî èññëå-

äîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé, èñïîëüçóþùèõ êîíñòðóêöèè äðîáíîãî èí-

òåãðî-äèôôåðåíöèàëüíîãî èñ÷èñëåíèÿ. Òàêèå ìîäåëè øèðîêî ïðèìåíÿþòñÿ

äëÿ îïèñàíèÿ ïðîöåññîâ è ÿâëåíèé, õàðàêòåðèçóåìûõ ñòåïåííîé íåëîêàëüíî-

ñòüþ, ñòåïåííîé ïàìÿòüþ, ôðàêòàëüíîñòüþ. Â äèññåðòàöèè ïîëó÷åíû óñëîâèÿ
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ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðåøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíå-

íèé è ñèñòåì óðàâíåíèé ñ äðîáíûìè ïðîèçâîäíûìè ïî âðåìåíè, êîòîðûå ìî-

äåëèðóþò òàêèå ïðîöåññû.

Ïîëó÷åííûå ðåçóëüòàòû ïîìèìî çíà÷èìîñòè äëÿ òåîðèè äèôôåðåíöè-

àëüíûõ óðàâíåíèé âíîñÿò âêëàä â ðàçâèòèå òåîðèè îïåðàòîðîâ, ïîñêîëüêó

çíà÷èòåëüíàÿ èõ ÷àñòü ÿâëÿåòñÿ îáîáùåíèåì òåîðèè àíàëèòè÷åñêèõ ïîëó-

ãðóïï îïåðàòîðîâ íà ñëó÷àé óðàâíåíèé ñ íåñêîëüêèìè ïðîèçâîäíûìè Ãåðàñè-

ìîâà � Êàïóòî.

Ðåçóëüòàòû äàííîé ðàáîòû òàêæå ïðàêòè÷åñêè çíà÷èìû, ïîñêîëüêó ìî-

ãóò áûòü èñïîëüçîâàíû ïðè ðåøåíèè êîíêðåòíûõ ïðèêëàäíûõ çàäà÷. Îíè ïîç-

âîëÿþò îñóùåñòâèòü êîððåêòíóþ ïîñòàíîâêó òàêèõ çàäà÷ äëÿ ïðîâåäåíèÿ èõ

èññëåäîâàíèÿ. Òåì ñàìûì, äèññåðòàöèîííàÿ ðàáîòà ïðåäîñòàâëÿåò ïîëåçíûå

èíñòðóìåíòû äëÿ èñïîëüçîâàíèÿ â ðàçëè÷íûõ îáëàñòÿõ ïðèëîæåíèé.

Ìåòîäîëîãèÿ è ìåòîäû èññëåäîâàíèÿ

Ïðè ïðîâåäåíèè èññëåäîâàíèé â äàííîé äèññåðòàöèè èñïîëüçóþòñÿ ìåòîäû

òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé è ôóíêöèîíàëüíîãî àíàëèçà. Â ÷àñò-

íîñòè, ïðè ðàññìîòðåíèè äðîáíûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

èñïîëüçóþòñÿ ìåòîäû òåîðèè ïðåîáðàçîâàíèÿ Ëàïëàñà, ìåòîäû òåîðèè ïîëó-

ãðóïï îïåðàòîðîâ, àäàïòèðîâàííûå ê òåîðèè ðàçðåøàþùèõ ñåìåéñòâ îïåðà-

òîðîâ óðàâíåíèé äðîáíîãî ïîðÿäêà. Êâàçèëèíåéíûå óðàâíåíèÿ èçó÷àþòñÿ ñ

ïîìîùüþ òåîðåìû Áàíàõà î íåïîäâèæíîé òî÷êå ñæèìàþùåãî îòîáðàæåíèÿ

â ïîëíîì ìåòðè÷åñêîì ïðîñòðàíñòâå. Ïðè èññëåäîâàíèè âûðîæäåííûõ ýâî-

ëþöèîííûõ óðàâíåíèé èñïîëüçîâàíî ñóùåñòâîâàíèå ïàð èíâàðèàíòíûõ ïîä-

ïðîñòðàíñòâ äëÿ ïàðû îïåðàòîðîâ ïðè ñòàðøèõ ïðîèçâîäíûõ, ýòî ïîçâîëÿåò

ðåäóöèðîâàòü èñõîäíóþ ìîäèôèöèðîâàííóþ çàäà÷ó Øîóîëòåðà � Ñèäîðîâà

ê ïàðå çàäà÷ Êîøè íà âçàèìíî äîïîëíÿþùèõ äðóã äðóãà ïîäïðîñòðàíñòâàõ

äëÿ óðàâíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé. Íà÷àëüíî-
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êðàåâûå çàäà÷è èññëåäóþòñÿ ïóòåì èõ ðåäóêöèè ê íà÷àëüíûì çàäà÷àì äëÿ

äèôôåðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ.

Ïîëîæåíèÿ âûíîñèìûå íà çàùèòó

1. Èññëåäîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è Êîøè äëÿ ëèíåéíûõ óðà-

âíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé äðîáíîé ïðîèçâîäíîé Ãå-

ðàñèìîâà � Êàïóòî, â ñëó÷àå ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ ïðè

äðîáíûõ ïðîèçâîäíûõ è èíòåãðàëàõ â óðàâíåíèè. Ïîëó÷åíî ïðåäñòàâëå-

íèå ðåøåíèÿ. Íàéäåíû óñëîâèÿ ëîêàëüíîãî è ãëîáàëüíîãî ñóùåñòâîâàíèÿ

åäèíñòâåííîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ ñîîòâåòñòâóþùèõ êâàçèëèíåé-

íûõ óðàâíåíèé.

2. Íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ àíàëèòè-

÷åñêèõ â ñåêòîðå ðàçðåøàþùèõ ñåìåéñòâ îïåðàòîðîâ ëèíåéíûõ îäíîðîä-

íûõ óðàâíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé äðîáíîé ïðîèçâîä-

íîé Ãåðàñèìîâà � Êàïóòî, â ñëó÷àå ëèíåéíûõ çàìêíóòûõ îïåðàòîðîâ

ïðè äðîáíûõ ïðîèçâîäíûõ è èíòåãðàëàõ â óðàâíåíèè. Ïîëó÷åíî ïðåä-

ñòàâëåíèå ðàçðåøàþùèõ ñåìåéñòâ îïåðàòîðîâ. Èññëåäîâàíà îäíîçíà÷íàÿ

ðàçðåøèìîñòü çàäà÷è Êîøè äëÿ ëèíåéíûõ íåîäíîðîäíûõ óðàâíåíèé ñî-

îòâåòñòâóþùåãî êëàññà, ðåøåíèå ïðåäñòàâëåíî â òåðìèíàõ ðàçðåøàþùèõ

îïåðàòîðîâ. Íàéäåíû óñëîâèÿ ëîêàëüíîãî è ãëîáàëüíîãî ñóùåñòâîâàíèÿ

åäèíñòâåííîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ êâàçèëèíåéíûõ óðàâíåíèé ñ

ñîîòâåòñòâóþùåé ëèíåéíîé ÷àñòüþ.

3. Èññëåäîâàíû âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè íà÷àëüíûõ çàäà÷ äëÿ

âûðîæäåííûõ ëèíåéíûõ è êâàçèëèíåéíûõ óðàâíåíèé ñî ñïåêòðàëüíî îãðà-

íè÷åííîé ïàðîé îïåðàòîðîâ ïðè äâóõ ñòàðøèõ ïðîèçâîäíûõ Ãåðàñèìî-

âà � Êàïóòî.

4. Ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðåøåíèÿ íà÷àëüíûõ çà-
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äà÷ äëÿ âûðîæäåííûõ ëèíåéíûõ óðàâíåíèé â ñëó÷àå ñåêòîðèàëüíîñòè

ïàðû îïåðàòîðîâ ïðè äâóõ ñòàðøèõ ïðîèçâîäíûõ Ãåðàñèìîâà � Êàïóòî.

5. Àáñòðàêòíûå ðåçóëüòàòû èñïîëüçîâàíû ïðè èçó÷åíèè íà÷àëüíûõ çàäà÷

äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, íà÷àëüíî-êðà-

åâûõ çàäà÷ äëÿ íåêîòîðûõ êëàññîâ óðàâíåíèé ñ ìíîãî÷ëåíàìè îò ýëëèï-

òè÷åñêîãî îïåðàòîðà è ñ íåñêîëüêèìè ïðîèçâîäíûìè Ãåðàñèìîâà � Êà-

ïóòî ïî âðåìåíè, äëÿ íåêîòîðûõ äðîáíûõ ïî âðåìåíè ñèñòåì óðàâíåíèé

äèíàìèêè è òåðìîêîíâåêöèè âÿçêîóïðóãèõ ñðåä.

Ñòåïåíü äîñòîâåðíîñòè è àïðîáàöèÿ ðåçóëüòàòîâ

Ñòðîãîñòü ïðèìåíÿåìûõ ìàòåìàòè÷åñêèõ ìåòîäîâ èññëåäîâàíèÿ, êîððåêòíîñòü

èñïîëüçîâàíèÿ ìàòåìàòè÷åñêîãî àïïàðàòà â äàííîé äèññåðòàöèè ñâèäåòåëü-

ñòâóþò î äîñòîâåðíîñòè ïîëó÷åííûõ ðåçóëüòàòîâ.

Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü è îáñóæäàëèñü íà çàñåäàíèÿõ

íàó÷íîãî ñåìèíàðà êàôåäðû ìàòåìàòè÷åñêîãî àíàëèçà ×åëÿáèíñêîãî ãîñóäàð-

ñòâåííîãî óíèâåðñèòåòà (ðóêîâîäèòåëü ïðîô. Â. Å. Ôåäîðîâ), íà Ìåæãîðîä-

ñêîì íàó÷íî-èññëåäîâàòåëüñêîì ñåìèíàðå ¾Íåêëàññè÷åñêèå çàäà÷è ìàòåìà-

òè÷åñêîé ôèçèêè¿ (ðóêîâîäèòåëü ïðîô. À. È. Êîæàíîâ), íà êîíôåðåíöèÿõ:

Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Êîìïëåêñíûé àíàëèç, ìàòåìàòè÷å-

ñêàÿ ôèçèêà è íåëèíåéíûå óðàâíåíèÿ¿, Óôà, 2021, 2022, 2023, 2024 ãã.; 3-ÿ è

4-ÿ Ìåæäóíàðîäíûå êîíôåðåíöèè ¾Äèíàìè÷åñêèå ñèñòåìû è êîìïüþòåðíûå

íàóêè: òåîðèÿ è ïðèëîæåíèÿ¿, Èðêóòñê, 2021 è 2022 ãã.; VI è VII Ìåæäó-

íàðîäíûå êîíôåðåíöèè ¾Íåëîêàëüíûå êðàåâûå çàäà÷è è ðîäñòâåííûå ïðî-

áëåìû ìàòåìàòè÷åñêîé áèîëîãèè, èíôîðìàòèêè è ôèçèêè¿, Íàëü÷èê, 2021 è

2023 ãã.; Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì

è äèíàìè÷åñêèì ñèñòåìàì, Ñóçäàëü, 2022; The 9th International Conference

on Di�erential and Functional Di�erential Equations, Ìîñêâà, 2022 ã.; Ìåæäó-

íàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Óôèìñêàÿ îñåííÿÿ ìàòåìàòè÷åñêàÿ øêî-
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ëà¿, Óôà, 2022, 2023 ãã.; Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Âåùåñòâåí-

íûé, êîìïëåêñíûé è ôóíêöèîíàëüíûé àíàëèç è ñâÿçàííûå òåìû¿, Êóðñê,

2022 ã.; Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Íåêëàññè÷åñêèå óðàâíåíèÿ

ìàòåìàòè÷åñêîé ôèçèêè è èõ ïðèëîæåíèÿ¿, Òàøêåíò, 2022 ã.; International

Online Conference One-Parameter Semigroups of Operators, Íèæíèé Íîâãîðîä,

2023 ã.; X Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ,

ßêóòñê, 2023 ã.; Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Ñîâðåìåííûå ïðî-

áëåìû äèôôåðåíöèàëüíûõ óðàâíåíèé è èõ ïðèëîæåíèÿ¿, Òàøêåíò, 2023 ã.;

Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Òåîðèÿ ôóíêöèé, òåîðèÿ îïåðàòîðîâ

è êâàíòîâàÿ òåîðèÿ èíôîðìàöèè¿, Óôà, 2024 ã.; Ëåòíèå ÷òåíèÿ (âîðêøîï)

¾Íåêëàññè÷åñêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêîå ìîäåëè-

ðîâàíèå¿, Ñàìàðà, 2024 ã.

Ñïèñîê ïóáëèêàöèé àâòîðà âêëþ÷àåò 25 ïóáëèêàöèé [123�147], èç êî-

òîðûõ 6 îïóáëèêîâàíû â æóðíàëàõ, âõîäÿùèõ â Ïåðå÷åíü ðåöåíçèðóåìûõ

íàó÷íûõ èçäàíèé ñïèñêà ÂÀÊ èëè ïðèðàâíåííûõ ê íèì, ïîñêîëüêó âõîäÿò â

èçäàíèÿ, èíäåêñèðóåìûå ìåæäóíàðîäíûìè ðåôåðàòèâíûìè áàçàìè äàííûõ è

ñèñòåìàìè öèòèðîâàíèÿ Web of Science è/èëè Scopus [123�128].

Â ñòàòüå [123] Â. Å. Ôåäîðîâó ïðèíàäëåæèò èäåÿ äîêàçàòåëüñòâà ëåì-

ìû 1, ïðèìåð 2 ïîëó÷åí Ò. Ä. Ôóîíãîì. Â ðàáîòå [124] íàó÷íîìó ðóêîâîäèòå-

ëþ Â. Å. Ôåäîðîâó ïðèíàäëåæèò èäåÿ èñïîëüçîâàíèÿ òåîðåìû 1 äëÿ äîêàçà-

òåëüñòâà ëåììû 1 è ñàìà ñõåìà äîêàçàòåëüñòâà. Â. Å. Ôåäîðîâ â ñòàòüå [125]

ïðåäëîæèë ïîñòàíîâêó íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèñòåìû óðàâíåíèé òåð-

ìîêîíâåêöèè â âÿçêîóïðóãîé ñðåäå, ñêîððåêòèðîâàë íåêîòîðûå ðàññóæäåíèÿ.

Íàó÷íûé ðóêîâîäèòåëü Â. Å. Ôåäîðîâ ïðåäëîæèë ñõåìó äîêàçàòåëüñòâà ïîë-

íîòû íîâîãî ôóíêöèîíàëüíîãî ïðîñòðàíñòâà, èñïîëüçóåìîãî äëÿ èçó÷åíèÿ

êâàçèëèíåéíîãî óðàâíåíèÿ â ðàáîòå [126]. Ïðèìåðû èç [127] áûëè ðàññìîò-

ðåíû Â. Å. Ôåäîðîâûì. Â äèññåðòàöèþ âîøëè òîëüêî ðåçóëüòàòû, ïðèíàäëå-

æàùèå ëè÷íî åå àâòîðó.
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Ñòðóêòóðà è êðàòêîå ñîäåðæàíèå äèññåðòàöèè

Äèññåðòàöèîííàÿ ðàáîòà íà 133 ñòðàíèöàõ ñîäåðæèò ââåäåíèå, 3 ãëàâû, çà-

êëþ÷åíèå, ñïèñîê îáîçíà÷åíèé è ñîãëàøåíèé è ñïèñîê ëèòåðàòóðû èç 147

íàèìåíîâàíèé.

Ââåäåíèå ñîäåðæèò îïèñàíèå àêòóàëüíîñòè òåìû èññëåäîâàíèÿ, ñòåïå-

íè åå ðàçðàáîòàííîñòè, öåëåé è çàäà÷ ðàáîòû, íàó÷íîé íîâèçíû ïîëó÷åííûõ

ðåçóëüòàòîâ, òåîðåòè÷åñêîé è ïðàêòè÷åñêîé çíà÷èìîñòè ðàáîòû, ìåòîäîëîãèè

è ìåòîäîâ èññëåäîâàíèÿ, âûíîñèìûõ íà çàùèòó ïîëîæåíèé, ñòåïåíè äîñòî-

âåðíîñòè è àïðîáàöèè ðåçóëüòàòîâ, ñòðóêòóðû äèññåðòàöèè è åå êðàòêîãî ñî-

äåðæàíèÿ.

Â ïåðâîé ãëàâå èññëåäóþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè â ñìûñ-

ëå êëàññè÷åñêèõ ðåøåíèé çàäà÷è Êîøè

z(l)(0) = zl, l = 0, 1, . . . ,m− 1, (0.0.1)

äëÿ ëèíåéíîãî óðàâíåíèÿ

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t) + f(t), t ∈ [0, T ], (0.0.2)

ñ îãðàíè÷åííûìè îïåðàòîðàìè Ak, k = 1, 2, . . . , n, â áàíàõîâîì ïðîñòðàíñòâå

Z è ôóíêöèåé f ∈ C([0, T ];Z) ïðèmk−1 < αk ≤ mk ∈ Z,m−1 < α ≤ m ∈ N,
α1 < α2 < · · · < αn < α (îòðèöàòåëüíûì αk ñîîòâåòñòâóþò äðîáíûå èíòå-

ãðàëû Ðèìàíà � Ëèóâèëëÿ ïîðÿäêà −αk). Ðåøåíèå ïðåäñòàâëåíî ñ ïîìîùüþ
èíòåãðàëîâ òèïà Äàíôîðäà � Òåéëîðà.

Ñ ïîìîùüþ ôîðìóëû ðåøåíèÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ è ñ

èñïîëüçîâàíèåì ìåòîäà ñæèìàþùèõ îòîáðàæåíèé â ñïåöèàëüíî ïîäîáðàííûõ

ìåòðè÷åñêèõ ïðîñòðàíñòâàõ ïîëó÷åíû òåîðåìû î ëîêàëüíîé è ãëîáàëüíîé îä-

íîçíà÷íîé ðàçðåøèìîñòè çàäà÷è Êîøè (0.0.1) äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t) +B(t,Dγ1

t z(t), D
γ2
t z(t), . . . , D

γr
t z(t)), (0.0.3)
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γ1 < γ2 < · · · < γr < α, ïðè óñëîâèè ëîêàëüíîé ëèïøèöåâîñòè è ëèïøè-

öåâîñòè îïåðàòîðà B ñîîòâåòñòâåííî. Ñðåäè ïîðÿäêîâ γi òàêæå ìîãóò áûòü

îòðèöàòåëüíûå.

Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ êîððåêòíîñòè ëèíåéíîé

îáðàòíîé çàäà÷è äëÿ óðàâíåíèÿ

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t) + φ(t)u, t ∈ [0, T ],

ñ íà÷àëüíûìè óñëîâèÿìè (0.0.1) è óñëîâèåì ïåðåîïðåäåëåíèÿ

T∫
0

z(t)dµ(t) = zT ,

ãäå µ � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè, u ∈ Z � íåèçâåñòíûé ïàðàìåòð.

Ïîëó÷åííûå àáñòðàêòíûå ðåçóëüòàòû èñïîëüçîâàíû ïðè èçó÷åíèè çà-

äà÷è Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

(0.0.2), ãäå Ak, k = 1, 2, . . . , n � êâàäðàòíûå ìàòðèöû, à òàêæå ïðè èññëåäî-

âàíèè îäíîãî êëàññà íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèé âèäà

P1(Λ)D
α
t u(ξ, t) =

n∑
k=1

P k
2 (Λ)D

αk
t u(ξ, t) + h(ξ, t), (ξ, t) ∈ Ω× [0, T ], (0.0.4)

ñ ìíîãî÷ëåíàìè P1, P
k
2 , k = 1, 2, . . . , n, îò ñàìîñîïðÿæåííîãî ýëëèïòè÷åñêî-

ãî äèôôåðåíöèàëüíîãî ïî ïðîñòðàíñòâåííûì ïåðåìåííûì îïåðàòîðà Λ ïðè

óñëîâèè, ÷òî P1 íå îáðàùàåòñÿ â íîëü íà ñïåêòðå Λ è åãî ñòåïåíü íå ìåíüøå

ñòåïåíåé P k
2 , k = 1, 2, . . . , n. Òàêæå ðàññìîòðåíû ñîîòâåòñòâóþùèå êâàçèëè-

íåéíûå óðàâíåíèÿ è ëèíåéíûå îáðàòíûå çàäà÷è.

Âî âòîðîé ãëàâå ðàññìîòðåíû âîïðîñû ñóùåñòâîâàíèÿ åäèíñòâåííîãî

ðåøåíèÿ çàäà÷è Êîøè (0.0.1) äëÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

(0.0.2) ñ ëèíåéíûìè çàìêíóòûìè îïåðàòîðàìè Ak, k = 1, 2, . . . , n, â áàíà-

õîâîì ïðîñòðàíñòâå Z . Ñíà÷àëà ââåäåíî ïîíÿòèå l-ðàçðåøàþùåãî ñåìåéñòâà
îïåðàòîðîâ óðàâíåíèÿ (0.0.2) è îïðåäåëåí êëàññ An

α,G íàáîðîâ ëèíåéíûõ çà-
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ìêíóòûõ îïåðàòîðîâ (A1, A2, . . . , An). Ñ èñïîëüçîâàíèåì ïðåîáðàçîâàíèÿ Ëà-

ïëàñà ïîêàçàíî, ÷òî îäíîðîäíîå óðàâíåíèå (0.0.2) îáëàäàåò àíàëèòè÷åñêèìè â

ñåêòîðå ðàçðåøàþùèìè ñåìåéñòâàìè îïåðàòîðîâ òîãäà è òîëüêî òîãäà, êîãäà

(A1, A2, . . . , An) ∈ An
α,G. Ïîêàçàíî, ÷òî â ñëó÷àå αn < m − 1 l-ðàçðåøàþùåå

ñåìåéñòâî Sl èìååò ïðåäåë lim
t→0+

Dl
tSl(t) = I â îïåðàòîðíîé íîðìå ïðè íåêîòî-

ðîì l ∈ {0, 1, . . . ,m−1}, åñëè è òîëüêî åñëè âñå îïåðàòîðû Ak, k = 1, 2, . . . , n,

îãðàíè÷åíû.

Ïðè óñëîâèè (A1, A2, . . . , An) ∈ An
α,G ïîëó÷åíà òåîðåìà îá îäíîçíà÷-

íîé ðàçðåøèìîñòè ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ (0.0.2) ñ ôóíêöèåé

f ∈ Cγ([0, T ];Z), γ ∈ (0, 1]. Ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ âûðàæåíî

â òåðìèíàõ ðàçðåøàþùèõ ñåìåéñòâ îïåðàòîðîâ, êîòîðûå òàêæå ïðåäñòàâëå-

íû ÷åðåç èíòåãðàëû Äàíôîðäà � Òåéëîðà. Ýòîò ðåçóëüòàò ïîçâîëèë çàäà-

÷ó Êîøè (0.0.1) äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ (0.0.3) ñ íàáîðîì îïåðàòîðîâ

(A1, A2, . . . , An) ∈ An
α,G è íåëèíåéíûì îòîáðàæåíèåì B ñâåñòè ê èíòåãðî-

äèôôåðåíöèàëüíîìó óðàâíåíèþ, êîòîðîå áûëî èññëåäîâàíî ìåòîäîì ñæèìà-

þùèõ îòîáðàæåíèé. Òàêèì îáðàçîì áûëè äîêàçàíû òåîðåìû î ëîêàëüíîé è

ãëîáàëüíîé ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ.

Àáñòðàêòíûå ðåçóëüòàòû ïðèëîæåíû ê èññëåäîâàíèþ îäíîçíà÷íîé ðàç-

ðåøèìîñòè êëàññà íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ (0.0.4) ïðè óñëî-

âèè, ÷òî ìíîãî÷ëåí P1 íå èìååò íóëåé íà ñïåêòðå îïåðàòîðà λ, à åãî ñòåïåíü

ìåíüøå ìàêñèìàëüíîé èç ñòåïåíåé ìíîãî÷ëåíîâ P k
2 , k = 1, 2, . . . , n, à òàêæå

íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ íåêîòîðûõ ñèñòåì óðàâíåíèé äèíàìèêè âÿçêî-

óïðóãîé ñðåäû.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëèëè èññëåäîâàòü âûðîæäåííûå óðàâíå-

íèÿ

Dα
t Lx(t) =

n∑
k=1

MkD
αk
t x(t) + g(t), t ∈ [0, T ], (0.0.5)

êîòîðûå ðàññìîòðåíû â òðåòüåé ãëàâå äèññåðòàöèè. Çäåñü L, Mk ïðè k =

1, 2, . . . , n − 1 � ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû èç áàíàõîâà ïðîñòðàí-
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ñòâà X â áàíàõîâî ïðîñòðàíñòâî Y , kerL ̸= {0}, Mn � ëèíåéíûé çàìêíó-

òûé îïåðàòîð ñ îáëàñòüþ îïðåäåëåíèÿ â X , äåéñòâóþùèé â Y . Ïðè óñëîâèè

(L, 0)-îãðàíè÷åííîñòè îïåðàòîðàMn (â ýòîì ñëó÷àå ìû òàêæå ãîâîðèì î ñïåê-

òðàëüíîé îãðàíè÷åííîñòè ïàðû îïåðàòîðîâ (L,Mn)) ñ ïîìîùüþ èçâåñòíûõ

ðåçóëüòàòîâ î ñóùåñòâîâàíèè ïàð èíâàðèàíòíûõ ïîäïðîñòðàíñòâ ýòèõ îïåðà-

òîðîâ è ïðè äîïîëíèòåëüíîì ñîãëàñîâàíèè äåéñòâèÿ îñòàëüíûõ îïåðàòîðîâ

Mk, k = 1, 2, . . . , n − 1, ñ ýòèìè ïîäïðîñòðàíñòâàìè èñõîäíàÿ íà÷àëüíàÿ çà-

äà÷à

x(l)(t0) = xl, l = 0, 1, . . . ,mn − 1,

(Px)(l)(t0) = xl, l = mn,mn + 1, . . . ,m− 1,
(0.0.6)

ãäå mn − 1 < αn ≤ mn, P � ñïåöèàëüíûé ïðîåêòîð âäîëü kerL íà ïðîñòðàí-

ñòâå X , ðåäóöèðîâàíà ê äâóì çàäà÷àì Êîøè äëÿ ðàçðåøåííûõ îòíîñèòåëüíî

ñòàðøåé ïðîèçâîäíîé óðàâíåíèé ïîðÿäêîâ α è αn ñ îãðàíè÷åííûìè îïåðàòî-

ðàìè íà âçàèìíî äîïîëíÿþùèõ äðóã äðóãà ïîäïðîñòðàíñòâàõ kerP è imP ,

ïîñëå ÷åãî ïðèìåíÿþòñÿ ðåçóëüòàòû ïåðâîé ãëàâû.

Àíàëîãè÷íûì îáðàçîì èññëåäîâàíû ëîêàëüíàÿ è ãëîáàëüíàÿ ðàçðåøè-

ìîñòü íà÷àëüíîé çàäà÷è äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ

DαLz(t) =
n∑
k=1

MkD
αkz(t) +N(t,Dγ1z(t), Dγ2z(t), . . . , Dγrz(t)) (0.0.7)

â ÷åòûðåõ ñëó÷àÿõ ðàçëè÷íûõ äîïîëíèòåëüíûõ óñëîâèé íà íåëèíåéíûé îïå-

ðàòîð N , à òàêæå ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ êîððåêòíî-

ñòè ëèíåéíîé îáðàòíîé çàäà÷è äëÿ âûðîæäåííîãî óðàâíåíèÿ.

Êðîìå òîãî, èññëåäîâàíà íà÷àëüíàÿ çàäà÷à äëÿ ëèíåéíîãî óðàâíåíèÿ

(0.0.5) ñ ïàðîé îïåðàòîðîâ (L,M) èç êëàññà Hα (ò. å. ñ ñåêòîðèàëüíîé ïàðîé

îïåðàòîðîâ). Â ýòîì ñëó÷àå òàêæå èçâåñòíî, ÷òî ïðè óñëîâèè ðåôëåêñèâíî-

ñòè áàíàõîâûõ ïðîñòðàíñòâ X è Y ñóùåñòâóþò ïàðû èíâàðèàíòíûõ ïîäïðî-

ñòðàíñòâ îïåðàòîðîâ L èMn, ÷òî ïîçâîëèëî íàì èñõîäíóþ çàäà÷ó äëÿ âûðîæ-

äåííîãî óðàâíåíèÿ ñâåñòè ê äâóì çàäà÷àì Êîøè äëÿ íåâûðîæäåííûõ (ò. å.

ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé) óðàâíåíèé. Ïðè äîâîëüíî



19

îáùèõ óñëîâèÿõ ñîãëàñîâàíèÿ äåéñòâèÿ îïåðàòîðîâ Mk, k = 1, 2, . . . , n − 1,

ñ óïîìÿíóòûìè ïîäïðîñòðàíñòâàìè ñ ïîìîùüþ ðåçóëüòàòîâ âòîðîé ãëàâû îá

óðàâíåíèÿõ ñ ñåêòîðèàëüíûìè íàáîðàìè îïåðàòîðîâ äîêàçàíà òåîðåìà îá îä-

íîçíà÷íîé ðàçðåøèìîñòè èñõîäíîé ìîäèôèöèðîâàííîé çàäà÷è Øîóîëòåðà �

Ñèäîðîâà (0.0.6) äëÿ âûðîæäåííîãî óðàâíåíèÿ (0.0.5).

Àáñòðàêòíûå ðåçóëüòàòû èñïîëüçîâàíû ïðè èçó÷åíèè âûðîæäåííûõ ñè-

ñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà (0.0.5) ñ êâàäðàòíû-

ìè ìàòðèöàìè L, Mk, k = 1, 2, . . . , n, ïðè âûïîëíåíèè óñëîâèé detL = 0,

det(µL −Mn) ̸≡ 0; ïðè ðàññìîòðåíèè êëàññîâ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ

óðàâíåíèÿ (0.0.4) â ñëó÷àå, êîãäà ìíîãî÷ëåí P1 îáðàùàåòñÿ â íîëü íà ñïåêòðå

ýëëèïòè÷åñêîãî îïåðàòîðà Λ. Ïðè ýòîì ñëó÷àé, êîãäà ñòåïåíü ìíîãî÷ëåíà P1

íå ìåíåå ñòåïåíåé ìíîãî÷ëåíîâ P k
2 , k = 1, 2, . . . , n, ðåäóöèðóåòñÿ ê óðàâíåíèþ

(0.0.5) ñî ñïåêòðàëüíî îãðàíè÷åííîé ïàðîé îïåðàòîðîâ (L,Mn), â ïðîòèâíîì

ñëó÷àå ïîëó÷àåì óðàâíåíèå (0.0.5) ñ ñåêòîðèàëüíîé ïàðîé îïåðàòîðîâ (L,Mn).

Êðîìå òîãî, ñ ïîìîùüþ îáùèõ ðåçóëüòàòîâ èññëåäîâàíû êâàçèëèíåéíûå ìî-

äåëüíûå ñèñòåìû óðàâíåíèé äëÿ êàæäîãî èç ÷åòûðåõ ðàññìîòðåííûõ êëàññîâ

óðàâíåíèÿ (0.0.7) ñ (L, 0)-îãðàíè÷åííûì îïåðàòîðîì Mn. Íàêîíåö, íà÷àëüíî-

êðàåâàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé, ìîäåëèðóþùåé òåðìîêîíâåêöèþ â

âÿçêîóïðóãîé ñðåäå, èññëåäîâàíà ïóòåì ðåäóêöèè ê íà÷àëüíîé çàäà÷å äëÿ

óðàâíåíèÿ (0.0.5) ñ ñåêòîðèàëüíîé ïàðîé îïåðàòîðîâ (L,Mn).
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1. Óðàâíåíèÿ ñ îãðàíè÷åííûìè îïåðàòîðàìè

ïðè ïðîèçâîäíûõ Ãåðàñèìîâà � Êàïóòî

Â äàííîé ãëàâå èññëåäóåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è Êîøè äëÿ

ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé äðîáíîé ïðîèçâîäíîé ëèíåéíûõ è êâà-

çèëèíåéíûõ óðàâíåíèé ñ íåñêîëüêèìè ïðîèçâîäíûìè Ãåðàñèìîâà � Êàïóòî

è îãðàíè÷åííûìè îïåðàòîðàìè ïðè íèõ â ëèíåéíîé ÷àñòè.

Åñëè â ñëó÷àå ëèíåéíîãî óðàâíåíèÿ ñ îäíîé ïðîèçâîäíîé ðåøåíèå ìîæ-

íî âûðàçèòü ÷åðåç ôóíêöèè Ìèòòàã-Ëåôôëåðà, òî â äàííîì ñëó÷àå íåñêîëü-

êèõ ïðîèçâîäíûõ ýòî âîçìîæíî (ñ èñïîëüçîâàíèåì îáîáùåííûõ ôóíêöèé Ìèò-

òàã-Ëåôôëåðà îò íåñêîëüêèõ ïåðåìåííûõ) òîëüêî â ñëó÷àå êîììóòèðóåìîñòè

âñåõ îïåðàòîðîâ â óðàâíåíèè. Çäåñü ðàññìàòðèâàåòñÿ îáùèé ñëó÷àé, äëÿ íåãî

ïðåäëîæåíî ïðåäñòàâëåíèå ðåøåíèÿ â âèäå èíòåãðàëîâ òèïà Äàíôîðäà � Òåé-

ëîðà.

Îòìåòèì òàêæå, ÷òî èññëåäîâàíèå êâàçèëèíåéíûõ óðàâíåíèé ïîòðåáî-

âàëî ââåäåíèÿ â ðàññìîòðåíèå ñïåöèàëüíûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ,

ïîëíîòà êîòîðûõ è íåêîòîðûå ñâîéñòâà äîêàçàíû çäåñü æå. Ïðè ýòîì ïîëó÷å-

íû óñëîâèÿ íå òîëüêî ëîêàëüíîé, íî è ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøèìîñòè

çàäà÷è Êîøè äëÿ êâàçèëèíåéíûõ óðàâíåíèé.

1.1. Äðîáíàÿ ïðîèçâîäíàÿ Ãåðàñèìîâà � Êàïóòî

Ñôîðìóëèðóåì îñíîâíûå îïðåäåëåíèÿ è ñâîéñòâà äðîáíûõ ïðîèçâîäíûõ,

èñïîëüçóåìûå â ðàáîòå. Ïîäðîáíûå äîêàçàòåëüñòâà ïðèâåäåííûõ çäåñü óòâåð-

æäåíèé ìîãóò áûòü íàéäåíû, íàïðèìåð, â [65,109].

Îïðåäåëèì ôóíêöèþ gδ(t) := 0 ïðè t ≤ 0, gδ(t) := tδ−1/Γ(δ) ïðè δ >

0, t > 0, ãäå Γ(δ) � ãàììà-ôóíêöèÿ. Ìíîæåñòâî òàêèõ ôóíêöèé îáëàäàåò

ïîëóãðóïïîâûì ñâîéñòâîì îòíîñèòåëüíî îïåðàöèè ñâåðòêè: gβ ∗ gδ = gβ+δ.

Ïóñòü m − 1 < α ≤ m ∈ N, Z � áàíàõîâî ïðîñòðàíñòâî. Äðîáíûé

èíòåãðàë Ðèìàíà � Ëèóâèëëÿ ïîðÿäêà α > 0 äëÿ ôóíêöèè f : R+ → Z
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îïðåäåëÿåòñÿ êàê

Jαt f(t) := (gα ∗ f)(t) :=
t∫

0

(t− s)α−1

Γ(α)
f(s)ds, t > 0.

Îïðåäåëèì J0
t f(t) := f(t). Îïåðàòîðû äðîáíîãî èíòåãðèðîâàíèÿ ïîä÷èíÿþò-

ñÿ ïîëóãðóïïîâîìó ñâîéñòâó îòíîñèòåëüíî êîìïîçèöèè:

Jαt J
β
t = Jα+βt , α, β ≥ 0.

Äðîáíàÿ ïðîèçâîäíàÿ Ãåðàñèìîâà � Êàïóòî [8, 66, 100] ïîðÿäêà α > 0,

ãäå m− 1 < α ≤ m ∈ N, îïðåäåëåíà ñëåäóþùèì îáðàçîì:

CDα
t f(t) := Jm−α

t Dm
t f(t).

×àñòî â êà÷åñòâå îïðåäåëåíèÿ äðîáíîé ïðîèçâîäíîé Ãåðàñèìîâà � Êàïóòî

èñïîëüçóþò ýêâèâàëåíòíîå äëÿ äîñòàòî÷íî ãëàäêèõ ôóíêöèé ðàâåíñòâî

CDα
t f(t) :=

RDα
t

(
f(t)−

m−1∑
k=0

f (k)(0)gk+1(t)

)
, (1.1.1)

äëÿ âûïîëíåíèÿ êîòîðîãî òðåáóåòñÿ ìåíüøàÿ ãëàäêîñòü îò f : R+ → Z .
Çäåñü RDα

t f(t) := Dm
t J

m−α
t f(t) � äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà � Ëèóâèëëÿ.

Ìû äðîáíóþ ïðîèçâîäíóþ Ãåðàñèìîâà � Êàïóòî áóäåì ïîíèìàòü èìåííî â

ñìûñëå (1.1.1), åñëè íå áóäåò îãîâîðåíî ïðîòèâíîå.

Îòîáðàæåíèå CDα
t ÿâëÿåòñÿ îáðàòíûì ê Jαt ñëåâà:

CDα
t J

α
t f = f, Jαt

CDα
t f(t) = f(t)−

m−1∑
k=0

f (k)(0)gk+1(t).

Äëÿ α, β, t > 0 èìååì

Jαt gβ = gα+β,
RDα

t gβ = gβ−α, β > α.

Îòìåòèì òàêæå, ÷òî RDα
t 1 = g1−α, α ∈ (0, 1), â òî âðåìÿ êàê CDα

t 1 = 0 äëÿ

ëþáîãî α > 0.
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Ïîä ïðîèçâîäíîé Ãåðàñèìîâà � Êàïóòî îòðèöàòåëüíîãî ïîðÿäêà −α <
0 çäåñü (ïåðâîå ñëàãàåìîå â ñóììå â ïðàâîé ÷àñòè ðàâåíñòâà) è äàëåå ïîíè-

ìàåòñÿ äðîáíûé èíòåãðàë Ðèìàíà � Ëèóâèëëÿ ïîðÿäêà α > 0 è íàîáîðîò:

CD−α
t f := Jαt f, J−α

t f := CDα
t f, α > 0.

Ýòî ñîãëàñóåòñÿ ñî ñâîéñòâàìè ýòèõ îïåðàòîðîâ.

Ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè h : R+ → Z áóäåì îáîçíà÷àòü ÷åðåç

ĥ èëè Lap[h], åñëè âûðàæåíèå äëÿ h ñëèøêîì ãðîìîçäêîå. Èñïîëüçóÿ ñâîéñòâà

ïðåîáðàçîâàíèÿ Ëàïëàñà è ðàâåíñòâî ĝα(λ) = λ−α, ïîëó÷èì

R̂Dα
t f(λ) = λαf̂(λ)−

m−1∑
k=0

RDα−m+k
t f(0)λm−1−k,

ĈDα
t f(λ) = λαf̂(λ)−

m−1∑
k=0

f (k)(0)λα−1−k. (1.1.2)

Ïîñêîëüêó äàëåå áóäåò èñïîëüçîâàòüñÿ â îñíîâíîì òîëüêî äðîáíàÿ ïðî-

èçâîäíàÿ Ãåðàñèìîâà � Êàïóòî, òî äëÿ óäîáñòâà ñîêðàòèì åå îáîçíà÷åíèå:

Dα
t := CDα

t .

Ôóíêöèÿ f : [a, b] → Z , ãäå a, b ∈ R, a < b, Z � áàíàõîâî ïðîñòðàí-

ñòâî, íàçûâàåòñÿ àáñîëþòíî íåïðåðûâíîé íà [a, b], åñëè äëÿ ëþáîãî ε > 0

íàéäåòñÿ òàêîå δ > 0, ÷òî äëÿ ëþáîãî êîíå÷íîãî íàáîðà íåïåðåñåêàþùèõñÿ

èíòåðâàëîâ {(ai, bi) ⊂ [a, b], i = 1, 2, . . . , p}, óäîâëåòâîðÿþùåãî íåðàâåíñòâó
p∑
i=1

(bi−ai) < δ, âûïîëíÿåòñÿ
p∑
i=1

∥f(bi)−f(ai)∥Z < ε. Ìíîæåñòâî âñåõ àáñîëþò-

íî íåïðåðûâíûõ ôóíêöèé íà [a, b] ñî çíà÷åíèÿìè â Z îáîçíà÷èì AC([a, b];Z).

Ôóíêöèÿ f : (a, b) → Z , ãäå a ≥ −∞, b ≤ ∞, íàçûâàåòñÿ àáñîëþòíî

íåïðåðûâíîé íà èíòåðâàëå (a, b), åñëè îíà àáñîëþòíî íåïðåðûâíà íà ëþáîì

îòðåçêå, ëåæàùåì â (a, b). Àíàëîãè÷íî îïðåäåëÿþòñÿ àáñîëþòíî íåïðåðûâ-

íûå ôóíêöèè íà ïîëóèíòåðâàëàõ [a, b), (a, b]. Ñîîòâåòñòâóþùèå êëàññû àáñî-

ëþòíî íåïðåðûâíûõ ôóíêöèé îáîçíà÷àþòñÿ êàê AC((a, b);Z), AC([a, b);Z),

AC((a, b];Z).
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Èçâåñòíî, ÷òî àáñîëþòíî íåïðåðûâíàÿ ñêàëÿðíàÿ ôóíêöèÿ (Z = C)
ïî÷òè âñþäó äèôôåðåíöèðóåìà. Â îáùåì ñëó÷àå ýòî âåðíî òîëüêî äëÿ áàíà-

õîâûõ ïðîñòðàíñòâ Z , îáëàäàþùèõ ñâîéñòâîì Ðàäîíà � Íèêîäèìà, â ÷àñòíî-

ñòè äëÿ ðåôëåêñèâíûõ áàíàõîâûõ ïðîñòðàíñòâ [121, ñëåäñòâèå 1.2.7]. Íî åñëè

f ∈ AC([a, b];Z) èìååò ïðîèçâîäíóþ ïî÷òè âñþäó íà [a, b], òî (ñì. [121, ïðåä-

ëîæåíèå 1.2.3]) f ′ èíòåãðèðóåìà ïî Áîõíåðó è

f(t) = f(a) +

t∫
a

f ′(s)ds, t ∈ [a, b].

Îáðàòíî, åñëè g èíòåãðèðóåìà ïî Áîõíåðó íà [a, b], òî (ñì. [121, ïðåäëîæå-

íèå 1.2.2])
t∫

a

g(s)ds ∈ AC([a, b];Z).

Êðîìå òîãî, ïðè m ∈ N ACm([a, b];Z) := {f ∈ Cm−1([a, b];Z) : Dm−1f ∈
AC([a, b];Z)}.

1.2. Ëèíåéíîå îäíîðîäíîå óðàâíåíèå

Ïóñòü α1 < α2 < ... < αn < α, mk − 1 < αk ≤ mk ∈ Z, k = 1, 2, . . . , n,

m− 1 < α ≤ m ∈ N, A1, A2, . . . , An ∈ L(Z).

Äëÿ l = 0, 1, . . . ,m − 1 îáîçíà÷èì nl := min{k ∈ {1, 2, . . . , n} : l ≤
mk−1}. Åñëè ìíîæåñòâî {k ∈ {1, 2, . . . , n} : l ≤ mk−1} ïóñòî ïðè íåêîòîðûõ
l ∈ {0, 1, . . . ,m− 1} (ýòî âûïîëíåíî â òî÷íîñòè òîãäà, êîãäà αn ≤ m− 1), òî

nl := n+ 1.

Ðàññìîòðèì ëèíåéíîå îäíîðîäíîå óðàâíåíèå äðîáíîãî ïîðÿäêà

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t) (1.2.1)

ñ çàäàííûìè íà÷àëüíûìè óñëîâèÿìè

z(l)(0) = zl, l = 0, 1, . . . ,m− 1. (1.2.2)
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Ðåøåíèåì çàäà÷è (1.2.1), (1.2.2) áóäåì íàçûâàòü ôóíêöèþ z ∈ ACm(R+;Z),

äëÿ êîòîðîé Dα
t z ∈ C(R+;Z), AkD

αk
t z ∈ C(R+;Z), k = 1, . . . , n, è âûïîëíÿ-

þòñÿ ðàâåíñòâà (1.2.1) ïðè âñåõ t ∈ R+ è (1.2.2).

Çàìå÷àíèå 1.2.1. Çàìåòèì, ÷òî â íàøèõ ïðåäïîëîæåíèÿõ íåêîòîðûå (èëè

âñå) èç ÷èñåë αk ìîãóò áûòü íåïîëîæèòåëüíûìè. Â ñëó÷àå αk < 0 èìååì

AkD
αk
t z(t) := AkJ

−αk
t z(t); åñëè αk = 0, òî AkD

αk
t z(t) := Akz(t).

Ñíà÷àëà ïðè ôèêñèðîâàííîì l ∈ {0, 1, . . . ,m− 1} ðàññìîòðèì çàäà÷ó

z(l)(0) = zl, z
(k)(0) = 0, k = {0, 1, . . . ,m− 1} \ {l} , (1.2.3)

äëÿ óðàâíåíèÿ (1.2.1). Â ïðåäïîëîæåíèè, ÷òî ê ðåøåíèþ z òàêîé çàäà÷è ïðè-

ìåíèìî ïðåîáðàçîâàíèå Ëàïëàñà, ðàññìîòðèì äâà ñëó÷àÿ:

1. l ≤ mk − 1, òîãäà D̂αk
t z(λ) = λαk ẑ(λ)− λαk−l−1zl;

2. l > mk − 1, òîãäà D̂αk
t z(λ) = λαk ẑ(λ).

Èç ðàâåíñòâ (1.2.1), (1.2.3) ïîëó÷èì ñëåäóþùåå:

λαẑ(λ)− λα−l−1zl =
n∑
k=1

λαkAkẑ(λ)−
n∑

k=nl

λαk−l−1Akzl,

ẑ(λ) =

(
λαI −

n∑
k=1

λαkAk

)−1(
λα−l−1I −

n∑
k=nl

λαk−l−1Ak

)
zl.

Ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà, ïîëó÷àåì ðàâåíñòâî

z(t) =
1

2πi

∫
γ

(
λαI −

n∑
k=1

λαkAk

)−1(
λα−l−1I −

n∑
k=nl

λαk−l−1Ak

)
zle

λtdλ,

ãäå ìîæíî âçÿòü γ = {λ ∈ C : Reλ = a} ïðè äîñòàòî÷íî áîëüøîì a ∈ R.
Òàêèì îáðàçîì, ìû ïîëó÷èëè âèä ðåøåíèÿ. Ïðîâåäåì òåïåðü ñòðîãèå ðàññóæ-

äåíèÿ.

Îáîçíà÷èì

A := max

{
1

2n
, ∥Ak∥L(Z) : k = 1, 2, . . . , n

}
, r0 := (2An)

1
α−αn ,



25

γ1 := {λ ∈ C : |λ| = r0, arg λ ∈ (−π, π)} ,

γ2 := {λ ∈ C : arg λ = π, λ ∈ [−r0,−∞)} ,

γ3 := {λ ∈ C : arg λ = −π, λ ∈ (−∞,−r0]} , γ :=
3⋃

k=1

γk,

Rλ :=

(
λαI −

n∑
k=1

λαkAk

)−1

,

Zl(t) :=
1

2πi

∫
γ

Rλ

(
λα−l−1I −

n∑
k=nl

λαk−l−1Ak

)
eλtdλ, t > 0,

ïðè l = 0, 1, . . . ,m− 1.

Ëåììà 1.2.1. Ïóñòü Ak ∈ L(Z), k = 1, 2, . . . , n, zl ∈ Z ïðè íåêîòîðîì

l ∈ {0, 1, . . . ,m − 1}. Òîãäà ôóíêöèÿ z(t) = Zl(t)zl ÿâëÿåòñÿ åäèíñòâåííûì

ðåøåíèåì çàäà÷è (1.2.1), (1.2.3).

Äîêàçàòåëüñòâî. Äëÿ âñåõ λ ∈ γ èìååì |λ| ≥ r0, k = 1, 2, . . . , n, ïîýòîìó

|λ|αk−α∥Ak∥L(Z) ≤ 1
2n ,∥∥∥∥∥

n∑
k=1

λαk−αAk

∥∥∥∥∥
L(Z)

≤ 1

2
, ∥Rλ∥L(Z) ≤

1

|λ|α
∞∑
j=0

∥∥∥∥∥
n∑
k=1

λαk−αAk

∥∥∥∥∥
j

L(Z)

≤ 2

|λ|α

è ïîýòîìó ñóùåñòâóåò îáðàòíûé îïåðàòîð Rλ ∈ L(Z).

Ïóñòü R > r0,

ΓR =
4⋃

k=1

Γk,R, Γ1,R = γ1, Γ2,R = {λ ∈ C : |λ| = R, arg λ ∈ (π,−π)} ,

Γ3,R = {λ ∈ C : arg λ = π, λ ∈ [−r0,−R]} ,

Γ4,R = {λ ∈ C : arg λ = −π, λ ∈ [−R,−r0]} ,

çàìêíóòûé êîíòóð ΓR îáõîäèòñÿ ïî ÷àñîâîé ñòðåëêå. Ââåäåì â ðàññìîòðåíèå

òàêæå êîíòóðû

Γ5,R = {λ ∈ C : arg λ = π, λ ∈ (−R,−∞)} ,
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Γ6,R = {λ ∈ C : arg λ = −π, λ ∈ (−∞,−R)} ,

òîãäà γ = Γ5,R ∪ Γ6,R ∪ ΓR \ Γ2,R.

Ïðè t > 0 îïðåäåëÿþùèé îïåðàòîð Zl(t) èíòåãðàë ñõîäèòñÿ, ïåðåïèøåì

åãî â ñëåäóþùåì âèäå:

Zl(t) =
1

2πi

∫
γ

λ−l−1eλtdλI +
1

2πi

∫
γ

Rλ

nl−1∑
k=1

λαk−l−1Ake
λtdλ

=
tl

l!
I +

1

2πi

∫
γ

Rλ

nl−1∑
k=1

λαk−l−1Ake
λtdλ.

Ïðè t ∈ [0, 1], λ ∈ γ èìååì ñëåäóþùèå íåðàâåíñòâà:∥∥∥∥∥Rλ

nl−1∑
k=1

λαk−l−1Ake
λt

∥∥∥∥∥
L(Z)

≤ 2

nl−1∑
k=1

|λ|αk−α−l−1 ∥Ak∥L(Z) e
r0 ≤ 2Aner0

|λ|1+α
.

Çäåñü èñïîëüçîâàí òîò ôàêò, ÷òî ïðè k ∈ {1, 2, . . . , nl− 1} âûïîëíÿåòñÿ íåðà-
âåíñòâî mk − 1 < l, ïîýòîìó αk ≤ l. Àíàëîãè÷íî ïðè j ∈ {0, 1, . . . ,m− 1}∥∥∥∥∥Rλ

nl−1∑
k=1

λαk−l−1+jAke
λt

∥∥∥∥∥
L(Z)

≤ 2Aner0

|λ|2+α−m
,

ïðè ýòîì 2 + α−m = 1 + α− (m− 1) > 1. Ñëåäîâàòåëüíî,∥∥∥∥∥∥
∫
γ

Rλ

nl−1∑
k=1

λαk−l−1+jAke
λtdλ

∥∥∥∥∥∥
L(Z)

≤

≤ 2Aner0

∫
ΓR

−
∫

Γ2,R

+

∫
Γ5,R

+

∫
Γ6,R

 ds

|λ|2+α−m
→ 0

ïðè R → ∞. Â ñèëó ïîëó÷åííûõ îöåíîê èíòåãðàëû ñõîäÿòñÿ ðàâíîìåðíî ïî

t ∈ [0, 1], ïîýòîìó ïðè j = 0, 1, . . . , l

Dj
tZl(t) :=

tl−j

(l − j)!
I +

1

2πi

∫
γ

Rλ

nl−1∑
k=1

λαk−l−1+jAke
λtdλ, t > 0,
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ïðè j = l + 1, l + 2, . . . ,m− 1

Dj
tZl(t) :=

1

2πi

∫
γ

Rλ

nl−1∑
k=1

λαk−l−1+jAke
λtdλ, t > 0,

Dj
tZl(0) = 0 ïðè j ̸= l, Dl

tZl(0) = I. Òàêèì îáðàçîì, ôóíêöèÿ Zl(t)zl óäîâëå-

òâîðÿåò óñëîâèÿì (1.2.3).

Äàëåå ïðè l = 0, 1, . . . ,m − 1 îöåíèì èíòåãðàëû, îïðåäåëÿþùèå Zl(t),

ïî êîíòóðó γ2:∣∣∣∣∣∣ 2A2πi
+∞∫
r0

nl−1∑
k=1

rαk−α−l−1e−rtdr

∣∣∣∣∣∣ ≤ An

π
e−r0t

+∞∫
r0

dr

rα+l+1−αn
≤ C1e

−r0t,

òàê êàê α + l + 1 − αn > 1, r0 ≥ 1 ïî îïðåäåëåíèþ. Íà êîíòóðå γ3 ïîëó÷àåì

àíàëîãè÷íûå íåðàâåíñòâà. Äëÿ êîíòóðà γ1, èìååì∣∣∣∣∣∣ 2A2πi
π∫

−π

nl−1∑
k=1

rαk−α−l−1
0 er0e

iφtdφ

∣∣∣∣∣∣ ≤ C2

π∫
−π

er0t cosφdφ ≤ 2πC2e
r0t.

Îòñþäà ñëåäóåò ýêñïîíåíöèàëüíàÿ îãðàíè÷åííîñòü îïåðàòîð-ôóíêöèè Zl(t),

à çíà÷èò, ê íåé ìîæíî ïðèìåíÿòü ïðåîáðàçîâàíèå Ëàïëàñà: ïðè Reµ > r0

èìååì

Ẑl(µ) =

∞∫
0

e−µtZl(t)dt =
1

2πi

∫
γ

Rλ

(
λα−l−1I −

n∑
k=nl

λαk−l−1Ak

) ∞∫
0

e(λ−µ)tdtdλ

=
1

2πi

∫
γ

1

µ− λ
Rλ

(
λα−l−1I −

n∑
k=nl

λαk−l−1Ak

)
dλ

ñ ó÷åòîì íåðàâåíñòâà∥∥∥∥∥ 1

µ− λ
Rλ

(
λα−l−1I −

n∑
k=nl

λαk−l−1Ak

)∥∥∥∥∥
L(Z)

≤ C

|λ|2
.

Ñëåäîâàòåëüíî,

Ẑl(µ) =
1

2πi

∫
ΓR

−
∫

Γ2,R

+

∫
Γ5,R

+

∫
Γ6,R

 Rλ

µ− λ

(
λα−l−1I −

n∑
k=nl

λαk−l−1Ak

)
dλ =
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= Rµ

(
µα−l−1I −

n∑
k=nl

µαk−l−1Ak

)
=

= Rµ

(
µαI −

n∑
k=1

µαkAk +

nl−1∑
k=1

µαkAk

)
µ−l−1 = µ−l−1I +Rµ

nl−1∑
k=1

µαk−l−1Ak.

Âûðàæåíèå ïîëó÷åíî ïî èíòåãðàëüíîé ôîðìóëå Êîøè äëÿ èíòåãðàëà ïî ΓR

ïðè R > |µ|, êîãäà òî÷êà µ ëåæèò âíóòðè ýòîãî êîíòóðà. Ïðè ýòîì èíòåãðàëû

ïî Γj,R ïðè j = 2, 5, 6 ñòðåìÿòñÿ ê íóëþ ïðè R → ∞.

Òîãäà

D̂α
t Zl(µ) = µαẐl(µ)− µα−l−1I =

= µαRµ

(
µα−l−1I −

n∑
k=nl

µαk−l−1Ak

)
− µα−l−1I =

=

(
µα −

n∑
k=1

µαkAk +
n∑
k=1

µαkAk

)
Rµ

(
µα−l−1I −

n∑
k=nl

µαk−l−1Ak

)
− µα−l−1I =

=
n∑
k=1

µαkAkRµ

(
µα−l−1I −

n∑
k=nl

µαk−l−1Ak

)
−

n∑
k=nl

µαk−l−1Ak =

=
n∑
k=1

µαkAkẐl(µ)−
n∑

k=nl

µαk−l−1Ak = Lap

[
n∑
k=1

AkD
αk
t Zl

]
(µ).

Ïîýòîìó ïðè t > 0 Dα
t Zl(t) =

n∑
k=1

AkD
αk
t Zl(t).

Â òî æå âðåìÿ ïðè òàêîì k0, ÷òî mk0 − 1 < l

D̂
αk0
t Zl(µ) = µαk0Rµ

(
µα−l−1I −

n∑
k=nl

µαk−l−1Ak

)
=

= µαk0
−l−1I +Rµ

nl−1∑
k=1

µαk−l−1+αk0Ak,

D
αk0
t Zl(t) =

1

2πi

∫
γ

µαk0
−l−1eµtdµI +

1

2πi

∫
γ

Rµ

nl−1∑
k=1

µαk−l−1+αk0Ake
µtdµ.

Ïîýòîìó ïðè αk0 < l lim
t→0+

D
αk0
t Zl(t) = 0, à â ñëó÷àå αk0 = l lim

t→0+
D
αk0
t Zl(t) = I.

Çàìåòèì, ÷òî â òàêîì ñëó÷àå k0 = nl − 1.
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Ïóñòü òåïåðü mk0 − 1 ≥ l, òîãäà

D̂
αk0
t Zl(µ) = µαk0Rµ

(
µα−l−1I −

n∑
k=nl

µαk−l−1Ak

)
− µαk0

−l−1I =

= Rµ

nl−1∑
k=1

µαk−l−1+αk0Ak,

D
αk0
t Zl(t) =

1

2πi

∫
γ

Rµ

nl−1∑
k=1

µαk−l−1+αk0Ake
µtdµ.

Èìååì αk − α − l − 1 + αk0 < −1, òàê êàê αk0 − α < 0 è αk − l ≤ 0 ïðè

k = 1, 2, . . . , nl − 1, ïîýòîìó lim
t→0+

D
αk0
t Zl(t) = 0. Àíàëîãè÷íî ïîëó÷èì

Dα
t Zl(t) =

1

2πi

∫
γ

Rµ

nl−1∑
k=1

µαk−l−1+αAke
µtdµ.

Ýòî âûðàæåíèå ñòðåìèòñÿ ê íóëþ ïðè t → 0+, åñëè αnl−1 < l. Åñëè æå

αnl−1 = l, òî

1

2πi

∫
γ

µα−1RµAnl−1e
µtdµ =

1

2πi

∫
γ

∞∑
r=0

(
n∑
k=1

µαk−αAk

)r

µ−1Anl−1e
µtdµ→ Anl−1

ïðè t→ 0+, ïîýòîìó lim
t→0+

Dα
t Zl(t) = Anl−1.

Òàêèì îáðàçîì, â ñèëó îãðàíè÷åííîñòè îïåðàòîðîâ Ak, k = 1, 2, . . . , n,

Zl(·)zl óäîâëåòâîðÿåò óðàâíåíèþ (1.2.1), â òîì ÷èñëå ïðè t = 0. Òåì ñàìûì

Zl(·)zl � ðåøåíèå çàäà÷è (1.2.1), (1.2.3).

Ïóñòü z1(t) è z2(t) � äâà ðåøåíèÿ çàäà÷è (1.2.1), (1.2.3) íà R+, òîãäà

y(t) = z1(t) − z2(t) � ðåøåíèå çàäà÷è Êîøè y(l)(0) = 0, l = 0, 1, . . . ,m − 1,

äëÿ óðàâíåíèÿ (1.2.1) íà R+. Ïîýòîìó äëÿ k = 0, 1, . . . ,m− 1, t ∈ [0, T ]

∥Dk
t J

m−α
t y(t)∥Z = ∥Jm−α

t Dk
t y(t)∥Z ≤

tm−α∥y∥Cm−1([0,T ];Z)

Γ(m− α + 1)
→ 0

ïðè t → 0+, à çíà÷èò, Dk
t J

m−α
t y(0) = 0. Ïî îïðåäåëåíèþ ðåøåíèÿ y ∈

ACm(R+;Z), ïîýòîìó äåéñòâèåì îïåðàòîðà Jαt íà îáå ÷àñòè óðàâíåíèÿ ïî-
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ëó÷èì

Jαt D
α
t y(t) = y(t)−

m−1∑
k=0

Dk
t J

m−α
t y(0)tα+k−m

Γ(α + k −m+ 1)
= y(t) =

n∑
k=1

AkJ
α
t D

mk
t Jmk−αk

t y(t) =

=
n∑
k=1

AkD
mk
t Jα+mk−αk

t y(t) =
n∑
k=1

AkJ
α−αk
t y(t).

Òîãäà y(t) óäîâëåòâîðÿåò óðàâíåíèþ

y(t) =
n∑
k=1

AkJ
α−αk
t y(t). (1.2.4)

Èìååì ∥∥∥∥∥
n∑
k=1

AkJ
α−αk
t y1 −

n∑
k=1

AkJ
α−αk
t y2

∥∥∥∥∥
C([0,T ];Z)

≤

≤ T α−αn

n∑
k=1

∥Ak∥L(Z)

Γ(α− αk + 1)
∥y1 − y2∥C([0,T ];Z) ≤ q∥y1 − y2∥C([0,T ];Z)

ïðè q ∈ (0, 1),

T = min

1, q
1

α−αn

(
n∑
k=1

∥Ak∥L(Z)

Γ(α− αk + 1)

) 1
αn−α

 .

Ïîýòîìó åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ (1.2.4) â ïðîñòðàíñòâå C([0, T ];Z)

ÿâëÿåòñÿ òîæäåñòâåííî íóëåâàÿ ôóíêöèÿ x. Â òàêîì ñëó÷àå

∥Jα−αn
t Ay1 − Jα−αn

t Ay2∥
C
([

0,2
1

α−αn T
]
;Z
) ≤

≤ (2T α−αn − T α−αn)
n∑
k=1

∥Ak∥L(Z)

Γ(α− αk + 1)
∥y1 − y2∥

C
([

0,2
1

α−αn T
]
;Z
) ≤

≤ q∥y1 − y2∥
C
([

0,2
1

α−αn T
]
;Z
),

ïîýòîìó óðàâíåíèå (1.2.4) èìååò òîëüêî íóëåâîå ðåøåíèå â C
([
0, 2

1
α−αnT

]
;Z
)
.

Ïðîäîëæàÿ ýòè ðàññóæäåíèÿ, ìû ïîëó÷èì åäèíñòâåííîñòü íóëåâîãî ðåøåíèÿ

íà ëþáîì îòðåçêå [0, 2
k

α−αnT ], k ∈ N, à òàê êàê 2
k

α−αn > 1, òî è íà âñåé ïîëó-

ïðÿìîé.

Òàêèì îáðàçîì, z1(t) = z2(t) äëÿ âñåõ t ≥ 0.
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Èç ëåììû 1.2.1 è ëèíåéíîñòè óðàâíåíèÿ (1.2.1) ñðàçó ïîëó÷èì ñëåäóþ-

ùåå óòâåðæäåíèå.

Òåîðåìà 1.2.1. Ïóñòü Ak ∈ L(Z), k = 1, 2, . . . , n, zl ∈ Z, l = 0, 1, . . . ,m−1.

Òîãäà ôóíêöèÿ z(t) =
m−1∑
l=0

Zl(t)zl ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è

(1.2.1), (1.2.2).

1.3. Ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå

Ðàññìîòðèì íåîäíîðîäíîå óðàâíåíèå

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t) + f(t), t ∈ [0, T ]. (1.3.1)

Îáîçíà÷èì

Yβ(t) :=
1

2πi

∫
γ

λβRλe
λtdλ, β ∈ R, t > 0.

Ëåììà 1.3.1. Ïóñòü Ak ∈ L(Z), k = 1, 2, . . . , n, f ∈ C([0, T ];Z). Òîãäà

ôóíêöèÿ

zf(t) =

t∫
0

Y0(t− s)f(s)ds (1.3.2)

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è

z(l)(0) = 0, l = 0, 1, . . . ,m− 1, (1.3.3)

äëÿ óðàâíåíèÿ (1.3.1).

Äîêàçàòåëüñòâî. Èìååì ïðè α > 1, l = 0, 1, . . . ,m− 2, λ ∈ γ∥∥λlRλ

∥∥
L(Z)

≤ 2

|λ|α−l
,

ïðè ýòîì α− l > 1, ïîýòîìó äëÿ âñåõ t ≥ 0

∥Dl
tY0(t)∥L(Z) ≤ C1

∫
γ

etReλds

|λ|α−l
≤ C2e

r0ttα−l−1,
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Dl
tY0(0) = 0, z

(p)
f (t) =

t∫
0

Dp
tY0(t− s)f(s)ds, p = 0, 1, . . . ,m− 1. (1.3.4)

Ïðè l = m− 1 èìååì

∥Dm−1
t Y0(t)∥L(Z) ≤ C

∫
Γ

etReλds

|λ|α−m+1
,

∫
γ1

etReλds

|λ|α−m+1
≤ 2πrm−1−α

0 er0t,

∫
γj

etReλ

|λ|α−m+1
ds ≤

∞∫
r0

e−rtdr

rα−m+1
≤ tα−m

∞∫
0

e−ρdρ

ρα−m+1
≤ Γ(m− α)tα−m, j = 2, 3,

ïîýòîìó äëÿ âñåõ t > 0

∥Dm−1
t Y0(t)∥L(Z) ≤ C(1 + tα−m)er0t,

â ÷àñòíîñòè, ∥Dm−1
t Y0(t)∥L(Z) = O(tα−m) ïðè t→ 0+. Òàêèì îáðàçîì,

∥z(m−1)
f (t)∥Z ≤

t∫
0

C1(t− s)α−m∥f(s)∥Zds ≤
C1∥f∥C([0,T ];Z)

α−m+ 1
tα−m+1 → 0

ïðè t→ 0+ è óñëîâèÿ Êîøè (1.3.3) äëÿ ôóíêöèè zf âèäà (1.3.2) âûïîëíÿþòñÿ.

Èìååì DkJm−α
t Y0(t) = Yα−m+k(t), k = 0, 1, . . . ,m− 1,∥∥λα−m+kRλ

∥∥
L(Z)

≤ 2

|λ|m−k , ∥DkJm−α
t Y0(t)∥L(Z) ≤ Ctm−k−1,

ïîýòîìó DkJm−α
t Y0(0) = 0, k = 0, 1, . . . ,m− 2. Çàìåòèì òàêæå, ÷òî

Yα−1(t) =
1

2πi

∫
γ

λ−1

(
λα −

n∑
k=1

λα−kAk +
n∑
k=1

λαkAk

)
Rλe

λtdλ =

=
1

2πi

∫
γ

λ−1eλtdλ+
1

2πi

∫
γ

λ−1
n∑
k=1

λαkAkRλe
λtdλ→ I

ïðè t→ 0+, òàê êàê∥∥∥∥∥λ−1
n∑
k=1

λαkAkRλ

∥∥∥∥∥
L(Z)

≤ C

|λ|α−αn+1
, α− αn + 1 > 1,
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àíàëîãè÷íî Yαk−1(0) = 0, ïîñêîëüêó ∥λαk−1Rλ∥L(Z) ≤ C|λ|αk−α−1;

Yα(t) =
1

2πi

∫
γ

(
λα −

n∑
k=1

λα−kAk +
n∑
k=1

λαkAk

)
Rλe

λtdλ =

=
1

2πi

∫
γ

eλtdλ+
1

2πi

∫
γ

n∑
k=1

λαkAkRλe
λtdλ =

1

2πi

∫
γ

n∑
k=1

λαkAkRλe
λtdλ =

=
n∑
k=1

AkYαk
(t),

ïîýòîìó ∥Yα(t)∥L(Z) ≤ Ctα−αn−1 ïðè âñåõ t > 0. Ñëåäîâàòåëüíî, ïðè t > 0

Dα
t zf(t) = Dm

t J
m−α
t zf(t) = Dm

t

t∫
0

Jm−α
t Y0(t− s)f(s)ds =

= D1
t

t∫
0

Dm−1Jm−α
t Y0(t− s)f(s)ds = Yα−1(0)f(t) +

t∫
0

Yα(t− s)f(s)ds =

= f(t) +
n∑
k=1

Ak

t∫
0

Yαk
(t− s)f(s)ds =

n∑
k=1

AkD
αk
t zf(t) + f(t).

Ïðè k = 1, 2, . . . , n

∥Yαk
(t)∥L(Z) ≤

1

π

∫
γ

etReλds

|λ|α−αn
≤ Cer0ttα−αn−1.

Â ñèëó (1.3.4)

Dαk
t zf(t) =

t∫
0

Yαk
(t− s)f(s)ds,

ïîýòîìó

∥Dαk
t zf(t)∥L(Z) ≤

C∥f∥C([0,T ];Z)

α− αn
tα−αn → 0

ïðè t→ 0+. Â ñèëó îãðàíè÷åííîñòè îïåðàòîðîâ Ak, k = 1, 2, . . . , n, ðàâåíñòâî

(1.3.1) âûïîëíÿåòñÿ è ïðè t = 0 â ïðåäåëüíîì ñìûñëå.

Äîêàçàòåëüñòâî åäèíñòâåííîñòè òàêîå æå, êàê ó ëåììû 1.2.1.
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Òåïåðü ìîæíî ñôîðìóëèðîâàòü îáùèé ðåçóëüòàò.

Òåîðåìà 1.3.1. Ïóñòü Ak ∈ L(Z), k = 1, 2, . . . , n, f ∈ C([0, T ];Z), zl ∈ Z,
l = 0, 1, . . . ,m− 1. Òîãäà ôóíêöèÿ

z(t) =
m−1∑
l=0

Zl(t)zl +

t∫
0

Y0(t− s)f(s)ds

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (1.2.2), (1.3.1).

Çàìå÷àíèå 1.3.1. Çàìåòèì, ÷òî ïðè l = 0, 1, . . . ,m− 1

Zl(t) = Dα−l−1
t Y0(t)−

n∑
k=nl

AkD
αk−l−1
t Y0(t).

Äåéñòâèòåëüíî, èç (1.1.2) ñëåäóåò, ÷òî ïðè Reµ > r0

Lap

[
Dα−l−1
t Y0(t)−

n∑
k=nl

AkD
αk−l−1
t Y0(t)

]
(µ) =

= Rµ

(
µα−l−1 −

n∑
k=nl

µαk−l−1Ak

)
= Ẑl(µ).

Çàìå÷àíèå 1.3.2. Èç äîêàçàòåëüñòâ âèäíî, ÷òî äëÿ ðåøåíèÿ z çàäà÷è (1.2.2),

(1.3.1) Dαk
t z ∈ C([0, T ];Z) äëÿ âñåõ αk, k = 1, 2, . . . , n, âêëþ÷àÿ ëåæàùèå íà

ïðîìåæóòêå (m− 1, α).

1.4. Ëîêàëüíàÿ ðàçðåøèìîñòü êâàçèëèíåéíîãî óðàâíåíèÿ

Â ýòîì ðàçäåëå áóäåì ðàññìàòðèâàòü äðîáíûå èíòåãðàëû è äðîáíûå ïðîèç-

âîäíûå â òî÷êå t0 ∈ R:

Jβt f(t) :=

t∫
t0

(t− s)β−1

Γ(β)
f(s)ds, RDα

t f(t) = Dm
t J

m−α
t f(t), t > t0,

Dα
t f(t) :=

RDα
t

(
f(t)−

m−1∑
k=0

f (k)(t0)gk+1(t− t0)

)
, t > t0,
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ïðè β > 0, α ∈ (m− 1,m], m ∈ N.
Ïóñòü r ∈ N, γ1 < γ2 < · · · < γr < α, κi−1 < γi ≤ κi ∈ Z, i = 1, 2, . . . , r;

U � îòêðûòîå ìíîæåñòâî â R × Zr, B : U → Z , zl ∈ Z , l = 0, 1, . . . ,m − 1.

Ôóíêöèþ z ∈ ACm([t0, t1];Z) íàçîâåì ðåøåíèåì çàäà÷è Êîøè

z(l)(t0) = zl, l = 0, 1, . . . ,m− 1, (1.4.1)

äëÿ êâàçèëèíåéíîãî äðîáíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t) +B(t,Dγ1

t z(t), D
γ2
t z(t), . . . , D

γr
t z(t)) (1.4.2)

íà îòðåçêå [t0, t1], åñëè Dα
t z,D

αk
t z,D

γi
t z ∈ C([t0, t1];Z), k = 1, 2, . . . , n, i =

1, 2, . . . , r, âûïîëíåíû âêëþ÷åíèå (t,Dγ1
t z(t), D

γ2
t z(t), . . . , D

γr
t z(t)) ∈ U è ðà-

âåíñòâî (1.4.2) äëÿ âñåõ t ∈ [t0, t1], à òàêæå íà÷àëüíûå óñëîâèÿ (1.4.1).

Çàìå÷àíèå 1.4.1. Êàê è αk, íåêîòîðûå (èëè âñå) èç ÷èñåë γi ìîãóò áûòü

íåïîëîæèòåëüíûìè. Òîãäà ïðè γi < 0 èìååì Dγi
t z(t) := J−γi

t z(t); åñëè γi = 0,

òî Dγi
t z(t) := z(t).

Èñïîëüçóÿ íà÷àëüíûå äàííûå z0, z1, . . . , zm−1 çàäà÷è Êîøè, îïðåäåëèì

ìíîãî÷ëåí

z̃(t) := z0 + (t− t0)z1 +
(t− t0)

2

2!
z2 + · · ·+ (t− t0)

m−1

(m− 1)!
zm−1

è âåêòîðû z̃i := Dγi
t |t=t0 z̃(t), i = 1, 2, . . . , r. Çàìåòèì, ÷òî z̃i = 0, åñëè γi /∈

{0, 1, . . . ,m − 1}. Ïðè γi ∈ {0, 1, . . . ,m − 1} èìååì z̃i = zγi. Òàêèì îáðàçîì,

àðãóìåíò íåëèíåéíîãî îïåðàòîðà â óðàâíåíèè (1.4.2) â ìîìåíò âðåìåíè t = t0

èìååò âèä (t0, z̃1, z̃2, . . . , z̃r).

Äàëåå ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 1.4.1. [108]. Ïóñòü l − 1 < β ≤ l ∈ N. Òîãäà

∃C > 0 ∀h ∈ C l([t0, t1];Z) ∥Dβ
t h∥C([t0,t1];Z) ≤ C∥h∥Cl([t0,t1];Z).
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Ëåììà 1.4.2. Ïóñòü A1, A2, . . . , An ∈ L(Z), U � îòêðûòîå ìíîæåñòâî

â R × Zr, B ∈ C(U,Z), (t0, z̃1, z̃2, . . . , z̃r) ∈ U . Òîãäà ôóíêöèÿ z ÿâëÿåòñÿ

ðåøåíèåì çàäà÷è (1.4.1), (1.4.2) íà îòðåçêå [t0, t1], åñëè è òîëüêî åñëè D
γi
t z ∈

C([t0, t1];Z), i = 1, 2, . . . , r, è äëÿ âñåõ t ∈ [t0, t1] âûïîëíÿþòñÿ âêëþ÷åíèå

(t,Dγ1
t z(t), D

γ2
t z(t), . . . , D

γr
t z(t)) ∈ U è ðàâåíñòâî

z(t) =
m−1∑
l=0

Zl(t− t0)zl +

t∫
t0

Y0(t− s)B(s,Dγ1
t z(s), . . . , D

γr
t z(s))ds. (1.4.3)

Äîêàçàòåëüñòâî. Åñëè z � ðåøåíèå çàäà÷è (1.4.1), (1.4.2) íà îòðåçêå [t0, t1],

òî äëÿ âñåõ t ∈ [t0, t1] (t,D
γ1
t z(t), D

γ2
t z(t), . . . , D

γr
t z(t)) ∈ U è îòîáðàæåíèå

t→ B(t,Dγ1
t z(t), D

γ2
t z(t), . . . , D

γr
t z(t)) (1.4.4)

äåéñòâóåò íåïðåðûâíî èç [t0, t1] â Z . Êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1.3.1,

ìîæíî ïîêàçàòü, ÷òî ðåøåíèå óäîâëåòâîðÿåò óðàâíåíèþ (1.4.3).

Ïóñòü Dγi
t z ∈ Cm−1([t0, t1];Z), i = 1, 2, . . . , r, äëÿ âñåõ t ∈ [t0, t1] âûïîë-

íÿåòñÿ âêëþ÷åíèå (t,Dγ1
t z(t), D

γ2
t z(t), . . . , D

γr
t z(t)) ∈ U è ñïðàâåäëèâî ðàâåí-

ñòâî (1.4.3). Òîãäà (1.4.4) ïðèíàäëåæèò êëàññó C([t0, t1];Z). Äîñëîâíî ïîâòî-

ðÿÿ äîêàçàòåëüñòâî òåîðåìû 1.2.1 è ëåììû 1.3.1, ìû ïîëó÷èì òðåáóåìîå.

Îáîçíà÷èì i∗ := min{i ∈ {1, 2, . . . , r} : γi > m − 1}, åñëè ìíîæåñòâî

{i ∈ {1, 2, . . . , r} : γi > m − 1} íå ïóñòî, èíà÷å i∗ := r + 1. Äëÿ t1 > t0

îïðåäåëèì ïðîñòðàíñòâî Cm−1,{γi}([t0, t1];Z) := {z ∈ Cm−1([t0, t1];Z) : Dγi
t z ∈

C([t0, t1];Z), i = i∗, i∗ + 1, . . . , r} è ñíàáäèì ýòî ïðîñòðàíñòâî íîðìîé

∥z∥Cm−1,{γi}([t0,t1];Z) = ∥z∥Cm−1([t0,t1];Z) +
r∑

i=i∗

∥Dγi
t z∥C([t0,t1];Z).

Ëåììà 1.4.3. Cm−1,{γi}([t0, t1];Z) � áàíàõîâî ïðîñòðàíñòâî.

Äîêàçàòåëüñòâî. Ïóñòü {zl} � ôóíäàìåíòàëüíàÿ ïîñëåäîâàòåëüíîñòü â ïðî-

ñòðàíñòâå Cm−1,{γi}([t0, t1];Z), òîãäà ñóùåñòâóþò ïðåäåë z ∈ Cm−1([t0, t1];Z)
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ïîñëåäîâàòåëüíîñòè {zl} â ïðîñòðàíñòâå Cm−1([t0, t1];Z) è ïðåäåëû yi ïîñëå-

äîâàòåëüíîñòåé {Dγi
t zl} â C([t0, t1];Z), i = i∗, i∗ + 1, . . . , r. Ñëåäîâàòåëüíî,

Jγit yi(t) = lim
l→∞

Jγit D
γi
t zl(t) = lim

l→∞

(
zl(t)−

m−1∑
j=0

z
(j)
l (t0)

(t− t0)
j

j!

)
=

= z(t)−
m−1∑
j=0

z(j)(t0)
(t− t0)

j

j!
, yi = Dγi

t z ∈ C([t0, t1];Z).

Òàêèì îáðàçîì, Cm−1,{γi}([t0, t1];Z) � áàíàõîâî ïðîñòðàíñòâî.

Îáîçíà÷èì x̄ := (x1, x2, . . . , xr) ∈ Zr, Sδ(x̄) := {ȳ ∈ Zr : ∥yi − xi∥Z ≤ δ,

i = 1, 2, . . . , r}. Îòîáðàæåíèå B : U → Z íàçîâåì ëîêàëüíî ëèïøèöåâûì ïî

x̄, åñëè äëÿ âñåõ (t, x̄) ∈ U ñóùåñòâóþò δ > 0, q > 0, òàêèå, ÷òî [t − δ, t +

δ] × Sδ(x̄) ⊂ U è äëÿ âñåõ (s, ȳ), (s, v̄) ∈ [t − δ, t + δ] × Sδ(x̄) âûïîëíÿåòñÿ

íåðàâåíñòâî

∥B(s, ȳ)−B(s, v̄)∥Z ≤ q

r∑
i=1

∥yi − vi∥Z .

Òåîðåìà 1.4.1. Ïóñòüm−1 < α ≤ m ∈ N, n, r ∈ N, α1 < α2 < · · · < αn < α,

γ1 < γ2 < · · · < γr < α, A1, A2, . . . , An ∈ L(Z), U � îòêðûòîå ìíîæåñòâî â

R× Zr, îïåðàòîð B ∈ C(U,Z) ëîêàëüíî ëèïøèöåâ ïî x̄, (t0, z̃1, z̃2, . . . , z̃r) ∈
U. Òîãäà äëÿ íåêîòîðîãî t1 > t0 çàäà÷à (1.4.1), (1.4.2) èìååò åäèíñòâåííîå

ðåøåíèå íà îòðåçêå [t0, t1].

Äîêàçàòåëüñòâî. Âîçüìåì τ > 0 è δ > 0, òàêèå, ÷òî [t0, t0 + τ ]× Sδ(z̃) ⊂ U ,

ãäå z̃ = (z̃1, z̃2, . . . , z̃r). Îáîçíà÷èì ÷åðåç S ìíîæåñòâî òàêèõ ôóíêöèé z ∈
Cm−1,{γi}([t0, t0+τ ];Z), ÷òî ∥z(l)(t)−zl∥Z ≤ δ, ∥Dγi

t z(t)− z̃i∥Z ≤ δ äëÿ t0 ≤ t ≤
t0 + τ , l = 0, 1, . . . ,m− 1, i = 1, 2, . . . , r. Îïðåäåëèì íà ìíîæåñòâå S ìåòðèêó

d(x, y) := ∥x − y∥Cm−1,{γi}([t0,t0+τ ];Z), òîãäà S ÿâëÿåòñÿ ïîëíûì ìåòðè÷åñêèì

ïðîñòðàíñòâîì â ñèëó ëåìì 1.4.1 è 1.4.3. Çàìåòèì ÷òî z̃ ∈ S äëÿ äîñòàòî÷íî

ìàëîãî τ > 0.
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Äëÿ z ∈ S îïðåäåëèì îïåðàòîð

G(z)(t) :=
m−1∑
l=0

Zl(t− t0)zl +

t∫
t0

Y0(t− s)B(s,Dγ1
t z(s), D

γ2
t z(s), . . . , D

γr
t z(s))ds,

t ∈ [t0, t0 + τ ]. Ðàññóæäàÿ, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.2.1 è ëåììû

1.3.1, ïîëó÷èì, ÷òî G(z) ∈ Cm−1([t0, t0 + τ ];Z), [G(z)](k)(t0) = zk äëÿ k =

0, 1, . . . ,m− 1.

Äàëåå èìååì äëÿ γi < l

Dγi
t Zl(0) := lim

t→0+

1

2πi

∫
Γ

λα−l−1+γiRλ

(
I −

n∑
k=nl

λαk−αAk

)
eλtdλ = 0,

ïîñêîëüêó

−l − 1 + γi < −1,

∥∥∥∥∥λαRλ

(
I −

n∑
k=nl

λαk−αAk

)∥∥∥∥∥
L(Z)

≤ C.

Äëÿ γi ≥ l

D̂γi
t Z l(λ) = λα−l−1+γiRλ

(
I −

n∑
k=nl

λαk−αAk

)
− λγi−1−l = λ−l−1+γiRλ

nl−1∑
k=1

λαkAk,

Dγi
t Zl(0) = lim

t→0+

1

2πi

∫
Γ

λ−l−1+γiRλ

nl−1∑
k=1

λαkAke
λtdλ = 0,

òàê êàê äëÿ k ≤ nl− 1 èìååì l > mk− 1, ñëåäîâàòåëüíî, l ≥ αk, −l− 1+ γi+

αk − α < −1.

Ïóñòü κi − 1 < γi ≤ κi ∈ Z, i = 1, 2, . . . , r. Äëÿ γi > 0 èìååì

Jκi−γit Y0(t) =
1

2πi

∫
Γ

λγi−κiRλe
λtdλ,

äëÿ l = 0, 1, . . . , κi − 1

Dl
tJ

κi−γi
t Y0(0) = lim

t→0+

1

2πi

∫
Γ

λγi−κi+lRλe
λtdλ = 0, (1.4.5)
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òàê êàê −α + γi − κi + l ≤ −α + γi − 1 < −1. Îòñþäà ñëåäóåò òàêæå, ÷òî

∥Dκi
t J

κi−γi
t Y0(t)∥L(Z) ≤ Ctα−γi−1 äëÿ íåêîòîðîãî C > 0 è âñåõ t ∈ [0, 1]. Ïðè

γi ≤ 0 ïîëó÷åííûå ñîîòíîøåíèÿ òàêæå ñïðàâåäëèâû.

Îáîçíà÷èì Bz(s) := B(s,Dγ1
t z(s), D

γ2
t z(s), . . . , D

γr
t z(s)), òîãäà â ñèëó

(1.4.5) è ðàâåíñòâ

Dl
t|t=t0

t∫
t0

Y0(t− s)Bz(s)ds = 0, l = 0, 1, . . . ,m− 1,

êîòîðûå äîêàçàíû â ëåììå 1.3.1, ìû èìååì

Dγi
t

t∫
t0

Y0(t− s)Bz(s)ds = Dκi
t J

κi−γi
t

t∫
t0

Y0(t− s)Bz(s)ds =

= Dκi
t

t∫
t0

Jκi−γit Y0(t− s)Bz(s)ds =

t∫
t0

Dκi
t J

κi−γi
t Y0(t− s)Bz(s)ds,

∥∥∥∥∥∥ lim
t→t0+

Dγi
t

t∫
t0

Y0(t− s)Bz(s)ds

∥∥∥∥∥∥
Z

≤ lim
t→t0+

C1(t− t0)
α−γi max

s∈[t0,t0+τ ]
∥Bz(s)∥Z = 0.

Îòìåòèì ïðè ýòîì, ÷òî â ñèëó ëîêàëüíîé ëèïøèöåâîñòè îïåðàòîðà B

max
s∈[t0,t0+τ ]

∥Bz(s)∥Z ≤ max
s∈[t0,t0+τ ]

∥Bz(s)−B z̃(s)∥Z + max
s∈[t0,t0+τ ]

∥B z̃(s)∥Z ≤

≤ q

r∑
i=0

max
s∈[t0,t0+τ ]

∥Dγi
t z(s)−Dγi

t z̃(s)∥Z + max
s∈[t0,t0+τ ]

∥B z̃(s)∥Z ≤

≤ qδ(r + 1) + max
s∈[t0,t0+τ ]

∥B z̃(s)∥Z = C.

Òàêèì îáðàçîì, G(z) ∈ Cm−1,{γi}([t0, t1];Z) è Dγi
t G(z)(t0) = z̃i äëÿ âñåõ i =

1, 2, . . . , r. Ïîýòîìó, G(z) ∈ S äëÿ äîñòàòî÷íî ìàëîãî τ > 0, íå çàâèñÿùåãî îò

z ∈ S.
Â ñèëó (1.3.4) Dl

tY0(0) = 0 ïðè l = 0, 1, . . . ,m − 2, ∥Dl
tY0(t)∥L(Z) ≤

Ctα−l−1. Ïðè äîñòàòî÷íî ìàëîì τ > 0 è x, y ∈ S

∥[G(x)](l)(t)− [G(y)](l)(t)∥Z =

∥∥∥∥∥∥
t∫

t0

Dl
tY0(t− s)[Bx(s)−By(s)]ds

∥∥∥∥∥∥
Z

≤
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≤ Cl(t− t0)
α−l

r∑
i=1

sup
t∈[t0,t0+τ ]

∥Dγi
t (x(t)− y(t))∥Z ≤ Clτ

αd(x, y) ≤

≤ d(x, y)

2(r − i∗ + 1 +m)
,

∥DγiG(x)(t)−DγiG(y)(t)∥Z =

∥∥∥∥∥∥
t∫

t0

Dγi
t Y0(t− s)[Bx(s)−By(s)]ds

∥∥∥∥∥∥
Z

≤

≤ Cγi(t− t0)
α−γi

r∑
j=1

sup
t∈[t0,t0+τ ]

∥Dγj
t (x(t)− y(t))∥Z ≤ d(x, y)

2(r − i∗ + 1 +m)
,

ãäå r − i∗ + 1 � êîëè÷åñòâî γi, êîòîðûå áîëüøå ÷åì m − 1. Òàêèì îáðàçîì,

d(G(y), G(v)) ≤ d(y, v)/2 è îòîáðàæåíèåG èìååò åäèíñòâåííóþ íåïîäâèæíóþ

òî÷êó z â ìåòðè÷åñêîì ïðîñòðàíñòâå S. Ýòî åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ
(1.4.3) â Cm−1,{γi}([t0, t0+τ ];Z), ïîýòîìó â ñèëó ëåììû 1.4.2 ýòî åäèíñòâåííîå

ðåøåíèå çàäà÷è (1.4.1), (1.4.2) íà âûáðàííîì îòðåçêå [t0, t0 + τ ].

1.5. Ñóùåñòâîâàíèå ãëîáàëüíîãî ðåøåíèÿ

êâàçèëèíåéíîãî óðàâíåíèÿ

Äîêàæåì òåïåðü ñóùåñòâîâàíèå åäèíñòâåííîãî ãëîáàëüíîãî ðåøåíèÿ, ò. å. ðå-

øåíèÿ íà ïðîèçâîëüíîì çàäàííîì îòðåçêå [t0, T ].

Ïóñòü t0, T ∈ R, t0 < T , r ∈ N. Îòîáðàæåíèå B : [t0, T ] × Zr → Z
íàçûâàåòñÿ ëèïøèöåâûì ïî x̄ ∈ Zr, åñëè ñóùåñòâóåò òàêîå q > 0, ÷òî äëÿ

ëþáûõ (t, x̄), (t, ȳ) ∈ [t0, T ]×Zr âûïîëíÿåòñÿ íåðàâåíñòâî

∥B(t, x̄)−B(t, ȳ)∥Z ≤ q
r∑
i=1

∥xi − yi∥Z .

Òåîðåìà 1.5.1. Ïóñòü n, r ∈ N, α1 < α2 < · · · < αn < α, γ1 < · · · < γr < α,

m − 1 < α ≤ m ∈ N, A1, A2, . . . , An ∈ L(Z), zl ∈ Z, l = 0, 1, . . . ,m − 1,

îòîáðàæåíèå B ∈ C([t0, T ] × Zr;Z) ëèïøèöåâî ïî x̄. Òîãäà çàäà÷à (1.4.1),

(1.4.2) èìååò åäèíñòâåííîå ðåøåíèå íà îòðåçêå [t0, T ].
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Äîêàçàòåëüñòâî. Ïðè ôèêñèðîâàííûõ zl ∈ Z , l = 0, 1, . . . ,m− 1, çàäàäèì â

áàíàõîâîì ïðîñòðàíñòâå Cm−1,{γi}([t0, T ];Z) îòîáðàæåíèå

G(z)(t) :=
m−1∑
l=0

Zl(t− t0)zl +

t∫
t0

Y0(t− s)B(s,Dγ1
t z(s), D

γ2
t z(s), . . . , D

γr
t z(s))ds

ïðè t ∈ [t0, T ]. Îòîáðàæåíèå t → B(t,Dγ1
t z(t), D

γ2
t z(t), . . . , D

γr
t z(t)) ëåæèò â

C([t0, t1];Z), ïîýòîìó ïî òåîðåìå 1.3.1 G(z) ∈ Cm−1([t0, T ];Z), [G(z)](k)(t0) =

zk äëÿ k = 0, . . . ,m − 1. Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.4.1, íåòðóä-

íî ïîêàçàòü, ÷òî Dγi
t G(z) ∈ C([t0, T ];Z), i = 1, 2, . . . , r, ïîýòîìó G(z) ∈

Cm−1,{γi}([t0, T ];Z).

Îáîçíà÷èì ÷åðåç Gj j-þ ñòåïåíü îïåðàòîðà G, j ∈ N. Äëÿ îïðåäåëåííî-
ñòè ñ÷èòàåì, ÷òî T − t0 ≥ 1, â ñëó÷àå æå T − t0 < 1 äàëüíåéøèå ðàññóæäåíèÿ

îñòàíóòñÿ ñïðàâåäëèâûìè ïîñëå çàìåíû T − t0 íà 1. Äëÿ t ∈ [t0, T ], j ∈ N,
x, y ∈ Cm−1,{γi}([t0, T ];Z) ïî èíäóêöèè äîêàæåì íåðàâåíñòâî

∥Gj(x)−Gj(y)∥Cm−1,{γi}([t0,t];Z) ≤
cj(t− t0)

α−α0+j−1

(j − 1)!
∥x−y∥Cm−1,{γi}([t0,t];Z) (1.5.1)

ïðè íåêîòîðîì c > 0. Çäåñü α0 := max{m− 1, γr} < α.

Ðàññóæäàÿ, êàê ïðè äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû, äëÿ j = 1,

l = 0, 1, . . . ,m− 1 ïîëó÷èì

∥[G(x)](l)(t)− [G(y)](l)(t)∥Z ≤ C1

t∫
t0

(t− s)α−l−1∥Bx(s)−By(s)∥Zds ≤

≤ C2q∥x− y∥Cm−1,{γi}([t0,t];Z)(T − t0)
α(t− t0)

α−α0,

∥Dγi
t G(x)(t)−Dγi

t G(y)(t)∥Z ≤ C1

t∫
t0

(t− s)α−γi−1∥Bx(s)−By(s)∥Zds ≤

≤ C2q∥x− y∥Cm−1,{γi}([t0,t];Z)(T − t0)
α(t− t0)

α−α0, i = i∗, i∗ + 1, . . . , r.

Ïîýòîìó

∥G(x)−G(y)∥Cm−1,{γi}([t0,t];Z) ≤ C2Nq∥x− y∥Cm−1,{γi}([t0,t];Z)(T − t0)
α(t− t0)

α−α0,
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ãäå N = m + r − i∗ + 1 � êîëè÷åñòâî ñëàãàåìûõ â îïðåäåëåíèè íîðìû â

ïðîñòðàíñòâå Cm−1,{γi}([t0, t];Z). Øàã èíäóêöèè äëÿ íåðàâåíñòâà (1.5.1) äî-

êàçûâàåòñÿ àíàëîãè÷íûì îáðàçîì.

Èç (1.5.1) ñëåäóåò, ÷òî ïðè j ∈ N

∥Gj(x)−Gj(y)∥Cm−1,{γi}([t0,T ];Z) ≤
cj(T − t0)

α−α0+j−1

(j − 1)!
∥x− y∥Cm−1,{γi}([t0,T ];Z).

Ïîýòîìó åñëè j äîñòàòî÷íî âåëèêî, òî Gj ÿâëÿåòñÿ ñæèìàþùèì îòîáðàæåíè-

åì â ïðîñòðàíñòâå Cm−1,{γi}([t0, T ];Z), à çíà÷èò, ýòî îòîáðàæåíèå ïî òåîðåìå

î íåïîäâèæíîé òî÷êå èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó â ýòîì ïðî-

ñòðàíñòâå, êîòîðàÿ ïðè ýòîì ÿâëÿåòñÿ åäèíñòâåííîé íåïîäâèæíîé òî÷êîé â

ïðîñòðàíñòâå Cm−1,{γi}([t0, T ];Z) îòîáðàæåíèÿ G. Îíà è ÿâëÿåòñÿ åäèíñòâåí-

íûì ðåøåíèåì çàäà÷è (1.4.1), (1.4.2) íà [t0, T ] â ñèëó ëåììû 1.4.2.

1.6. Ëèíåéíàÿ îáðàòíàÿ çàäà÷à

Ðàññìîòðèì îáðàòíóþ çàäà÷ó äëÿ óðàâíåíèÿ ñ íåñêîëüêèìè äðîáíûìè ïðî-

èçâîäíûìè Ãåðàñèìîâà � Êàïóòî

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t) + φ(t)u, t ∈ [0, T ], (1.6.1)

ãäå n ∈ N, α1 < α2 < · · · < αn < α, mk − 1 < αk ≤ mk ∈ N, k = 1, 2, . . . , n,

m− 1 < α ≤ m, Ak ∈ L(Z), k = 1, 2, . . . , n, φ ∈ C([0, T ];C), u ∈ Z , T > 0, ñ

íà÷àëüíûìè óñëîâèÿìè Êîøè

z(l)(0) = zl ∈ Z, l = 0, 1, . . . ,m− 1, (1.6.2)

è ñ óñëîâèåì ïåðåîïðåäåëåíèÿ

T∫
0

z(t)dµ(t) = zT ∈ Z, (1.6.3)

ãäå µ � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè íà îòðåçêå [0, T ]. Íåèçâåñòíûìè

â îáðàòíîé çàäà÷å (1.6.1)�(1.6.3) ÿâëÿþòñÿ êîýôôèöèåíò u ∈ Z è ôóíêöèÿ

z : [0, T ] → Z.
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Ðåøåíèåì îáðàòíîé çàäà÷è (1.6.1)�(1.6.3) íàçûâàåòñÿ ïàðà (z(t), u), ãäå

u ∈ Z , à ôóíêöèÿ z ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè (1.6.2) äëÿ óðàâíåíèÿ

(1.6.1) ñ ýòèì u, è óäîâëåòâîðÿåò óñëîâèþ ïåðåîïðåäåëåíèÿ (1.6.3). ×àñòî äëÿ

êðàòêîñòè ðåøåíèåì îáðàòíîé çàäà÷è áóäåì íàçûâàòü òîëüêî ñîîòâåòñòâóþ-

ùåå u ∈ Z.
Çàäà÷ó (1.6.1)�(1.6.3) íàçîâåì êîððåêòíîé, åñëè äëÿ ëþáûõ zl ∈ Z ,

l = 0, 1, . . . ,m − 1, zT ∈ Z ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå (z(t), u), äëÿ

êîòîðîãî

∥u∥Z ≤ C

(
m−1∑
l=0

∥zl∥Z + ∥zT∥Z

)
,

ãäå êîíñòàíòà C íå çàâèñèò îò zl ∈ Z, l = 0, 1, . . . ,m− 1, zT ∈ Z.
Ââåäåì îáîçíà÷åíèÿ

ψ := zT −
T∫

0

m−1∑
l=0

Zl(t)zldµ(t), χ :=

T∫
0

t∫
0

Y0(t− s)φ(s)dsdµ(t).

Òåîðåìà 1.6.1. Ïóñòü Ak ∈ L(Z), k = 1, 2, . . . , n, φ ∈ C([0, T ];R), µ :

[0, T ] → R � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè. Òîãäà çàäà÷à (1.6.1)�(1.6.3)

êîððåêòíà â òîì è òîëüêî â òîì ñëó÷àå, êîãäà χ−1 ∈ L(Z). Ïðè ýòîì

ðåøåíèå èìååò âèä u = χ−1ψ.

Äîêàçàòåëüñòâî. Ïî òåîðåìå 1.3.1 ðåøåíèå çàäà÷è Êîøè (1.6.1), (1.6.2) ñó-

ùåñòâóåò äëÿ ëþáûõ zl ∈ Z, l = 0, 1, . . . ,m− 1, u ∈ Z è èìååò âèä

z(t) =
m−1∑
l=0

Zl(t)zl +

t∫
0

Y0(t− s)φ(s)uds. (1.6.4)

Ïîäñòàâèâ (1.6.4) â (1.6.3), ïîëó÷èì ðàâåíñòâî

T∫
0

m−1∑
l=0

Zl(t)zl +

t∫
0

Y0(t− s)φ(s)dsu

 dµ(t) = zT ,

êîòîðîå èìååò âèä

χu = ψ, (1.6.5)
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ò. å. çàäà÷à (1.6.1)�(1.6.3) ýêâèâàëåíòíà óðàâíåíèþ (1.6.5). Ïîýòîìó çàäà÷à

îäíîçíà÷íî ðàçðåøèìà ïðè ëþáîì ψ ∈ Z òîãäà è òîëüêî òîãäà, êîãäà ñóùå-

ñòâóåò îáðàòíûé îïåðàòîð χ−1 ∈ L(Z). Èç âèäà ðåøåíèÿ u = χ−1ψ ñëåäóåò

êîððåêòíîñòü îáðàòíîé çàäà÷è â ñëó÷àå χ−1 ∈ L(Z).

1.7. Ïðèëîæåíèÿ

1.7.1. Ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ïóñòü m,n, q ∈ N, m − 1 < α ≤ m, α1 < α2 < · · · < αn < α. Ðàññìîòðèì

çàäà÷ó Êîøè

z(l)(0) = zl, l = 0, 1, . . . ,m− 1, (1.7.1)

äëÿ ëèíåéíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t) + f(t), t ≥ 0, (1.7.2)

ãäå z(t) = (z1(t), z2(t), . . . , zq(t))T è f(t) = (f 1(t), f 2(t), . . . , f q(t))T � íåèç-

âåñòíàÿ è çàäàííàÿ âåêòîð-ôóíêöèè ñîîòâåòñòâåííî ñî çíà÷åíèÿìè â Cq (ñèì-

âîë T îçíà÷àåò òðàíñïîíèðîâàíèå), zl = (z1l , z
2
l , . . . , z

q
l )
T ∈ Cq, l = 0, . . . ,m−1,

Ak � (q × q)-ìàòðèöû ñ ýëåìåíòàìè èç C, k = 1, 2, . . . , n. Âîçüìåì Z = Cq,

òîãäà ñîãëàñíî òåîðåìå 1.3.1 äëÿ ëþáûõ zl ∈ Cq, l = 0, . . . ,m − 1, f ∈
C([0, T ];Cq) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1.7.1), (1.7.2).

Ïóñòü r ∈ N, γ1 < γ2 < · · · < γr < α, Bj ∈ C1([0, T ] × Cqr;C), j =

1, 2, . . . , q, B = (B1, B2, . . . , Bq)T . Òîãäà ïî òåîðåìå 1.4.1 ïðè íåêîòîðîì t1 ∈
(0, T ] ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå íà îòðåçêå [0, t1] çàäà÷è Êîøè (1.7.1)

äëÿ êâàçèëèíåéíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t) +B(t,Dγ1

t z(t), D
γ2
t z(t), . . . , D

γr
t z(t)). (1.7.3)

Åñëè æå âñå ÷àñòíûå ïðîèçâîäíûå, êðîìå, ìîæåò áûòü, ïðîèçâîäíûõ ïî t,

îò âñåõ Bj, j = 1, 2, . . . , q, îãðàíè÷åíû, òî ïî òåîðåìå 1.5.1 ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå çàäà÷è (1.7.1), (1.7.3) íà [0, T ].
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1.7.2. Îäèí êëàññ ëèíåéíûõ íà÷àëüíî-êðàåâûõ çàäà÷

Ïóñòü çàäàíû ìíîãî÷ëåíû P1(λ) =
ν1∑
p=0

apλ
p, P k

2 (λ) =
νk2∑
p=0

bkpλ
p, ap, b

k
p ∈ C,

aν1 ̸= 0, bk
νk2

̸= 0, k = 1, 2, . . . , n, ν0 := max{νk2 : k = 1, 2, . . . , n} ≤ ν1,

Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω,

(Λu)(ξ) =
∑
|q|≤2ρ

aq(ξ)
∂|q|u(ξ)

∂ξq11 ∂ξ
q2
2 . . . ∂ξ

qd
d

, aq ∈ C∞(Ω),

(Bju)(ξ) =
∑
|q|≤rj

bjq(ξ)
∂|q|u(ξ)

∂ξq11 ∂ξ
q2
2 . . . ∂ξ

qd
d

, bjq ∈ C∞(∂Ω), j = 1, 2, . . . , ρ,

q = (q1, q2, . . . , qd) ∈ Nd
0, |q| = q1+· · ·+qd, îïåðàòîðíûé ïó÷îê Λ, B1, B2, . . . , Bρ

ðåãóëÿðíî ýëëèïòè÷åí [45]. Ïóñòü îïåðàòîð Λ1 ∈ Cl(L2(Ω)) ñ îáëàñòüþ îïðå-

äåëåíèÿ

DΛ1
= H2ρ

{Bj}(Ω) := {v ∈ H2ρ(Ω) : Bjv(ξ) = 0, j = 1, 2, . . . , ρ, ξ ∈ ∂Ω}

äåéñòâóåò ñîãëàñíî ðàâåíñòâó Λ1u = Λu. Ïðåäïîëîæèì, ÷òî Λ1 � ñàìîñîïðÿ-

æåííûé îïåðàòîð, òîãäà ñïåêòð σ(Λ1) îïåðàòîðà Λ1 äåéñòâèòåëüíûé è äèñ-

êðåòíûé [45]. Ïóñòü, êðîìå òîãî, ñïåêòð σ(Λ1) îãðàíè÷åí ñïðàâà è íå ñîäåð-

æèò íóëÿ, {φs : s ∈ N} � îðòîíîðìèðîâàííàÿ â L2(Ω) ñèñòåìà ñîáñòâåííûõ

ôóíêöèé îïåðàòîðà Λ1, çàíóìåðîâàííûõ ïî íåâîçðàñòàíèþ ñîîòâåòñòâóþùèõ

ñîáñòâåííûõ çíà÷åíèé {λs : s ∈ N} ñ ó÷åòîì èõ êðàòíîñòè.

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

∂lu

∂tl
(ξ, 0) = ul(ξ), l = 0, 1, . . . ,m− 1, ξ ∈ Ω, (1.7.4)

BjΛ
pu(ξ, t) = 0, p = 0, 1, . . . , ν1 − 1, j = 1, 2, . . . , ρ, (ξ, t) ∈ ∂Ω× [0, T ],

(1.7.5)

P1(Λ)D
α
t u(ξ, t) =

n∑
k=1

P k
2 (Λ)D

αk
t u(ξ, t) + h(ξ, t), (ξ, t) ∈ Ω× [0, T ], (1.7.6)

ãäå α1 < α2 < · · · < αn < α, h : Ω× [0, T ] → R. Âîçüìåì

X = {v ∈ H2ρν1(Ω) : BjΛ
pv(ξ) = 0, p = 0, 1, . . . , ν1−1, j = 1, 2, . . . , ρ, ξ ∈ ∂Ω},
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Y = L2(Ω), L = P1(Λ) ∈ L(X ;Y), Mk = P k
2 (Λ) ∈ L(X ;Y), k = 1, 2, . . . , n.

Ïóñòü P1(λs) ̸= 0 äëÿ âñåõ s ∈ N, òîãäà çàäà÷à (1.7.4)�(1.7.6) ïðåä-

ñòàâèìà â âèäå çàäà÷è (1.2.2), (1.3.1), ãäå Z = X , Ak = L−1Mk ∈ L(Z),

k = 1, 2, . . . , n, zl = ul(·), l = 0, 1, . . . ,m−1, f(t) = L−1h(·, t). Ïî òåîðåìå 1.3.1
â ñëó÷àå ν0 ≤ ν1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1.7.4)�(1.7.6) ïðè

ëþáûõ ul ∈ X , l = 0, 1, . . . ,m − 1, è h ∈ C([0, T ];L2(Ω)) (â òàêîì ñëó÷àå

L−1h ∈ C([0, T ];X )).

Ïðèìåð. Âîçüìåì P1(λ) ≡ λ2, P 1
2 (λ) = b, P 2

2 (λ) = c0+ c1λ, d = 1, Ω = (0, π),

ρ = 1, Λu = ∂2u
∂ξ2 , B1 = I, α1 = 1/4, α2 = 4/3, α = 5/2, h ≡ 0. Òîãäà m = 3 è

çàäà÷à (1.7.4)�(1.7.6) â äàííîì ñëó÷àå èìååò âèä

∂4

∂ξ4
D

5/2
t u(ξ, t) = bD

1/4
t u(ξ, t) +

(
c0 + c1

∂2

∂ξ2

)
D

4/3
t u(ξ, t), (ξ, t) ∈ (0, π)× R+,

u(0, t) = u(π, t) =
∂2u

∂ξ2
(0, t) =

∂2u

∂ξ2
(π, t) = 0, t ∈ R+,

u(ξ, 0) = u0(ξ),
∂u

∂t
(ξ, 0) = u1(ξ),

∂2u

∂t2
(ξ, 0) = u2(ξ), ξ ∈ (0, π).

1.7.3. Êâàçèëèíåéíîå óðàâíåíèå ñ ìíîãî÷ëåíàìè

Ïóñòü H : Ω× Rr → R. Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

∂lu

∂tl
(ξ, 0) = ul(ξ), l = 0, 1, . . . ,m− 1, ξ ∈ Ω, (1.7.7)

BjΛ
pu(ξ, t) = 0, p = 0, 1, . . . , ν1 − 1, j = 1, 2, . . . , ρ, (ξ, t) ∈ ∂Ω× [0, T ],

(1.7.8)

P1(Λ)D
α
t u(ξ, t) =

n∑
k=1

P k
2 (Λ)D

αk
t u(ξ, t)+

+H(ξ,Dγ1
t u(ξ, t), D

γ2
t u(ξ, t), . . . , D

γr
t u(ξ, t)), (ξ, t) ∈ Ω× [0, T ].

(1.7.9)

Ïîëîæèì ρ0 ∈ N, X := {v ∈ H2ρν1+ρ0(Ω) : BjΛ
pv(ξ) = 0, j = 1, 2, . . . , ρ, p =

0, 1, . . . , ν1 − 1, ξ ∈ ∂Ω}, Y := Hρ0(Ω); L := P1(Λ) ∈ L(X ;Y), Mk := P k
2 (Λ) ∈

L(X ;Y), k = 1, 2, . . . , n.
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Åñëè P1(λs) ̸= 0 äëÿ âñåõ s ∈ N, òî çàäà÷à (1.7.7)�(1.7.9) ïðåäñòàâèìà
â âèäå (1.4.1), (1.4.2), ãäå Z = X , Ak = L−1Mk ∈ L(Z), k = 1, 2, . . . , n,

zl = ul(·), l = 0, 1, . . . ,m− 1, B(y1, y2, . . . , yr) = L−1H(·, y1, y2, . . . , yr).
Ñôîðìóëèðóåì èñïîëüçóåìóþ äàëåå òåîðåìó.

Òåîðåìà 1.7.1. [80]. Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â Rd ñ ãëàäêîé ãðà-

íèöåé, g ∈ C∞(Ω×Rd;R), j0 > d/2, îòîáðàæåíèå F äåéñòâóåò ïî ïðàâèëó

F (v1, v2, . . . , vd) = g(·, v1(·), v2(·), . . . , vd(·)). Òîãäà F ∈ C∞((Hj0
0 (Ω))

d;Hj0
0 (Ω)).

Òåîðåìà 1.7.2. Ïóñòü m − 1 < α ≤ m ∈ N, α1 < α2 < · · · < αn < α,

γ1 < γ2 < · · · < γr < α, ν0 ≤ ν1, B1 = I, ñïåêòð σ(A1) íå ñîäåðæèò

íà÷àëà êîîðäèíàò è íóëåé ìíîãî÷ëåíà P1, 2ρν1 + ρ0 > d/2, ul ∈ X , l =

0, 1, . . . ,m−1, H ∈ C∞(Ω×Rr;R). Òîãäà äëÿ íåêîòîðîãî t1 > t0 ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå çàäà÷è (1.7.7)�(1.7.9). Åñëè âñå ÷àñòíûå ïðîèçâîäíûå

H ïî xi, i = 1, 2, . . . , r, îãðàíè÷åíû, òî åäèíñòâåííîå ðåøåíèå çàäà÷è (1.7.7)�

(1.7.9) ñóùåñòâóåò íà âñåì îòðåçêå [t0, T ].

Äîêàçàòåëüñòâî. Â ýòîé çàäà÷å îáëàñòüþ îïðåäåëåíèÿ íåëèíåéíîãî îïåðà-

òîðà ÿâëÿåòñÿ Z = X r íåïðåðûâíî âëîæåíî (Hρ0(Ω))r, ïîñêîëüêó B1 = I,

è â ñèëó íåðàâåíñòâà 4ρν1 + 2ρ0 > d ïî òåîðåìå 1.7.1 èìååì âêëþ÷åíèå

H(·, x1(·), x2(·), . . . , xr(·)) ∈ C∞(X r;Hρ0(Ω)), ñëåäîâàòåëüíî,

B(x1(·), x2(·), . . . , xr(·)) := L−1H(·, x1(·), x2(·), . . . , xr(·)) ∈ C∞(X r;X ).

Òîãäà ïî òåîðåìå 1.4.1 ïîëó÷àåì ñóùåñòâîâàíèå åäèíñòâåííîãî ëîêàëüíîãî ðå-

øåíèÿ. À óñëîâèå îãðàíè÷åííîñòè ÷àñòíûõ ïðîèçâîäíûõ îòîáðàæåíèÿ H âëå-

÷åò îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷è (1.7.7)�(1.7.9) íà âñåì îòðåçêå [t0, T ].

Ïðèìåð. Â óñëîâèÿõ ïðèìåðà èç ïðåäûäóùåãî ðàçäåëà íà÷àëüíî-êðàåâàÿ

çàäà÷à

u(0, t) = u(π, t) =
∂2u

∂ξ2
(0, t) =

∂2u

∂ξ2
(π, t) = 0, t ∈ [0, T ],
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u(ξ, 0) = u0(ξ),
∂u

∂t
(ξ, 0) = u1(ξ),

∂2u

∂t2
(ξ, 0) = u2(ξ), ξ ∈ (0, π).

äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ

∂4

∂ξ4
D

5/2
t u(ξ, t) = bD

1/4
t u(ξ, t) +

(
c0 + c1

∂2

∂ξ2

)
D

4/3
t u(ξ, t)+

+
d0

1 + (D
−7/2
t u(ξ, t))2 + (D

7/3
t u(ξ, t))2

, (ξ, t) ∈ (0, π)× [0, T ],

îäíîçíà÷íî ðàçðåøèìà íà âñåì îòðåçêå [0, T ].

1.7.4. Oáðàòíàÿ çàäà÷à

Ðàññìîòðèì îáðàòíóþ çàäà÷ó

∂lu

∂tl
(ξ, 0) = ul(ξ), l = 0, 1, . . . ,m− 1, ξ ∈ Ω, (1.7.10)

BjΛ
pu(ξ, t) = 0, p = 0, 1, . . . , ν1 − 1, j = 1, 2, . . . , ρ, (ξ, t) ∈ ∂Ω× [0, T ],

(1.7.11)

P1(Λ)D
α
t u(ξ, t) =

n∑
k=1

P k
2 (Λ)D

αk
t u(ξ, t) +φ(t)h(ξ), (ξ, t) ∈ Ω× [0, T ], (1.7.12)

T∫
0

u(ξ, T )dµ(t) = uT (ξ), ξ ∈ Ω, (1.7.13)

ãäå n ∈ N, α1 < α2 < · · · < αn < α, m− 1 < α ≤ m ∈ N, u : Ω× [0, T ] → R è

h : Ω → R � íåèçâåñòíûå ôóíêöèè. Âîçüìåì

X = {v ∈ H2ρν1(Ω) : BjΛ
pv(ξ) = 0, p = 0, 1, . . . , ν1−1, j = 1, 2, . . . , ρ, ξ ∈ ∂Ω},

Y = L2(Ω), L = P1(Λ) ∈ L(X ;Y), Mk = P k
2 (Λ) ∈ L(X ;Y), k = 1, 2, . . . , n.

Ïóñòü P1(λs) ̸= 0 äëÿ âñåõ s ∈ N, òîãäà ñóùåñòâóåò îáðàòíûé îïåðàòîð
L−1 ∈ L(Y ;X ) è çàäà÷à (1.7.10)�(1.7.13) ïðåäñòàâèìà â âèäå (1.6.1)�(1.6.3),

ãäå Z = X , Ak = L−1Mk ∈ L(Z), k = 1, 2, . . . , n, zl = ul(·), l = 0, 1, . . . ,m− 1,

u = L−1h(·). Ïî òåîðåìå 1.6.1 íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì êîð-

ðåêòíîñòè îáðàòíîé çàäà÷è (1.7.10)�(1.7.13) ÿâëÿåòñÿ óñëîâèå ñóùåñòâîâàíèÿ



49

òàêîãî c > 0, ÷òî ïðè âñåõ s ∈ N∣∣∣∣∣∣
T∫

0

t∫
0

∫
γ

(
λαP1(λs)−

n∑
k=1

λαkP k
2 (λs)

)−1

P1(λs)e
λ(t−τ)dλφ(τ)dτdµ(t)

∣∣∣∣∣∣ ≥ c,

(1.7.14)

ïîñêîëüêó

χ =
1

2πi

∞∑
s=1

⟨·, φs⟩φs

T∫
0

t∫
0

∫
γ

(
λαP1(λs)−

n∑
k=1

λαkP k
2 (λs)

)−1

P1(λs)×

×eλ(t−τ)dλφ(τ)dτdµ(t),

ãäå ⟨·, ·⟩ � ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω).

Ïðèìåð. Âîçüìåì ν1 = 2, P1(λ) = λ2, P 1
2 (λ) = b, P 2

2 (λ) = 1 + λ, d = 1,

Ω = (0, π), ρ = 1, Λv = ∂2v
∂ξ2 , B1 = I, α1 = 1/4, α2 = 4/3, α = 5/2, φ ≡ 1,

µ(t) = 0 ïðè t ∈ (0, T ), µ(T ) = 1. Òîãäà m = 3, λs = −s2 ïðè s ∈ N è çàäà÷à

(1.7.10)�(1.7.13) èìååò âèä

∂4

∂ξ4
D

5/2
t u(ξ, t) = bD

1/4
t u(ξ, t)+

+

(
1 +

∂2

∂ξ2

)
D

4/3
t u(ξ, t) + h(ξ), (ξ, t) ∈ (0, π)× [0, T ],

u(0, t) = u(π, t) =
∂2u

∂ξ2
(0, t) =

∂2u

∂ξ2
(π, t) = 0, t ∈ [0, T ],

u(ξ, 0) = u0(ξ),
∂u

∂t
(ξ, 0) = u1(ξ),

∂2u

∂t2
(ξ, 0) = u2(ξ), ξ ∈ (0, π),

u(ξ, T ) = uT (ξ), ξ ∈ (0, π),

à óñëîâèå êîððåêòíîñòè (1.7.14) ïîñëå íåêîòîðûõ óïðîùåíèé �∣∣∣∣∣∣
∫
γ

(
λ7/2 − bs−4λ5/4 − (s−4 − s−2)λ7/3

)−1

(eλt − eλ(t−T ))dλ

∣∣∣∣∣∣ ≥ c > 0, s ∈ N.
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2. Óðàâíåíèÿ ñ ñåêòîðèàëüíûìè íàáîðàìè îïåðàòîðîâ

Âòîðàÿ ãëàâà ïîñâÿùåíà èçó÷åíèþ âîïðîñîâ îäíîçíà÷íîé ðàçðåøèìîñòè çà-

äà÷è Êîøè äëÿ ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé äðîáíîé ïðîèçâîäíîé

ëèíåéíûõ è êâàçèëèíåéíûõ óðàâíåíèé ñ íåñêîëüêèìè ïðîèçâîäíûìè Ãåðà-

ñèìîâà � Êàïóòî è íåîãðàíè÷åííûìè (çàìêíóòûìè) îïåðàòîðàìè ïðè íèõ

â ëèíåéíîé ÷àñòè. Äëÿ ýòîãî ââåäåí â ðàññìîòðåíèå êëàññ íàáîðîâ ëèíåé-

íûõ çàìêíóòûõ îïåðàòîðîâ (òàêèå íàáîðû äëÿ êðàòêîñòè íàçûâàþòñÿ ñåêòî-

ðèàëüíûìè), ïðèíàäëåæíîñòü êîòîðîìó íåîáõîäèìà è äîñòàòî÷íà äëÿ ñóùå-

ñòâîâàíèÿ àíàëèòè÷åñêèõ â ñåêòîðå ðàçðåøàþùèõ ñåìåéñòâ îïåðàòîðîâ èññëå-

äóåìîãî óðàâíåíèÿ. Ïîäõîä, èñïîëüçóþùèé ïîíÿòèå ðàçðåøàþùèõ ñåìåéñòâ

îïåðàòîðîâ, âîñõîäèò ê òåîðèè ïîëóãðóïï îïåðàòîðîâ è ïðèìåíÿåòñÿ ïðè èñ-

ñëåäîâàíèè âîïðîñîâ ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ óðàâíåíèÿ ïåðâîãî ïî-

ðÿäêà â áàíàõîâîì ïðîñòðàíñòâå. Îäíàêî äàæå äëÿ óðàâíåíèé ñ íåñêîëüêèìè

ïðîèçâîäíûìè öåëîãî ïîðÿäêà îí íå ÿâëÿåòñÿ â çíà÷èòåëüíîé ñòåïåíè ðàç-

ðàáîòàííûì. Ðàáîòà æå ñ äðîáíûìè ïðîèçâîäíûìè òåì áîëåå óñëîæíÿåò åãî

èñïîëüçîâàíèå è òðåáóåò ìíîæåñòâà íîâûõ èäåé íà òåõíè÷åñêîì óðîâíå.

2.1. Àíàëèòè÷åñêèå â ñåêòîðå ðàçðåøàþùèå ñåìåéñòâà îïåðàòîðîâ

Ïóñòü α1 < α2 < · · · < αn < α, m − 1 < α ≤ m ∈ N. Ðàññìîòðèì çàäà÷ó

Êîøè

z(l)(0) = zl, l = 0, 1, . . . ,m− 1, (2.1.1)

äëÿ ëèíåéíîãî óðàâíåíèÿ

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t), t > 0, (2.1.2)

ãäå Ak ∈ Cl(Z), k = 1, 2, . . . , n, ò. å. ëèíåéíûå çàìêíóòûå îïåðàòîðû â áàíàõî-

âîì ïðîñòðàíñòâå Z ñ îáëàñòÿìè îïðåäåëåíèÿ DAk
⊂ Z , k = 1, 2, . . . , n. Ïîä

ðåøåíèåì çàäà÷è (2.1.1), (2.1.2) ïîíèìàåòñÿ ôóíêöèÿ z ∈ ACm(R+;Z), äëÿ
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êîòîðîé Dα
t z ∈ C(R+;Z)∩L1,loc(R+;Z),

n∑
k=1

AkD
αk
t z ∈ C(R+;Z), âûïîëíÿþò-

ñÿ óñëîâèÿ (2.1.1) è ðàâåíñòâî (2.1.2) äëÿ âñåõ t ∈ R+.

Ââåäåì îáîçíà÷åíèÿ Σψ := {t ∈ C : | arg t| < ψ, t ̸= 0}, Sθ0,a0 := {µ ∈
C : | arg(µ− a0)| < θ0, µ ̸= a0}.

Òåîðåìà 2.1.1. [111, Theorem 0.1, Ñ. 5], [121, Theorem 2.6.1, Ñ. 84]. Ïóñòü

θ0 ∈ (π/2, π], a ∈ R, X � áàíàõîâî ïðîñòðàíñòâî, H : (a,∞) → X . Ñëåäóþ-

ùèå óòâåðæäåíèÿ ýêâèâàëåíòíû.

(i) Ñóùåñòâóåò àíàëèòè÷åñêàÿ ôóíêöèÿ F : Σθ0−π/2 → X , äëÿ êàæ-

äîãî θ ∈ (π/2, θ0) ñóùåñòâóåò òàêàÿ C(θ) > 0, ÷òî äëÿ âñåõ t ∈ Σθ−π/2

âûïîëíÿåòñÿ íåðàâåíñòâî ∥F (t)∥X ≤ C(θ)eaRe t; F̂ (λ) = H(λ) ïðè λ > a.

(ii) Îòîáðàæåíèå H àíàëèòè÷åñêè ïðîäîëæèìî â Sθ0,a := {µ ∈ C :

| arg(µ − a)| < θ0, µ ̸= a}, äëÿ êàæäîãî θ ∈ (π/2, θ0) ñóùåñòâóåò òàêîå

K(θ) > 0, ÷òî äëÿ âñåõ λ ∈ Sθ,a âûïîëíÿåòñÿ

∥H(λ)∥X ≤ K(θ)

|λ− a|
.

Ïóñòü A1, A2, . . . , An � çàìêíóòûå ëèíåéíûå îïåðàòîðû ñ îáëàñòÿìè

îïðåäåëåíèÿ DA1
, DA2

, . . . , DAn
ñîîòâåòñòâåííî. Îáîçíà÷èì

D :=
n⋂
k=1

DAk
, Rλ :=

(
λαI −

n∑
k=1

λαkAk

)−1

: Z → D.

Ñíàáäèì ìíîæåñòâî D íîðìîé

∥ · ∥D = ∥ · ∥Z +
n∑
k=1

∥Ak · ∥Z ,

îòíîñèòåëüíî êîòîðîé D ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì, òàê êàê ïðåä-

ñòàâëÿåò ñîáîé ïåðåñå÷åíèå áàíàõîâûõ ïðîñòðàíñòâ DA1
, DA2

, . . . , DAn
ñ ñîîò-

âåòñòâóþùèìè íîðìàìè ãðàôèêîâ çàìêíóòûõ îïåðàòîðîâ.

Îïðåäåëåíèå 2.1.1. Íàáîð îïåðàòîðîâ (A1, A2, . . . , An) ïðèíàäëåæèò êëàññó

An
α,G(θ0, a0) ïðè íåêîòîðûõ θ0 ∈ (π/2, π), a0 ≥ 0, åñëè
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(i) ïðè âñåõ λ ∈ Sθ0,a0, l = 0, 1, . . . ,m− 1 ñóùåñòâóþò îïåðàòîðû

Rλ ·

(
I −

n∑
k=nl

λαk−αAk

)
∈ L(Z);

(ii) ïðè ëþáûõ θ ∈ (π/2, θ0), a > a0 ñóùåñòâóåò òàêîå K(θ, a) > 0, ÷òî

äëÿ âñåõ λ ∈ Sθ,a, l = 0, 1, . . . ,m− 1∥∥∥∥∥Rλ

(
I −

n∑
k=nl

λαk−αAk

)∥∥∥∥∥
L(Z)

≤ K(θ, a)

|λ− a||λ|α−1
.

Çàìå÷àíèå 2.1.1. Âûïîëíÿåòñÿ ðàâåíñòâî

Rλ

I − n∑
k=nm−1

λαk−αAk

 = Rλ,

åñëè è òîëüêî åñëè αn ≤ m− 1.

Çàìå÷àíèå 2.1.2. Ïðè n = 1, α1 = 0 ïîëó÷àåì îïðåäåëåíèå èíôèíèòåçè-

ìàëüíîãî ãåíåðàòîðà àíàëèòè÷åñêîé ïîëóãðóïïû îïåðàòîðîâ [16,30,60,85].

Ââåäåì òàêæå îáîçíà÷åíèå

An
α,G :=

⋃
θ0∈(π/2,π)
a0≥0

An
α,G(θ0, a0).

Èíîãäà äëÿ êðàòêîñòè íàáîðû îïåðàòîðîâ èç An
α,G áóäåì íàçûâàòü ñåêòîðè-

àëüíûìè.

Îïðåäåëåíèå 2.1.2. Ñåìåéñòâî îïåðàòîðîâ {Sl(t) ∈ L(Z) : t > 0} íàçû-

âàåòñÿ l-ðàçðåøàþùèì äëÿ óðàâíåíèÿ (2.1.2), åñëè âûïîëíÿþòñÿ ñëåäóþùèå

óñëîâèÿ:

(i) Sl(t) ñèëüíî íåïðåðûâíà ïðè t > 0;

(ii) äëÿ êàæäîãî zl ∈ D Sl(t)zl � ðåøåíèå çàäà÷è (2.1.1), (2.1.2) ïðè

zk = 0, k ∈ {0, 1, . . . ,m− 1} \ {l}.
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l-Ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ, l ∈ {0, 1, . . . ,m− 1}, íàçûâàåòñÿ
àíàëèòè÷åñêèì, åñëè îíî èìååò àíàëèòè÷åñêîå ïðîäîëæåíèå â ñåêòîð Σψ0

:=

{t ∈ C : | arg t| < ψ0, t ̸= 0} ïðè íåêîòîðîì ψ0 ∈ (0, π/2]. Àíàëèòè÷åñêîå l-

ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ {Sl(t) ∈ L(Z) : t > 0} èìååò òèï (ψ0, a0)

ïðè íåêîòîðûõ ψ0 ∈ (0, π/2], a0 ≥ 0, åñëè äëÿ âñåõ ψ ∈ (0, ψ0), a > a0

ñóùåñòâóåò òàêîå C(ψ, a) > 0, ÷òî äëÿ âñåõ t ∈ Σψ âûïîëíÿåòñÿ íåðàâåíñòâî

∥Sl(t)∥L(Z) ≤ C(ψ, a)eaRe t.

Ëåììà 2.1.1. Ïóñòü θ0 ∈ (π/2, π), a0 ≥ 0, ñóùåñòâóþò àíàëèòè÷åñêèå

l-ðàçðåøàþùèå ñåìåéñòâà {Sl(t) ∈ L(Z) : t > 0} òèïà (θ0, a0) äëÿ óðàâ-

íåíèÿ (2.1.2), l = 0, 1, . . . ,m − 1. Òîãäà äëÿ êàæäîãî l ∈ {0, 1, . . . ,m − 1}
l-ðàçðåøàþùåå ñåìåéñòâî {Sl(t) ∈ L(Z) : t > 0} åäèíñòâåííî, ïðè ýòîì

Sl(t)z0 = J ltS0(t)z0 +
1

2πi

∫
Γ

Rλ

nl−1∑
k=n0

λαk−l−1Akz0e
λtdλ, (2.1.3)

Γ := Γ+ ∪ Γ− ∪ Γ0, Γ0 := {a+ r0e
iφ, φ ∈ (−θ, θ)},

Γ± := {a+ re±iθ, r ∈ [r0,∞)}, θ ∈ (π/2, θ0), a > a0, r0 > 0.
(2.1.4)

Äîêàçàòåëüñòâî. Ïî òåîðåìå 2.1.1 ïðè θ ∈ (π/2, θ0), a > a0, λ ∈ Sθ,a∥∥∥Ŝl(λ)∥∥∥
L(Z)

≤ C

|λ− a|
, l = 0, 1, . . . ,m− 1. (2.1.5)

Âîçüìåì z0 ∈ D, òîãäà S0(t)z0 ðåøåíèå çàäà÷è (2.1.1), (2.1.2) ñ íà÷àëü-

íûìè óñëîâèÿìè z1 = z2 = · · · = zm−1 = 0, ñëåäîâàòåëüíî, èç (2.1.2) ïîëó÷àåì

λαŜ0(λ)z0 − λα−1z0 =
n∑
k=1

λαkAkŜ0(λ)z0 −
n∑

k=n0

λαk−1Akz0,

Ŝ0(λ)z0 = Rλ

(
λα−1I −

n∑
k=n0

λαk−1Ak

)
z0.

Àíàëîãè÷íî ïîëó÷àåì èç îïðåäåëåíèÿ l-ðàçðåøàþùåãî ñåìåéñòâà ïðè

l = 1, 2, . . . ,m− 1

Ŝl(λ)z0 = Rλ

(
λα−l−1I −

n∑
k=nl

λαk−l−1Ak

)
z0 = λ−lŜ0(λ)z0+Rλ

nl−1∑
k=n0

λαk−l−1Akz0.

(2.1.6)
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Ñëåäîâàòåëüíî, ñïðàâåäëèâî ðàâåíñòâî (2.1.3), ñîîòâåòñòâóþùèé èíòåãðàë ñõî-

äèòñÿ, òàê êàê

Rλ

nl−1∑
k=n0

λαk−l−1Akz0 = Ŝl(λ)z0 − λ−lŜ0(λ)z0

è â ñèëó íåðàâåíñòâ (2.1.5) ïðè θ ∈ (π/2, θ0), a > a0, λ ∈ Sθ,a∥∥∥∥∥Rλ

nl−1∑
k=1

λαk−l−1Ak

∥∥∥∥∥
L(Z)

≤ C1

|λ− a|
.

Òåîðåìà 2.1.2. Ïóñòü m − 1 < α ≤ m ∈ N, α1 < α2 < · · · < αn ≤ m − 1,

θ0 ∈ (π/2, π), a0 ≥ 0. Òîãäà ñóùåñòâóþò àíàëèòè÷åñêèå l-ðàçðåøàþùèå

ñåìåéñòâà îïåðàòîðîâ óðàâíåíèÿ (2.1.2) òèïà (θ0, a0) ïðè l = 0, 1, . . . ,m− 1

â òîì è òîëüêî â òîì ñëó÷àå, êîãäà (A1, A2, . . . , An) ∈ An
α,G(θ0, a0). Ïðè

ýòîì åñëè zl ∈ D, l = 0, 1, . . . ,m−1, òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

çàäà÷è (2.1.1), (2.1.2) è îíî èìååò âèä

z(t) =
m−1∑
l=0

Zl(t)zl,

ãäå

Zl(t) =
1

2πi

∫
Γ

Rλ

(
λα−l−1I −

n∑
k=nl

λαk−l−1Ak

)
eλtdλ,

θ ∈ (π/2, θ0), a > a0, r0 > 0. Ðåøåíèå àíàëèòè÷åñêè ïðîäîëæèìî â ñåêòîð

Σθ0−π/2.

Äîêàçàòåëüñòâî. Êîíòóð Γ çäåñü èìååò âèä (2.1.4).

Åñëè ñóùåñòâóþò àíàëèòè÷åñêèå l-ðàçðåøàþùèå ñåìåéñòâà îïåðàòîðîâ

óðàâíåíèÿ (2.1.2) òèïà (θ0, a0) ïðè l = 0, 1, . . . ,m− 1, òî â ñèëó òåîðåìû 2.1.1

è ðàâåíñòâ (2.1.5) è (2.1.6) (A1, A2, . . . , An) ∈ An
α,G(θ0, a0).
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Ïðè (A1, A2, . . . , An) ∈ An
α,G(θ0, a0) çàìåòèì, ÷òî â ñèëó îïðåäåëåíèÿ 2.1.1

ïðè λ ∈ Γ∥∥∥∥∥Rλ

(
λα−l−1I −

n∑
k=nl

λαk−l−1Ak

)∥∥∥∥∥
L(Z)

≤ K(θ, a)

|λ− a||λ|l
≤ C

|λ− a|
.

Ïîýòîìó âûïîëíÿåòñÿ óòâåðæäåíèå (ii) òåîðåìû 2.1.1, à çíà÷èò, ñïðàâåäëèâî

è åå óòâåðæäåíèå (i), ò. å. ñåìåéñòâà {Zl(t) ∈ L(Z) : t > 0} àíàëèòè÷åñêè

ïðîäîëæèìû â ñåêòîð Σθ0−π/2 è ïðè âñåõ a > a0, ∥Zl(t)∥L(Z) ≤ Ceat ïðè âñåõ

t > 0, l = 0, 1, . . . ,m− 1. Äëÿ j = 0, 1, . . . ,m− 1, x ∈ D

Dj
tZl(t)x =

1

2πi

∫
Γ

Rλ

(
λα−l−1+jI −

n∑
k=nl

λαk−l−1+jAk

)
eλtxdλ =

=
1

2πi

∫
Γ

λj−l−1eλtxdλ+
1

2πi

∫
Γ

Rλ

nl−1∑
k=1

λj+αk−l−1Ake
λtxdλ.

Èìååì mk − 1 < αk ≤ mk ∈ Z, k = 1, 2, . . . , n. Ïî îïðåäåëåíèþ äëÿ k =

1, 2, . . . , nl − 1 ìû èìååì mk − 1 ≤ l − 1 < l, αk ≤ mk ≤ l, ñëåäîâàòåëüíî,∥∥∥∥∥Rλ

nl−1∑
k=1

λj+αk−l−1Akx

∥∥∥∥∥
L(Z)

≤ C1∥x∥D
|λ|1+δ

.

ïðè δ = α−m+1 > 0. Òàêèì îáðàçîì, äëÿ x ∈ D Dl
tZl(0)x = x, Dj

tZl(0)x = 0

ïðè j ∈ {0, 1, . . . ,m− 1} \ {l}.
Èìååì òàêæå ïðè x ∈ D

n∑
k=1

AkD
αk
t Zl(t)x =

=
1

2πi

∫
Γ

n∑
k=1

λαkAkRλ

(
λα−l−1+jI −

n∑
k=nl

λαk−l−1+jAk

)
eλtxdλ =

=
1

2πi

∫
Γ

λαRλ

(
λα−l−1+jI −

n∑
k=nl

λαk−l−1+jAk

)
eλtxdλ ∈ C(R+;Z).
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Äëÿ x ∈ D

Lap[Dα
t Zl(t)x](µ) = µαẐl(t)x(µ)− µα−l−1x =

= µαRµ

(
µα−l−1x−

n∑
k=nl

µαk−l−1Akx

)
− µα−l−1x =

=

(
µαI −

n∑
k=1

µαkAk +
n∑
k=1

µαkAk

)
Rµ

(
µα−l−1x−

n∑
k=nl

µαk−l−1Akx

)
−

−µα−l−1x =
n∑
k=1

µαkAkRµ

(
µα−l−1x−

n∑
k=nl

µαk−l−1Akx

)
−

n∑
k=nl

µαk−l−1Akx =

=
n∑
k=1

µαkAkẐl(t)x(µ)−
n∑

k=nl

µαk−l−1Akx = Lap

[
n∑
k=1

AkD
αk
t Zl(t)x

]
(µ).

Èñïîëüçóÿ îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà, ïîëó÷àåì ðàâåíñòâîDα
t Zl(t)x =

n∑
k=1

AkD
αk
t Zl(t)x ïðè t > 0. Ñëåäîâàòåëüíî, Zl(t)zl ÿâëÿåòñÿ ðåøåíèåì óðàâ-

íåíèÿ (2.1.2) ïðè t > 0, l = 0, 1, . . . ,m− 1.

Ïóñòü ñóùåñòâóåò ðåøåíèå y çàäà÷è (2.1.1), (2.1.2) ñ íà÷àëüíûìè äàí-

íûìè zm−1 ∈ D, zk = 0, k = 0, 1, . . . ,m−2. Îäíèì èç òàêèõ ðåøåíèé ÿâëÿåòñÿ

ôóíêöèÿ Zm−1(t)zm−1. Ïðè ýòîì äëÿ k = 0, 1, . . . ,m− 1, t ∈ [0, T ]∥∥∥∥Dk
t J

m−α
t

(
y(t)− tm−1

(m− 1)!
zm−1

)∥∥∥∥
Z
=

∥∥∥∥Jm−α
t Dk

t

(
y(t)− tm−1

(m− 1)!
zm−1

)∥∥∥∥
Z
≤

≤
tm−α∥y − tm−1

(m−1)!zm−1∥Cm−1([0,T ];Z)

Γ(m− α + 1)
→ 0

ïðè t → 0+, à çíà÷èò, Dk
t |t=0J

m−α
t (y(t) − tm−1

(m−1)!zm−1) = 0. Ïî îïðåäåëåíèþ

ðåøåíèÿ y ∈ ACm(R+;Z), ïîýòîìó äåéñòâèåì îïåðàòîðà Jαt íà îáå ÷àñòè

óðàâíåíèÿ (2.1.2) ïîëó÷èì

Jαt D
m
t J

m−α
t

(
y(t)− tm−1

(m− 1)!
zm−1

)
= y(t)− tm−1

(m− 1)!
zm−1 =

n∑
k=1

AkJ
α−αk
t y(t).

Îòñþäà èìååì

zm−1 = Dm−1
t y(t)−

n∑
k=1

AkD
m−1
t Jα−αk

t y(t) = Dm−1
t y(t)−

n∑
k=1

AkJ
α−αk
t Dm−1

t y(t),
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ïîñêîëüêó zk = 0, k = 0, 1, . . . ,m−2. Òàêèì îáðàçîì, ïîëó÷åíî äâà òîæäåñòâà

äëÿ ðåøåíèÿ y:

gm−1 ∗ zm−1 = y −
n∑
k=1

Akgα−αk
∗ y, (2.1.7)

zm−1 = Dm−1
t y −

n∑
k=1

Akgα−αk
∗Dm−1

t y, (2.1.8)

ãäå gβ(t) := tβ−1/Γ(β), à ñâåðòêà Ëàïëàñà ∗ îïðåäåëÿåòñÿ ðàâåíñòâîì

(f ∗ g)(t) =
t∫

0

f(t− s)g(s)ds.

Ïîñêîëüêó ðàâåíñòâî (2.1.8) ñïðàâåäëèâî äëÿ ëþáîãî ðåøåíèÿ çàäà÷è

(2.1.1), (2.1.2) ñ íà÷àëüíûìè äàííûìè zm−1 ∈ D, zk = 0, k = 0, 1, . . . ,m − 2,

â ÷àñòíîñòè, äëÿ ôóíêöèè Zm−1(t)zm−1, èìååì äëÿ ëþáîãî ðåøåíèÿ y ýòîé

çàäà÷è

1 ∗ y = 1 ∗

(
Dm−1
t Zm−1 −

n∑
k=1

Akgα−αk
∗Dm−1

t Zm−1

)
y =

=

(
Dm−1
t Zm−1 −

n∑
k=1

Akgα−αk
∗Dm−1

t Zm−1

)
∗ y =

= Dm−1
t Zm−1 ∗ y −Dm−1

t Zm−1 ∗
n∑
k=1

Akgα−αk
∗ y =

= Dm−1
t Zm−1 ∗

(
y −

n∑
k=1

Akgα−αk
∗ y

)
= Dm−1

t Zm−1 ∗ gm−1 ∗ zm−1 =

= gm−1 ∗Dm−1
t Zm−1 ∗ zm−1 = Zm−1 ∗ zm−1 = 1 ∗ Zm−1zm−1.

Ïðîäèôôåðåíöèðóåì îáå ÷àñòè ýòîãî ðàâåíñòâà è ïîëó÷èì y(t) = Zm−1(t)zm−1

ïðè âñåõ t ≥ 0.

Åñëè y � ðåøåíèå çàäà÷è (2.1.1), (2.1.2) ñ íà÷àëüíûìè äàííûìè zk ∈ D,

k ∈ {0, 1, . . . ,m− 1}, òî y(t)−
m−2∑
k=0

Zk(t)zk ÿâëÿåòñÿ ðåøåíèåì ýòîé æå çàäà÷è
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ïðè zk = 0, k = 0, 1, . . . ,m−2. Ïî äîêàçàííîìó ïîëó÷àåì y(t)−
m−2∑
k=0

Zk(t)zk =

Zm−1(t)zm−1. Òåì ñàìûì åäèíñòâåííîñòü ðåøåíèÿ äîêàçàíà.

Àíàëèòè÷íîñòü ðåøåíèÿ ñëåäóåò èç ñâîéñòâ îïåðàòîðîâ Zk(t) ïðè k =

0, 1, . . . ,m− 1.

Òåîðåìà 2.1.3. Ïóñòü m − 1 < α ≤ m ∈ N, α1 < α2 < · · · < αn < α,

(A1, A2, . . . , An) ∈ An
α,G, {k ∈ {1, 2, . . . , n} : l ≤ mk − 1} = ∅ ïðè íåêîòî-

ðîì l ∈ {0, 1, . . . ,m − 1}. Òîãäà äëÿ l-ðàçðåøàþùåãî ñåìåéñòâà îïåðàòîðîâ

óðàâíåíèÿ (2.1.2) ôóíêöèÿ Dl
tSl(t) íåïðåðûâíà â òî÷êå t = 0 â îïåðàòîðíîé

íîðìå L(Z) â òîì è òîëüêî â òîì ñëó÷àå, êîãäà A1, A2, . . . , An ∈ L(Z).

Äîêàçàòåëüñòâî. Ïðè Reλ > a0 â ñèëó (2.1.6) ïîëó÷èì

∞∫
0

e−λt(Dl
tSl(t)− I)dt = Rλ

(
λα−1I −

n∑
k=nl

λαk−1Ak

)
− I

λ
= λα−1Rλ −

I

λ
,

òàê êàê nl = n+ 1.

Ïóñòü ôóíêöèÿ η(t) := ∥Dl
tSl(t)− I∥L(Z) íåïðåðûâíà íà îòðåçêå [0, 1] è

η(0) = 0. Ïðè ε > 0 âîçüìåì òàêîå δ > 0, ÷òî η(t) ≤ ε ïðè âñåõ t ∈ [0, δ], â

òàêîì ñëó÷àå∥∥∥∥λα−1Rλ −
I

λ

∥∥∥∥
L(Z)

≤
δ∫

0

e−tReλη(t)dt+

∞∫
δ

e−tReλη(t)dt ≤ ε

λ
+ o

(
1

Reλ

)

ïðè Reλ → +∞, òàê êàê η(t) ≤ Keat + 1, a > a0, äëÿ t ≥ 0. Ïîýòîìó ïðè

äîñòàòî÷íî áîëüøèõ Reλ ∥λαRλ − I∥L(Z) < 1, ñëåäîâàòåëüíî, îïåðàòîð Rλ

íåïðåðûâíî îáðàòèì, à çíà÷èò,
n∑
k=1

λαkAk ∈ L(Z). Óìíîæèì ýòîò îïåðàòîð íà

λ−αn, óñòðåìèì Reλ → +∞ è ïîëó÷èì îãðàíè÷åííîñòü îïåðàòîðà An â ñè-

ëó ïîëíîòû ïðîñòðàíñòâà L(Z), ïîýòîìó
n−1∑
k=1

λαkAk ∈ L(Z). Ïðîäîëæàÿ ýòîò

ïðîöåññ, ïîëó÷èì íåïðåðûâíîñòü âñåõ îïåðàòîðîâ Ak, k = 1, 2, . . . , n.
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2.2. Ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå

Ïðè α1 < α2 < · · · < αn ≤ m− 1 < α ≤ m ∈ N, (A1, A2, . . . , An) ∈ An
α,G, f ∈

C([0, T ];Z) ðàññìîòðèì ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå äðîáíîãî ïîðÿäêà

Dα
t z(t) =

n∑
k=1

AkD
αk
t z(t) + f(t), t ∈ (0, T ]. (2.2.1)

Ðåøåíèåì çàäà÷è Êîøè

z(l)(0) = zl, l = 0, 1, . . . ,m− 1. (2.2.2)

äëÿ óðàâíåíèÿ (2.2.1) áóäåì íàçûâàòü ôóíêöèþ z ∈ ACm([0, T ];Z), äëÿ êîòî-

ðîé Dα
t z ∈ C((0, T ];Z)∩L1(0, T ;Z),

n∑
k=1

AkD
αk
t z ∈ C((0, T ];Z), âûïîëíÿþòñÿ

óñëîâèÿ (2.2.2) è ðàâåíñòâî (2.2.1) äëÿ âñåõ t ∈ (0, T ].

Ñíà÷àëà äîêàæåì âàæíûé âñïîìîãàòåëüíûé ðåçóëüòàò.

Ëåììà 2.2.1. Ïóñòü α1 < α2 < · · · < αn ≤ m − 1 < α ≤ m ∈ N, θ0 ∈
(π/2, π), a0 ≥ 0, (A1, A2, . . . , An) ∈ An

α,G(θ0, a0),

Yβ(t) =
1

2πi

∫
Γ

λβRλe
λtdλ, t > 0, β ∈ R,

Γ := Γ+ ∪ Γ− ∪ Γ0, Γ0 := {a + r0e
iφ, φ ∈ (−θ1, θ1)}, Γ± := {a + re±iθ1, r ∈

[r0,∞)}, θ1 ∈ (π/2, θ0), a > a0, r0 > 0. Òîãäà Yβ äîïóñêàåò àíàëèòè÷åñêîå

ïðîäîëæåíèå â ñåêòîð Σθ0−π/2 è ïðè ëþáûõ θ ∈ (π/2, θ0), a > a0 ñóùåñòâóåò

òàêîå Cβ = Cβ(θ, a), ÷òî äëÿ âñåõ τ ∈ Σθ−π/2

∥Yβ(τ)∥L(Z) ≤ Cβe
aReτ

(
|τ |−1 + a

)β−α+1
, β ≥ α− 1, (2.2.3)

∥Yβ(τ)∥L(Z) ≤ Cβe
aReτ |τ |α−1−β, β < α− 1. (2.2.4)

Ïðè ýòîì

Dk
t Yβ(t) = Yβ+k(t), t > 0, k ∈ N, (2.2.5)

Dγ
t Yβ(t) = Yβ+γ(t), t > 0, β < α, γ ∈ R, (2.2.6)

lim
t→0+

Yβ(t) = 0, β < α− 1. (2.2.7)
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Äîêàçàòåëüñòâî. Âîçüìåì θ ∈ (π/2, θ0), θ1 =
θ0+θ
2 , a > a0, ε = θ1 − θ = θ0−θ

2 .

Äëÿ τ ∈ Σθ1−π/2−ε = Σθ−π/2, λ ∈ Γ± èìååì

Re(λτ) = aReτ + r|τ | cos(arg τ ± θ1) ≤ aReτ − r|τ | sin ε, |λ| = r,

à â ñëó÷àå λ ∈ Γ0 Re(λτ) = aReτ + r0|τ | cos(arg τ ± φ), ïîýòîìó â ñèëó

çàìå÷àíèÿ 2.1.1 ïðè β ≥ α− 1

∥Yβ(τ)∥L(Z) ≤
KeaReτ

π

∞∫
r0

(r + a)β−α+1

r
e−r|τ | sin εdr+

+
KeaReτ(r0 + a)β−α+1

2π

θ1∫
−θ1

er0|τ | cos(arg τ±φ)dφ ≤

≤ KeaReτ

π

∞∫
r0

(r + a)β−α+1

r
e−r|τ | sin εdr +

Ker0|τ |+aReτ(r0 + a)β−α+1θ0
π

. (2.2.8)

Ïðè β < α− 1 àíàëîãè÷íàÿ îöåíêà áóäåò èìåòü ñëåäóþùèé âèä:

∥Yβ(τ)∥L(Z) ≤
KeaReτcβ−α+1

π

∞∫
r0

rβ−αe−r|τ | sin εdr +
Ker0|τ |+aReτcβ−α+1rβ−α+1

0 θ0
π

.

(2.2.9)

Ïðè ýòîì èñïîëüçîâàíî íåðàâåíñòâî |λ| ≥ c|λ − a|, î÷åâèäíî ñïðàâåäëèâîå

ïðè íåêîòîðîì c = c(θ1, a) > 0 äëÿ âñåõ λ ∈ Γ. Òàêèì îáðàçîì, ïðè ëþáîì

β ∈ R ñîîòâåòñòâóþùèé èíòåãðàë ñõîäèòñÿ ðàâíîìåðíî íà ëþáîì êîìïàêò-

íîì ïîäìíîæåñòâå ñåêòîðà Σθ1−π/2, à çíà÷èò, îïðåäåëÿåò â íåì àíàëèòè÷åñêóþ

ôóíêöèþ ïåðåìåííîé τ . Ó÷èòûâàÿ ïðîèçâîëüíîñòü θ â (π/2, θ0), ïîëó÷èì àíà-

ëèòè÷íîñòü â ñåêòîðå Σθ0−π/2.

Âîçüìåì r0 = |τ |−1, òîãäà ïðè β ≥ α− 1 â ñèëó (2.2.8)∥∥∥∥∥∥ 1

2πi

∫
Γ0

λβRλe
λτdλ

∥∥∥∥∥∥
L(Z)

≤ Ke1+aReτ(|τ |−1 + a)β−α+1θ0
π

,
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2πi

∫
Γ±

λβRλe
λτdλ

∥∥∥∥∥∥
L(Z)

≤ KeaReτ

2π

∞∫
1

(r|τ |−1 + a)β−α+1

r
e−r sin εdr ≤

≤ KeaReτ(|τ |−1 + a)β−α+1

2π

∞∫
1

rβ−αe−r sin εdr.

Âîçüìåì K = K
(
θ0+θ1

2 , a0+a2

)
= K

(
3θ0+θ

4 , a0+a2

)
, òîãäà âûïîëíÿåòñÿ íåðàâåí-

ñòâî (2.2.3) â Σθ1−π/2 ïðè

Cβ(θ) =
K
(
3θ0+θ

4 , a0+a2

)
θ0e

π
+
K
(
3θ0+θ

4 , a0+a2

)
π

∞∫
1

rβ−αe−r sin
θ0−θ

2 dr.

Ïðè r0 = |τ |−1, β < α − 1 èç (2.2.9) àíàëîãè÷íûì îáðàçîì ïîëó÷èì

íåðàâåíñòâà∥∥∥∥∥∥ 1

2πi

∫
Γ0

λβRλe
λτdλ

∥∥∥∥∥∥
L(Z)

≤ Ke1+aReτc(θ1, a)
β−α+1|τ |−β+α−1θ0
π

,

∥∥∥∥∥∥ 1

2πi

∫
Γ±

λβRλe
λτdλ

∥∥∥∥∥∥
L(Z)

≤ KeaReτc(θ1, a)
β−α+1|τ |−β+α−1

2π

∞∫
1

rβ−αe−r sin εdr,

èç êîòîðûõ ñëåäóåò (2.2.4) ïðè

Cβ(θ, a) =
K
(
3θ0+θ

4 , a0+a2

)
c
(
θ0+θ
2 , a

)β−α+1
θ0e

π
+

+
K
(
3θ0+θ

4 , a0+a2

)
c
(
θ0+θ
2 , a

)β−α+1

π

∞∫
1

rβ−αe−r sin
θ0−θ

2 dr.

Èç (2.2.4) ñëåäóþò ðàâåíñòâà (2.2.7). Ðàâåíñòâà (2.2.5) î÷åâèäíû â ñèëó

äîêàçàííîé àíàëèòè÷íîñòè Yβ.

Ïóñòü β < α, òîãäà ïðè µ ∈ C, âçÿòîì ñïðàâà îò Γ,

Ŷβ(µ) =
1

2πi

∫
Γ

λβ

µ− λ
Rλdλ = µβRµ,
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èíòåãðàë ñõîäèòñÿ, òàê êàê∥∥∥∥ λβ

µ− λ
Rλ

∥∥∥∥
L(Z)

≤ C

|λ|1+α−β
.

Â òàêîì ñëó÷àå ïðè γ ∈ (n − 1, n], n ∈ N, Dn
t Yβ(t) = Yβ+n(t),

̂Jn−γt Yβ+n(µ) =

µβ+γRµ, D
γ
t Yβ(t) = Jn−γt Yβ+n(t) = Yβ+γ(t). Ïðè γ ≤ 0 óòâåðæäåíèå (2.2.6)

äîêàçûâàåòñÿ àíàëîãè÷íî.

Çàìå÷àíèå 2.2.1. Íåòðóäíî ïîêàçàòü, ÷òî íà ëþáîì ïîëóèíòåðâàëå (0, T ],

T > 0, íåðàâåíñòâà (2.2.3) è (2.2.4) â óñëîâèÿõ ëåììû 2.2.1 ìîæíî îáúåäèíèòü

â îäíî: ïðè íåêîòîðîì cβ > 0

∥Yβ(t)∥L(Z) ≤ cβt
α−1−β, t ∈ (0, T ], β ∈ R. (2.2.10)

Ïðè γ ∈ (0, 1] ÷åðåç Cγ([0, T ];Z) îáîçíà÷èì ìíîæåñòâî ôóíêöèé, óäî-

âëåòâîðÿþùèõ íà îòðåçêå [0, T ] óñëîâèþ Ãåëüäåðà.

Ëåììà 2.2.2. Ïóñòü α1 < α2 < · · · < αn ≤ m − 1 < α ≤ m ∈ N,
(A1, A2, . . . , An) ∈ An

α,G, D ïëîòíî â Z, f ∈ Cγ([0, T ];Z), γ ∈ (0, 1]. Òî-

ãäà ôóíêöèÿ zf(t) =
t∫
0

Y0(t − s)f(s)ds ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì

çàäà÷è Êîøè Dl
tz(0) = 0, l = 0, 1, . . . ,m− 1, äëÿ óðàâíåíèÿ (2.2.1).

Äîêàçàòåëüñòâî. Èìååì Dl
tY0(0) = 0, l = 0, 1, . . . ,m− 2, â ñèëó ëåììû 2.2.1.

Ïîýòîìó ïðè l = 1, 2, . . . ,m− 1

z
(l)
f (t) = Dl−1

t Y0(0)f(t) +

t∫
0

Dl
tY0(t− s)f(s)ds =

t∫
0

Dl
tY0(t− s)f(s)ds.

Ñëåäîâàòåëüíî, ∥z(l)f (t)∥Z ≤ Ceatt max
t∈[0,T ]

∥f(t)∥Z → 0 ïðè t → 0+ äëÿ l =

0, 1, . . . ,m− 2. Ñ ó÷åòîì (2.2.10) ïðè t ∈ (0, T ]

∥Dm−1
t Y0(t)∥L(Z) = ∥Ym−1(t)∥L(Z) ≤ cβt

α−m.

Ñëåäîâàòåëüíî, ∥z(m−1)
f (t)∥Z ≤ C1 max

t∈[0,T ]
∥f(t)∥Ztα−m+1 → 0 ïðè t → 0+. Ïî-

ýòîìó zf óäîâëåòâîðÿåò íóëåâûì íà÷àëüíûì óñëîâèÿì.
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Â ñèëó (2.2.6)

Yα(t) =
1

2πi

∫
Γ

(
n∑
k=1

λαkAk − λαI + λαI

)
Rλe

λtdλ =

=
1

2πi

∫
Γ

n∑
k=1

λαkAkRλe
λtdλ =

n∑
k=1

Ak
1

2πi

∫
Γ

λαkRλe
λtdλ =

n∑
k=1

AkD
αk
t Y0(t).

Ñëåäîâàòåëüíî, ïðè 0 < ε < t ñ ó÷åòîì (2.2.5)

t−ε∫
0

n∑
k=1

AkD
αk
t Y0(t−s)f(s)ds =

t−ε∫
0

Yα(t−s)(f(s)−f(t))ds+
t−ε∫
0

Yα(t−s)f(t)ds =

=

t−ε∫
0

Yα(t− s)(f(s)− f(t))ds−
t−ε∫
0

D1
sYα−1(t− s)f(t)ds =

=

t−ε∫
0

Yα(t− s)(f(s)− f(t))ds+ (Yα−1(t)− Yα−1(ε))f(t). (2.2.11)

Ïðè ýòîì â ñèëó (2.2.3)∥∥∥∥∥∥
t−ε∫
0

Yα(t− s)(f(s)− f(t))ds

∥∥∥∥∥∥
L(Z)

≤ C1

t−ε∫
0

(t− s)γ−1ds = C2(t
γ − εγ). (2.2.12)

Äëÿ y0 ∈ D

Yα−1(t)y0 =
1

2πi

∫
Γ

λ−1Rλ

(
λαI −

n∑
k=1

λαkAk +
n∑
k=1

λαkAk

)
y0e

λtdλ =

1

2πi

∫
Γ

λ−1y0e
λtdλ+

1

2πi

n∑
k=1

∫
Γ

λαk−1RλAky0e
λtdλ = y0 +

n∑
k=1

Yαk−1(t)Aky0 → y0

ïðè t → 0+ ñîãëàñíî (2.2.4), òàê êàê αk < α, k = 1, 2, . . . , n. Â ñèëó (2.2.3)

∥Yα−1(t)∥L(Z) ≤ C äëÿ âñåõ t > 0, D ïëîòíî â Z , ïîýòîìó ïî òåîðåìå Áàíà-
õà � Øòåéíãàóçà ñóùåñòâóåò ïðåäåë â ñèëüíîé òîïîëîãèè s- lim

t→0+
Yα−1(t) :=
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Yα−1(0) = I â ïðîñòðàíñòâå Z . Òàêèì îáðàçîì, èç (2.2.11), (2.2.12) ñëåäóåò,

÷òî

t∫
0

n∑
k=1

AkD
αk
t Y0(t− s)f(s)ds =

t∫
0

Yα(t− s)(f(s)− f(t))ds+ (Yα−1(t)− I)f(t).

Â ñèëó âûøåñêàçàííîãî

Dl
t|t=t0

t∫
0

Y0(t− s)f(s)ds = 0, l = 0, 1, . . . ,m− 1,

n∑
k=1

AkD
αk
t

t∫
0

Y0(t− s)f(s)ds =
n∑
k=1

AkD
mk
t

t∫
0

Yαk−mk
(t− s)f(s)ds =

=
n∑
k=1

Ak

t∫
0

Yαk
(t−s)f(s)ds =

t∫
0

n∑
k=1

AkD
αk
t Y0(t−s)f(s)ds =

t∫
0

Yα(t−s)f(s)ds,

ïîñêîëüêó Dl
tYαk−mk

(0) = Yαk−mk+l(0) = 0 ïðè l = 0, 1, . . . ,mk − 1 â ñèëó

(2.2.4). Àíàëîãè÷íî

Dα
t

t∫
0

Y0(t− s)f(s)ds = Dm
t

t∫
0

Yα−m(t− s)f(s)ds = D1
t

t∫
0

Yα−1(t− s)f(s)ds =

= f(t) +

t∫
0

Yα(t− s)f(s)ds =
n∑
k=1

AkD
αk
t

t∫
0

Y0(t− s)f(s)ds+ f(t).

Äîêàçàòåëüñòâî åäèíñòâåííîñòè ðåøåíèÿ òàêîå æå, êàê äëÿ îäíîðîäíî-

ãî óðàâíåíèÿ.

Â ñèëó ëèíåéíîñòè óðàâíåíèÿ (2.2.1) íåìåäëåííî ïîëó÷àåì ñëåäóþùèé

ðåçóëüòàò.

Òåîðåìà 2.2.1. Ïóñòü α1 < α2 < · · · < αn ≤ m − 1 < α ≤ m ∈ N,
(A1, A2, . . . , An) ∈ An

α,G, D ïëîòíî â Z, f ∈ Cγ([0, T ];Z), γ ∈ (0, 1], zl ∈ D,
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l = 0, 1, . . . ,m − 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè

(2.2.1), (2.2.2), ïðè ýòîì îíî èìååò âèä

z(t) =
m−1∑
l=0

Zl(t)zl +

t∫
0

Y0(t− s)f(s)ds.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå äàííîé òåîðåìû ñëåäóåò èç òåîðåìû 2.1.2 è

ëåììû 2.2.2.

2.3. Ñóùåñòâîâàíèå ëîêàëüíîãî ðåøåíèÿ

êâàçèëèíåéíîãî óðàâíåíèÿ

Çäåñü áóäåì ðàññìàòðèâàòü äðîáíûå èíòåãðàëû è äðîáíûå ïðîèçâîäíûå Ãå-

ðàñèìîâà � Êàïóòî ñ íà÷àëîì â òî÷êå t0 ∈ R:

Jαt f(t) :=

t∫
t0

(t− s)α−1

Γ(α)
f(s)ds, Dα

t f(t) = Jm−α
t Dm

t f(t), t > t0,

ãäå m− 1 < α ≤ m ∈ N.
Ïóñòü r ∈ N, γ1 < γ2 < · · · < γr < α, κi−1 < γi ≤ κi ∈ Z, i = 1, 2, . . . , r,

U � îòêðûòîå ìíîæåñòâî â R × Zr, B : U → Z . Ðàññìîòðèì âîïðîñû ñó-

ùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ êâàçèëèíåéíîãî

óðàâíåíèÿ íà äîñòàòî÷íî ìàëîì îòðåçêå [t0, t1], ò. å. ëîêàëüíîãî ðåøåíèÿ.

Ðåøåíèåì çàäà÷è Êîøè

z(l)(t0) = zl, l = 0, 1, . . . ,m− 1, (2.3.1)

äëÿ êâàçèëèíåéíîãî äðîáíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Dα
t z(t) =

n∑
k=1

Dαk
t Akz(t) +B(t,Dγ1

t z(t), D
γ2
t z(t), . . . , D

γr
t z(t)), (2.3.2)

íà îòðåçêå [t0, t1] íàçîâåì òàêóþ ôóíêöèþ z ∈ ACm([t0, t1];Z), äëÿ êîòî-

ðîé Dα
t z ∈ C((t0, t1];Z) ∩ L1(t0, t1;Z),

n∑
k=1

Dαk
t Akz ∈ C((t0, t1];Z), Dγi

t z ∈

C([t0, t1];Z), i = 1, 2, . . . , r, âûïîëíÿþòñÿ âêëþ÷åíèå (t,Dγ1
t z(t), . . . , D

γr
t z(t)) ∈

U ïðè t ∈ [t0, t1], ðàâåíñòâî (2.3.2) äëÿ âñåõ t ∈ (t0, t1], à òàêæå óñëîâèÿ (2.3.1).
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Ëåììà 2.3.1. Ïóñòü γ ∈ (0, 1), h ∈ AC([t0, T ];Z), Dγ
t h ∈ C([t0, T ];Z).

Òîãäà h ∈ Cγ([t0, T ]Z), ïðè ýòîì äëÿ âñåõ t, τ ∈ [t0, T ]

∥h(t)− h(τ)∥Z ≤
∥Dγ

t z∥C([t0,T ];Z)

Γ(γ + 1)
|t− τ |γ.

Äîêàçàòåëüñòâî. Åñëè t0 ≤ τ < t ≤ T , òî

∥h(t)− h(τ)∥Z = ∥Jγt D
γ
t h(t)− Jγt D

γ
t h(τ)∥Z ≤

≤ (t− t0)
γ − (τ − t0)

γ

Γ(γ + 1)
∥Dγ

t h∥C([t0,T ];Z) ≤
(t− τ)γ

Γ(γ + 1)
∥Dγ

t h∥C([t0,T ];Z),

ïîñêîëüêó ôóíêöèÿ
(t− t0)

γ − (τ − t0)
γ

(t− τ)γ

óáûâàåò ïî τ ∈ [t0, t) ïðè γ ∈ (0, 1).

Çàìå÷àíèå 2.3.1. Èç îïðåäåëåíèÿ íîðìû

∥h∥Cγ([t0,T ];Z) := ∥h∥C([t0,T ];Z) + sup
t,τ∈[t0,T ]
t ̸=τ

∥h(t)− h(τ)∥Z
|t− τ |γ

è ëåììû 2.3.1 ñëåäóåò, ÷òî â åå óñëîâèÿõ

∥h(t)− h(τ)∥Z ≤
∥Dγ

t z∥C([t0,T ];Z)

Γ(γ + 1)
|t− τ |γ.

Ñëåäñòâèå 2.3.1. Ïóñòü n−1 < γ < n ∈ N, δ ∈ (0, n−γ), g ∈ Cn−1([t0, T ];Z),

Dγ+δ
t g ∈ C([t0, T ];Z). Òîãäà Dγ

t g ∈ Cδ([t0, T ]Z), ïðè ýòîì äëÿ âñåõ t, τ ∈
[t0, T ]

∥Dγ
t g(t)−Dγ

t g(τ)∥Z ≤
∥Dγ+δ

t z∥C([t0,T ];Z)

Γ(δ + 1)
|t− τ |δ.

Äîêàçàòåëüñòâî. Òàê êàê g ∈ Cn−1([t0, T ];Z), èìååì

Jn−γ−δt

(
g(t)−

n−1∑
k=0

(t− t0)
k

k!
Dk
t g(t0)

)
∈ Cn−1([t0, T ];Z),

Dn−1
t Jn−γ−δt

(
g(t)−

n−1∑
k=0

(t− t0)
k

k!
Dk
t g(t0)

)
=
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= Jn−γ−δt Dn−1
t

(
g(t)−

n−1∑
k=0

(t− t0)
k

k!
Dk
t g(t0)

)
∈ AC([t0, T ];Z)

êàê ïåðâîîáðàçíàÿ èíòåãðèðóåìîé ïî Áîõíåðó ôóíêöèè,

Dk
t |t=t0J

n−γ−δ
t

(
g(t)−

n−1∑
k=0

(t− t0)
k

k!
Dk
t g(t0)

)
= 0, k = 0, 1, . . . , n− 1,

ïîýòîìó

JδtD
γ+δ
t g(t) = JδtD

n
t J

n−γ−δ
t

(
g(t)−

n−1∑
k=0

(t− t0)
k

k!
Dk
t g(t0)

)
=

= Dn
t J

n−γ
t

(
g(t)−

n−1∑
k=0

(t− t0)
k

k!
Dk
t g(t0)

)
= Dγ

t g(t).

Ñëåäîâàòåëüíî, Dγ
t g ∈ AC([t0, T ];Z), Dγ+δ

t g = Dδ
tD

γ
t g. Îñòàëîñü ïðèìåíèòü

ëåììó 2.3.1 ñ ôóíêöèåé h = Dγ
t g.

Àíàëîãè÷íî äîêàçûâàåòñÿ ñëåäóþùåå ïîäîáíîå óòâåðæäåíèå.

Ñëåäñòâèå 2.3.2. Ïóñòü n ∈ N, g ∈ Cn([t0, T ];Z), δ ∈ (0, 1), Dn+δ
t g ∈

C([t0, T ];Z). Òîãäà Dn
t g ∈ Cδ([t0, T ]Z), ïðè ýòîì äëÿ âñåõ t, τ ∈ [t0, T ]

∥Dn
t g(t)−Dn

t g(τ)∥Z ≤
∥Dn+δ

t z∥C([t0,T ];Z)

Γ(δ + 1)
|t− τ |δ.

Äîêàçàòåëüñòâî. Èìååì

JδtD
n+δ
t g(t) = J δtD

n+1
t J1−δ

t

(
g(t)−

n∑
k=0

(t− t0)
k

k!
Dk
t g(t0)

)
=

= Dn
t

(
g(t)−

n∑
k=0

(t− t0)
k

k!
Dk
t g(t0)

)
= Dn

t g(t)−Dn
t g(t0),

ïîýòîìó Dn
t g ∈ AC([t0, T ];Z),

Dn+δ
t g(t) = Dδ

tD
n
t g(t)−Dδ

tD
n
t g(t0) = Dδ

tD
n
t g(t).

Òåïåðü ïðèìåíèì ëåììó 2.3.1 ñ ôóíêöèåé h = Dn
t g.
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Ëåììà 2.3.2. Ïóñòü α1 < α2 < · · · < αn ≤ m − 1 < α ≤ m ∈ N, n, r ∈
N, γ1 < · · · < γr < α, (A1, A2, . . . , An) ∈ An

α,G, D ïëîòíî â Z, zl ∈ D,
l = 0, 1, . . . ,m − 1, U � îòêðûòîå ìíîæåñòâî â R × Zr, B ∈ C(U ;Z),

(t0, z1, z2, . . . , zr) ∈ U . Òîãäà ôóíêöèÿ z, äëÿ êîòîðîé Dβz ∈ C([t0, t1];Z) ïðè

íåêîòîðîì β ∈ (γr, α), ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (2.3.1), (2.3.2) íà îòðåçêå

[t0, t1], åñëè è òîëüêî åñëè ïðè âñåõ t ∈ [t0, t1] (t,D
γ1z(t), . . . , Dγrz(t)) ∈ U è

âûïîëíÿåòñÿ ðàâåíñòâî

z(t) =
m−1∑
l=0

Zl(t− t0)zl +

t∫
t0

Y0(t− s)Bz(s)ds. (2.3.3)

Äîêàçàòåëüñòâî. Åñëè Dβz ∈ C([t0, t1];Z) ïðè íåêîòîðîì β ∈ (γr, α), òî â

ñèëó ñëåäñòâèÿ 2.3.1 ïðè γr /∈ N è ñëåäñòâèÿ 2.3.2 ïðè γr ∈ N èìååì Dγiz ∈
Cβ−γr([t0, t1];Z), i = 1, 2, . . . , r, ïîýòîìó îòîáðàæåíèå

t→ B(t,Dγ1z(t), Dγ2z(t), . . . , Dγrz(t)) (2.3.4)

ïðèíàäëåæèò êëàññó Cβ−γr([t0, t1];Z) â ñèëó ëîêàëüíîé ëèïøèöåâîñòè îïåðà-

òîðà B. Ïî òåîðåìå 2.2.1 ïîëó÷èì òðåáóåìîå.

Êàê è â ïåðâîé ãëàâå, ââåäåì îáîçíà÷åíèÿ

z̃(t) = z0 + (t− t0)z1 +
(t− t0)

2

2!
z2 + · · ·+ (t− t0)

m−1

(m− 1)!
zm−1,

z̃i = Dγi|t=t0 z̃(t), i = 1, 2, . . . , r, Bz(s) := B(s,Dγ1z(s), Dγ2z(s), . . . , Dγrz(s)).

Òåîðåìà 2.3.1. Ïóñòü α1 < α2 < · · · < αn ≤ m − 1 < α ≤ m ∈ N,
n, r ∈ N, γ1 < · · · < γr < α, (A1, A2, . . . , An) ∈ An

α,G, D ïëîòíî â Z, ïðè
l = 0, 1, . . . ,m−1 zl ∈ D, U � îòêðûòîå ìíîæåñòâî â R×Zr, B ∈ C(U ;Z)

ëîêàëüíî ëèïøèöåâî ïî x̄, (t0, z̃1, z̃2, . . . , z̃r) ∈ U . Òîãäà ïðè íåêîòîðîì t1 > t0

çàäà÷à (2.3.1), (2.3.2) èìååò åäèíñòâåííîå ðåøåíèå íà îòðåçêå [t0, t1].

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ ðåøåíèÿ z íà [t0, t1] âûïîëíÿåòñÿ âêëþ÷å-

íèåDαz ∈ L1(t0, t1;Z), ïîýòîìó ïðè β ∈ (γr, α) J
α−β
t Dα

t z = Dβ
t z ∈ C([t0, t1];Z)
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(ñì. äîêàçàòåëüñòâî ñëåäñòâèÿ 2.3.1). Ïîýòîìó äîñòàòî÷íî äîêàçàòü ñóùåñòâî-

âàíèå ðåøåíèÿ â ïðîñòðàíñòâå

Cm−1,β([t0, T ];Z) := {z ∈ Cm−1([t0, T ];Z) : Dβ
t z ∈ C([t0, T ];Z)}

ñ íîðìîé ∥z∥Cm−1,β([t0,t1];Z) = ∥z∥Cm−1([t0,t1];Z) + ∥Dβ
t z∥C([t0,t1];Z) ïðè íåêîòîðîì

β ∈ (γr, α).

Âîçüìåì τ > 0 è δ > 0, òàêèå, ÷òî [t0, t0 + τ ] × Sδ(z̃) ⊂ U , ãäå z̃ =

(z̃1, z̃2, . . . , z̃r). Îáîçíà÷èì ÷åðåç Sτ,δ ìíîæåñòâî ôóíêöèé z ∈ Cm−1,β([t0, t0 +

τ ];Z), äëÿ êîòîðûõ ∥Dγiz(t)− z̃i∥Z ≤ δ ïðè t0 ≤ t ≤ t0+ τ , l = 0, 1, . . . ,m−1,

i = 1, 2, . . . , r. Îïðåäåëèì íà Sτ,δ ìåòðèêó d(x, y) := ∥x − y∥Cm−1,β([t0,t0+τ ];Z),

òîãäà â ñèëó ëåììû 1.4.3 Sτ,δ � ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî. Çàìåòèì,

÷òî z̃ ∈ Sτ,δ ïðè ìàëîì τ > 0.

Ïðè çàäàííûõ zl ∈ D, l = 0, 1, . . . ,m − 1, äëÿ z ∈ Sτ,δ îïðåäåëèì

îòîáðàæåíèå

G(z)(t) :=
m−1∑
l=0

Zl(t− t0)zl +

t∫
t0

Y0(t− s)B(s,Dγ1z(s), . . . , Dγrz(s))ds,

t ∈ [t0, t0 + τ ]. Ïîñêîëüêó îòîáðàæåíèå (2.3.4) ëåæèò â Cβ−γr([t0, t1];Z) â

ñèëó ëîêàëüíîé ëèïøèöåâîñòè îïåðàòîðà B è ñëåäñòâèÿ 2.3.1 ïðè γr /∈ N,
ñëåäñòâèÿ 2.3.2 ïðè γr ∈ N, ïî òåîðåìå 2.2.1 G(z) ∈ Cm−1([t0, t0 + τ ];Z),

[G(z)](l)(t0) = zl äëÿ l = 0, 1, . . . ,m− 1.

Äëÿ l = 0, 1, . . . ,m− 1, x ∈ D

Lap[DβZl(t)x](λ) = λβ−l−1Rλ

(
λαI −

n∑
k=nl

λαkAk

)
x− λβ−l−1x =

= λβ−l−1Rλ

nl−1∑
k=1

λαkAkx,∥∥∥∥∥λβ−l−1Rλ

nl−1∑
k=1

λαkAkx

∥∥∥∥∥
Z

≤ C∥x∥D
|λ|α−β+l+1−αnl−1

,
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DβZl(0)x = lim
t→0+

1

2πi

∫
Γ

λβ−l−1Rλ

nl−1∑
k=1

λαkAke
λtxdλ = 0,

òàê êàê äëÿ k ≤ nl − 1 èìååì l > mk − 1, çíà÷èò, l ≥ αk, α− β + l+ 1− αk ≥
α− β + 1 > 1. Ïîýòîìó DβZl(t)x ∈ C([t0, t0 + τ ];Z).

Ïî ëåììå 2.2.1

∥DlY0(t)∥L(Z) = ∥Yl(t)∥L(Z) ≤ Ctα−l−1, l = 0, 1, . . . ,m− 1, (2.3.5)

Dl

t∫
t0

Y0(t− s)Bz(s)ds|t=t0 =
t∫

t0

Yl(t− s)Bz(s)ds|t=t0 = 0, l = 0, 1, . . . ,m− 1,

ãäå ôóíêöèÿ Bz(s) íåïðåðûâíà ïî s íà îòðåçêå [t0, t0+τ ] â íîðìå Z . Ïîýòîìó
ïðè i = 1, 2, . . . , r

∥Dγi−m+lY0(t)∥L(Z) = ∥Yγi−m+l(t)∥L(Z) ≤ Ctm−γi−l+α−1, l = 0, 1, . . . ,m,

(2.3.6)

Dγi−m+lY0(0) = lim
t→0+

Yγi−m+l(t) = 0, l = 0, 1, . . . ,m− 1,

òàê êàê m−γi− l+α−1 ≥ α−γi > 0 ïðè l = 0, 1, . . . ,m−1. Ñëåäîâàòåëüíî,

ïðè l = 0, 1, . . . ,m− 1

Dl|t=t0

t∫
t0

Y0(t− s)Bz(s)ds = 0,

Dγi−m+l

t∫
t0

Y0(t− s)Bz(s)ds = Dl

t∫
t0

Jm−γiY0(t− s)Bz(s)ds =

=

t∫
t0

Dγi−m+lY0(t− s)Bz(s)ds,

Dγi−m+l|t=t0

t∫
t0

Y0(t− s)Bz(s)ds = 0, l = 0, 1, . . . ,m− 1,
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Dγi

t∫
t0

Y0(t− s)Bz(s)ds = Dm

t∫
t0

Jm−γiY0(t− s)Bz(s)ds =

t∫
t0

Yγi(t− s)Bz(s)ds,

â ñèëó (2.3.6)∥∥∥∥∥∥ lim
t→t0+

Dγi

t∫
t0

Y0(t− s)Bz(s)ds

∥∥∥∥∥∥
Z

≤ lim
t→t0+

C1(t− t0)
α−γi max

s∈[t0,t0+τ ]
∥Bz(s)∥Z = 0.

Ïðè ýòîì

max
s∈[t0,t0+τ ]

∥Bz(s)∥Z ≤ max
s∈[t0,t0+τ ]

∥Bz(s)−B z̃(s)∥Z + max
s∈[t0,t0+τ ]

∥B z̃(s)∥Z ≤

≤ q
r∑
i=1

max
s∈[t0,t0+τ ]

∥Dγiz(s)−Dγi z̃(s)∥Z + max
s∈[t0,t0+τ ]

∥B z̃(s)∥Z ≤

≤ qδr + max
s∈[t0,t0+τ ]

∥B z̃(s)∥Z = C.

Òàêèì îáðàçîì, ïðè zl ∈ D, l = 0, 1, . . . ,m−1, DγiG(z) ∈ C([t0, t0+τ ];Z), ïðè

ýòîì DγiG(z(t))|t=t0 = z̃i, i = 1, 2, . . . , r, ïîýòîìó G(z) ∈ Sτ,δ ïðè äîñòàòî÷íî

ìàëîì τ > 0, íå çàâèñÿùåì îò z.

Äëÿ x, y ∈ Sτ,δ, l = 0, 1, . . . ,m− 1 ñ ó÷åòîì ëåììû 1.4.1 ïîëó÷àåì

∥[G(x)](l)(t)− [G(y)](l)(t)∥Z =

∥∥∥∥∥∥
t∫

t0

DlY0(t− s)[Bx(s)−By(s)]ds

∥∥∥∥∥∥
Z

≤

≤ Cl(t− t0)
α−l

r∑
j=1

sup
t∈[t0,t0+τ ]

∥Dγj(x(t)− y(t))∥Z ≤ Cτα−ld(x, y),

∥DβG(x)(t)−DβG(y)(t)∥Z =

∥∥∥∥∥∥
t∫

t0

DβY0(t− s)[Bx(s)−By(s)]ds

∥∥∥∥∥∥
Z

≤

≤ Cβ(t− t0)
α−β

r∑
j=1

sup
t∈[t0,t0+τ ]

∥Dγj(x(t)− y(t))∥Z ≤ Cτα−βd(x, y).

Òàêèì îáðàçîì, ïðè äîñòàòî÷íî ìàëîì τ > 0 äëÿ ëþáûõ x, y ∈ Sτ,δ èìååì
d(G(x), G(y)) ≤ d(x, y)/2 è îòîáðàæåíèå G èìååò åäèíñòâåííóþ íåïîäâèæ-

íóþ òî÷êó z â ìåòðè÷åñêîì ïðîñòðàíñòâå Sτ,δ. Ýòî åäèíñòâåííîå ðåøåíèå
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óðàâíåíèÿ (2.3.3) â Cm−1,β([t0, t0 + τ ];Z), ïîýòîìó ïî ëåììå 2.3.2 ýòî åäèí-

ñòâåííîå ðåøåíèå çàäà÷è (2.3.1), (2.3.2) íà âûáðàííîì îòðåçêå [t0, t0 + τ ].

2.4. Ãëîáàëüíàÿ ðàçðåøèìîñòü êâàçèëèíåéíîãî óðàâíåíèÿ

Ïóñòü B : [t0, T ]×Zr → Z ïðè íåêîòîðûõ t0, T ∈ R, t0 < T . Äîêàæåì òåïåðü

ãëîáàëüíîå ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ, ò. å. ðåøåíèÿ íà ëþáîì

çàäàííîì îòðåçêå [t0, T ].

Îòîáðàæåíèå B : [t0, T ] × Zr → Z íàçûâàåòñÿ ëèïøèöåâûì ïî x̄ ∈
Zr, åñëè ñóùåñòâóåò òàêîå q > 0, ÷òî äëÿ ëþáûõ (t, x̄), (t, ȳ) ∈ [t0, T ] × Zr

âûïîëíÿåòñÿ íåðàâåíñòâî

∥B(t, x̄)−B(t, ȳ)∥Z ≤ q

r∑
i=1

∥xi − yi∥Z .

Òåîðåìà 2.4.1. Ïóñòü α1 < α2 < · · · < αn ≤ m− 1 < α ≤ m ∈ N, n, r ∈ N,
γ1 < · · · < γr < α, (A1, A2, . . . , An) ∈ An

α,G(θ0, a0), zl ∈ D, l = 0, 1, . . . ,m− 1,

îòîáðàæåíèå B ∈ C([t0, T ] × Zr;Z) ëèïøèöåâî ïî x̄. Òîãäà çàäà÷à (2.3.1),

(2.3.2) èìååò åäèíñòâåííîå ðåøåíèå íà îòðåçêå [t0, T ].

Äîêàçàòåëüñòâî. Ïðè zl ∈ D, l = 0, 1, . . . ,m − 1, β ∈ (γr, α) çàäàäèì â

ïðîñòðàíñòâå Cm−1,β([t0, T ];Z) îòîáðàæåíèå

G(z)(t) :=
m−1∑
l=0

Zl(t− t0)zl +

t∫
t0

Y0(t− s)B(s,Dγ1z(s), Dγ2z(s), . . . , Dγrz(s))ds,

t ∈ [t0, T ]. Ãåëüäåðîâîñòü îòîáðàæåíèÿ t → Bz(t) äîêàçûâàåòñÿ òàê æå, êàê

ïðè äîêàçàòåëüñòâå òåîðåìû 2.3.1, ïîýòîìó G(z) ∈ Cm−1([t0, T ];Z), äëÿ âñåõ

k = 0, 1, . . . ,m− 1 [G(z)](k)(t0) = zk. Âêëþ÷åíèå D
βG(z) ∈ C([t0, T ];Z) äîêà-

çûâàåòñÿ òàê æå, êàê â òåîðåìå 2.3.1. Ïîýòîìó G(z) ∈ Cm−1,β([t0, T ];Z).

Êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1.5.1, ñ÷èòàåì, ÷òî T − t0 ≥ 1, â

ñëó÷àå æå T − t0 < 1 äàëüíåéøèå ðàññóæäåíèÿ îñòàíóòñÿ ñïðàâåäëèâûìè

ïîñëå çàìåíû T − t0 íà 1. Äëÿ t ∈ [t0, T ], j ∈ N, y, z ∈ Cm−1,β([t0, T ];Z) ïî
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èíäóêöèè äîêàæåì íåðàâåíñòâî

∥Gj(x)−Gj(y)∥Cm−1,β([t0,t];Z) ≤
cj(t− t0)

α−α0+j−1

(j − 1)!
∥x− y∥Cm−1,β([t0,t];Z) (2.4.7)

ïðè íåêîòîðîì c > 0, α0 := max{m− 1, γr}.
Äåéñòâèòåëüíî, äëÿ j = 1, l = 0, 1, . . . ,m− 1 èìååì â ñèëó (2.3.5) è

ëåììû 1.4.1

∥[G(x)](l)(t)− [G(y)](l)(t)∥Z ≤ C1

t∫
t0

(t− s)α−l−1∥Bx(s)−By(s)∥Zds ≤

≤ C2q∥x− y∥Cm−1,β([t0,t];Z)(T − t0)
α(t− t0)

α−α0,

à ñ ó÷åòîì (2.3.6)

∥DβG(x)(t)−DβG(yz)(t)∥Z ≤ C1

t∫
t0

(t− s)α−β−1∥Bx(s)−By(s)∥Zds ≤

≤ C2q∥x− y∥Cm−1,β([t0,t];Z)(T − t0)
α(t− t0)

α−α0.

Ïîýòîìó

∥G(x)−G(y)∥Cm−1,β([t0,t];Z) ≤ C2(m+1)q∥x−y∥Cm−1,β([t0,t];Z)(T−t0)α(t−t0)α−α0.

ãäå m+ 1 � êîëè÷åñòâî ñëàãàåìûõ â îïðåäåëåíèè íîðìû â Cm−1,β([t0, t];Z).

Äàëåå ïðè l = 0, 1, . . . ,m− 1

∥[G2(x)](l)(t)− [G2(y)](l)(t)∥Z ≤ C1

t∫
t0

(t− s)α−l−1∥BG(x)(s)−BG(y)(s)∥Zds ≤

≤ C2q(T − t0)
α

t∫
t0

∥G(x)−G(y)∥Cm−1,β([t0,s];Z)ds ≤

≤ C2
2(m+ 1)q2(T − t0)

2α∥x− y∥Cm−1,β([t0,t];Z)(t− t0)
α−α0+1,

∥DβG2(x)(t)−DβG2(y)(t)∥Z ≤
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≤ C1

t∫
t0

(t− s)α−β−1∥BG(x)(s)−BG(y)(s)∥Zds ≤

≤ C2q(T − t0)
α

t∫
t0

∥G(x)−G(y)∥Cm−1,β([t0,s];Z)ds ≤

≤ C2
2(m+ 1)q2(T − t0)

2α∥x− y∥Cm−1,β([t0,t];Z)(t− t0)
α−α0+1,

∥G2(x)−G2(y)∥Cm−1,β([t0,t];Z) ≤

≤ (C2(m+ 1)q)2(T − t0)
2α∥x− y∥Cm−1,β([t0,t];Z)(t− t0)

α−α0+1.

Ïðîäîëæàÿ àíàëîãè÷íûì îáðàçîì, èìååì

∥G3(x)−G3(y)∥Cm−1,β([t0,t];Z) ≤

≤ (C2(m+ 1)q)3(T − t0)
3α∥x− y∥Cm−1,β([t0,t];Z)

(t− t0)
α−α0+2

2
.

Â ïðåäïîëîæåíèèè, ÷òî íåðàâåíñòâî (2.4.7) âûïîëíåíî ïðè êîíñòàíòå c =

C2(m + 1)q(T − t0)
α, j = p ïîëó÷èì ñïðàâåäëèâîñòü òàêîãî íåðàâåíñòâà ïðè

j = p+ 1.

Èç (2.4.7) ñëåäóåò, ÷òî ïðè j ∈ N

∥Gj(x)−Gj(y)∥Cm−1,β([t0,T ];Z) ≤
cj(T − t0)

α−α0+j−1

(j − 1)!
∥x− y∥Cm−1,β([t0,T ];Z).

Ïîýòîìó åñëè j äîñòàòî÷íî âåëèêî, òî Gj ÿâëÿåòñÿ ñæèìàþùèì îòîáðàæå-

íèåì â ïðîñòðàíñòâå Cm−1,β([t0, T ];Z), à çíà÷èò, ýòî îòîáðàæåíèå ïî òåî-

ðåìå î íåïîäâèæíîé òî÷êå èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó â ýòîì

ïðîñòðàíñòâå. Îíà òàêæå ÿâëÿåòñÿ åäèíñòâåííîé íåïîäâèæíîé òî÷êîé â ïðî-

ñòðàíñòâå Cm−1,β([t0, T ];Z) îòîáðàæåíèÿ G, à çíà÷èò, è åäèíñòâåííûì ðåøå-

íèåì çàäà÷è (2.3.1), (2.3.2) íà [t0, T ] â ñèëó ëåììû 2.3.2.

2.5. Ïðèëîæåíèÿ ê íà÷àëüíî-êðàåâûì çàäà÷àì

Ïîëó÷åííûå ðåçóëüòàòû èñïîëüçóþòñÿ äëÿ èññëåäîâàíèÿ îäíîçíà÷íîé ðàçðå-

øèìîñòè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñ íåñêîëüêèìè ïðîèçâîäíû-

ìè Ãåðàñèìîâà � Êàïóòî ïî âðåìåíè.
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2.5.1. Óðàâíåíèÿ ñ ìíîãî÷ëåíàìè

îò ñàìîñîïðÿæåííîãî îïåðàòîðà

Ïóñòü çàäàíû ìíîãî÷ëåíû P1(λ) =
ν1∑
p=0

apλ
p, P k

2 (λ) =
νk2∑
p=0

bkpλ
p, ap, b

k
p ∈ R,

aν1 ̸= 0, bk
νk2

̸= 0, k = 1, 2, . . . , n, ν0 := max{νk2 : k = 1, 2, . . . , n} > ν1. Ïóñòü

Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω,

(Λv)(ξ) =
∑
|q|≤2ρ

aq(ξ)
∂|q|v(ξ)

∂ξq11 ∂ξ
q2
2 . . . ∂ξ

qd
d

, aq ∈ C∞(Ω),

(Bjv)(ξ) =
∑
|q|≤ρj

bjq(ξ)
∂|q|v(ξ)

∂ξq11 ∂ξ
q2
2 . . . ∂ξ

qd
d

, bjq ∈ C∞(∂Ω), j = 1, 2, . . . , ρ,

q = (q1, q2, . . . , qd) ∈ Nd
0, |q| = q1+· · ·+qd, îïåðàòîðíûé ïó÷îê Λ, B1, B2, . . . , Bρ

ðåãóëÿðíî ýëëèïòè÷åí [45]. Ïóñòü îïåðàòîð Λ1 ∈ Cl(L2(Ω)) èìååò îáëàñòü

îïðåäåëåíèÿ DΛ1
= H2ρ

{Bj}(Ω) := {v ∈ H2ρ(Ω) : Bjv(ξ) = 0, j = 1, 2, . . . , ρ, ξ ∈
∂Ω}, Λ1v := Λv. Ïðåäïîëîæèì, ÷òî Λ1 � ñàìîñîïðÿæåííûé îïåðàòîð, òîãäà

ñïåêòð σ(Λ1) îïåðàòîðà Λ1 äåéñòâèòåëüíûé è äèñêðåòíûé [45]. Ïóñòü, êðîìå

òîãî, ñïåêòð σ(Λ1) îãðàíè÷åí ñïðàâà è íå ñîäåðæèò íóëÿ. Îáîçíà÷èì ÷åðåç

{φs : s ∈ N} îðòîíîðìèðîâàííóþ â L2(Ω) ñèñòåìó ñîáñòâåííûõ ôóíêöèé îïå-

ðàòîðà Λ1, çàíóìåðîâàííûõ ïî íåâîçðàñòàíèþ ñîîòâåòñòâóþùèõ ñîáñòâåííûõ

çíà÷åíèé {λs : s ∈ N} ñ ó÷åòîì èõ êðàòíîñòè.

Âîçüìåì α1 < α2 < · · · < αn ≤ 1 < α < 2, h : Ω × (0, T ) → R è

ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

u(ξ, 0) = u0(ξ),
∂u

∂t
(ξ, 0) = u1(ξ), ξ ∈ Ω, (2.5.1)

BjΛ
pu(ξ, t) = 0, p = 0, 1, . . . , ν0 − 1, j = 1, 2, . . . , ρ, (ξ, t) ∈ ∂Ω× (0, T ],

(2.5.2)

P1(Λ)D
α
t u(ξ, t) =

n∑
k=1

P k
2 (Λ)D

αk
t u(ξ, t) + h(ξ, t), (ξ, t) ∈ Ω× (0, T ]. (2.5.3)

Ïîëîæèì X = {v ∈ H2ρν1(Ω) : BjΛ
pv(ξ) = 0, p = 0, 1, . . . , ν1 − 1, j =

1, 2, . . . , ρ, ξ ∈ ∂Ω}, Y = L2(Ω), L = P1(Λ) ∈ L(X ;Y), Mk = P k
2 (Λ) ∈



76

Cl(X ;Y), DMk
= {v ∈ H2ρνk2 (Ω) : BjΛ

pv(ξ) = 0, p = 0, 1, . . . , νk2 − 1, j =

1, 2, . . . , ρ, ξ ∈ ∂Ω}, k = 1, 2, . . . , n.

Åñëè P1(λs) ̸= 0 äëÿ âñåõ s ∈ N, òî ñóùåñòâóåò îáðàòíûé îïåðàòîð

L−1 ∈ L(Y ;X ) è çàäà÷à (2.5.1)�(2.5.3) ïðåäñòàâèìà â âèäå çàäà÷è (2.2.1),

(2.2.2), ãäå Z = X , Ak = L−1Mk ∈ Cl(Z), k = 1, 2, . . . , n, f(t) = L−1h(·, t),
z0 = u0(·), z1 = u1(·). Ïîýòîìó D = {v ∈ H2ρν0(Ω) : BjΛ

pv(ξ) = 0, p =

0, 1, . . . , ν0 − 1, j = 1, 2, . . . , ρ, ξ ∈ ∂Ω} � ïëîòíîå â X ìíîæåñòâî.

Ëåììà 2.5.1. Ïóñòü â óñëîâèÿõ äàííîãî ïàðàãðàôà ν0 > ν1, α ∈ (0, 2), α −
α1 < 2 è âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

(i) â ñëó÷àå íå÷åòíîãî ν0 − ν1 ïðè ν
k
2 = ν0 âûïîëíÿåòñÿ b

k
νk2
/aν1 > 0;

(ii) â ñëó÷àå ÷åòíîãî ν0 − ν1 ïðè ν
k
2 = ν0 âûïîëíÿåòñÿ b

k
νk2
/aν1 < 0.

Òîãäà (A1, A2, . . . , An) ∈ An
α,G.

Äîêàçàòåëüñòâî. Äëÿ v ∈ D(
λαI −

n∑
k=1

λαkAk

)
v =

∞∑
s=1

λαQs(λ)⟨v, φs⟩φs,

ãäå

Qs(λ) := 1−
n∑
k=1

λαk−αP
k
2 (λs)

P1(λs)
.

Ïðè ôèêñèðîâàííîì s ∈ N lim
|λ|→∞

Qs(λ) = 1. Âûáåðåì äëÿ N ∈ N íàñòîëüêî

áîëüøîå R > 0, ÷òî |Qs(λ)| ≥ 1/2 ïðè s = 1, 2, . . . , N , |λ| > R.

Òàê êàê lim
s→∞

λs = −∞, ïðè s→ ∞

P k
2 (λs)

P1(λs)
∼ a−1

ν1
bkνk2
λν

k
2−ν1
s , k = 1, 2, . . . , n,

ïîýòîìó äëÿ ôèêñèðîâàííîãî λ ïðè s→ ∞

Qs(λ) ∼ 1−
∑
νk2=ν0

λαk−αa−1
ν1
bkνk2
λν0−ν1s . (2.5.4)

Ïðè äîñòàòî÷íî áîëüøèõ s λs < 0 â ñèëó ñâîéñòâ σ(Λ1), ïîýòîìó â ñèëó

óñëîâèé (i), (ii) äàííîé ëåììû âñå êîýôôèöèåíòû ïðè ñòåïåíÿõ λ â âûðàæåíèè
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(2.5.4) îòðèöàòåëüíûå. Âûáåðåì a0 > R è θ0 ∈ (π/2, π/(α − α1)) òàêèìè,

÷òîáû øàð BR := {λ ∈ C : |λ| ≤ R} ëåæàë ñëåâà îò ñåêòîðà Sθ0,a0. Òîãäà

ïðè λ ∈ Sθ0,a0, ïîñêîëüêó ìíîæåñòâà (Sθ0,a0)
αk−α, k = 1, 2, . . . , n, ÿâëÿþòñÿ

ïîäìíîæåñòâàìè ñåêòîðà S(α−α1)θ0,0, èìååì

|Qs(λ)| ≥ dist(−1, S(α−α1)θ0,0) = sin(π − (α− α1)θ0) = sin((α− α1)θ0) > 0.

Òàêèì îáðàçîì, äëÿ êàæäîãî λ ∈ Sθ0,a0∥∥∥∥∥
(
λαI −

n∑
k=1

λαkAk

)
v

∥∥∥∥∥
X

≥ sin((α− α1)θ0)|λ|α∥v∥X ,

ñëåäîâàòåëüíî, ñóùåñòâóåò îáðàòíûé îïåðàòîð Rλ =

(
λαI −

n∑
k=1

λαkAk

)−1

∈

L(X ) è äëÿ êàæäîãî λ ∈ Sθ0,a0 ∥Rλ∥L(X ) ≤ C
|λ|α−1|λ−a| .

Äëÿ v ∈ D, λ ∈ Sθ0,a0 èìååì ïðè l = 0, 1, . . . ,m− 1∥∥∥∥Rλ

(
I −

n∑
k=nl

λαk−αAk

)
v

∥∥∥∥2
X
≤

≤ C1

∞∑
s=1

2

(
1 +

n∑
k=nl

|λ|2(αk−α) |P
k
2 (λs)|2

|P1(λs)|2

)
(1 + λ2ν1s )|⟨v, φs⟩|2

|λ|2α|Qs(λ)|2
≤

∞∑
s=1

C2|λs|2(ν0−ν1)
(
|λs|−2(ν0−ν1) +

∑
νj2=ν0

|aν1|−2|bj
νj2
|2|λ|2(αk−α)

)
(1 + λ2ν1s )|⟨v, φs⟩|2

|λ|2α|λs|2(ν0−ν1)
∣∣∣∣λ−(ν0−ν1)

s −
∑
νj2=ν0

a−1
ν1
bj
νj2
λαk−α

∣∣∣∣2

≤
∞∑
k=1

C3(1 + λ2ν1s )|⟨v, φk⟩|2

|λ|2(α−1)|λ− a|2
≤ C3∥v∥2X

|λ|2(α−1)|λ− a|2
.

Â ñèëó òåîðåìû 2.2.1 ïðè ëþáûõ ul ∈ X , l = 0, 1, . . . ,m−1, ïðè óñëîâèè

h ∈ Cγ([t0, T ];L2(Ω)), γ ∈ (0, 1], ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è

(2.5.1)�(2.5.3).
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Ïðèìåð. Âîçüìåì P1(λ) = λ2, P 1
2 (λ) = b, P 2

2 (λ) = c0+c1λ
3, d = 1, Ω = (0, π),

ρ = 1, Λu = ∂2u
∂ξ2 , B1 = I, α1 = 1/4, α2 = 1, α = 3/2, h ≡ 0. Òîãäà m = 2 è

çàäà÷à (2.5.1)�(2.5.3) èìååò âèä

∂4

∂ξ4
D

3/2
t u(ξ, t) = bD

1/4
t u(ξ, t) +

(
c0 + c1

∂6

∂ξ6

)
D1
tu(ξ, t), (ξ, t) ∈ (0, π)× R+,

u(0, t) = u(π, t) =
∂2u

∂ξ2
(0, t) =

∂2u

∂ξ2
(π, t) =

∂4u

∂ξ4
(0, t) =

∂4u

∂ξ4
(π, t) = 0, t ∈ R+,

u(ξ, 0) = u0(ξ),
∂u

∂t
(ξ, 0) = u1(ξ), ξ ∈ (0, π).

2.5.2. Îäèí êëàññ íà÷àëüíî-êðàåâûõ çàäà÷

äëÿ êâàçèëèíåéíûõ óðàâíåíèé

Ðàññìîòðèì òåïåðü íà÷àëüíî-êðàåâóþ çàäà÷ó

∂lu

∂tl
(ξ, 0) = ul(ξ), l = 0, 1, . . . ,m− 1, ξ ∈ Ω, (2.5.5)

BjΛ
pu(ξ, t) = 0, p = 0, 1, . . . , ν0 − 1, j = 1, 2, . . . , ρ, (ξ, t) ∈ ∂Ω× (0, T ],

(2.5.6)

P1(Λ)D
α
t u(ξ, t) =

n∑
k=1

P k
2 (Λ)D

αk
t u(ξ, t)+

+H(ξ,Dγ1
t u(ξ, t), D

γ2
t u(ξ, t), . . . , D

γr
t u(ξ, t)), (ξ, t) ∈ Ω× (0, T ],

(2.5.7)

ïðè H : Ω× Rr → R, ν1 < ν0.

Ïîëîæèì X := {v ∈ H2ρν1+ρ0(Ω) : BjΛ
pv(ξ) = 0, j = 1, 2, . . . , ρ, p =

0, 1, . . . , ν1 − 1, ξ ∈ ∂Ω}, ρ0 ∈ N, Y := Hρ0(Ω); L := P1(Λ) ∈ L(X ;Y), Mk :=

P k
2 (Λ) ∈ Cl(X ;Y), DMk

= {v ∈ H2ρνk2 (Ω) : BjΛ
pv(ξ) = 0, j = 1, 2, . . . , ρ, p =

0, 1, . . . , νk2 − 1, ξ ∈ ∂Ω}, k = 1, 2, . . . , n.

Åñëè P1(λs) ̸= 0 äëÿ âñåõ s ∈ N, òî çàäà÷à (2.5.5)�(2.5.7) èìååò âèä

(2.3.1), (2.3.2), ãäå Z = X , Ak = L−1Mk ∈ Cl(Z), k = 1, 2, . . . , n, zl = ul(·),
l = 0, 1, . . . ,m− 1, B(y1, y2, . . . , yr) = L−1H(·, y1, y2, . . . , yr).

Òåîðåìà 2.5.1. Ïóñòü α1 < α2 < · · · < αn ≤ 1 < α < 2, α−α1 < 2, γ1 < γ2 <

· · · < γr < α, B1 = I, ñïåêòð σ(A1) íå ñîäåðæèò íà÷àëà êîîðäèíàò è íóëåé
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ìíîãî÷ëåíà P1, 2ρν1+ρ0 > d/2, ul ∈ X , l = 0, 1, . . . ,m−1, H ∈ C∞(Ω×Rr;R),
ν0 > ν1 è âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

(i) â ñëó÷àå íå÷åòíîãî ν0 − ν1 ïðè ν
k
2 = ν0 âûïîëíÿåòñÿ b

k
νk2
/aν1 > 0;

(ii) â ñëó÷àå ÷åòíîãî ν0 − ν1 ïðè ν
k
2 = ν0 âûïîëíÿåòñÿ b

k
νk2
/aν1 < 0.

Òîãäà äëÿ íåêîòîðîãî t1 > t0 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çà-

äà÷è (2.5.5)�(2.5.7). Åñëè âñå ÷àñòíûå ïðîèçâîäíûå H ïî yi, i = 1, 2, . . . , r,

îãðàíè÷åíû, òî åäèíñòâåííîå ðåøåíèå çàäà÷è (2.5.5)�(2.5.7) ñóùåñòâóåò íà

âñåì îòðåçêå [t0, T ].

Äîêàçàòåëüñòâî. Ðàññóæäàÿ, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.7.2, ñ èñ-

ïîëüçîâàíèåì òåîðåì 1.4.1, 2.5.1, 2.3.1 è 2.4.1 ïîëó÷èì òðåáóåìîå.

Ïðèìåð. Â óñëîâèÿõ ïðèìåðà èç ïðåäûäóùåãî ðàçäåëà íà÷àëüíî-êðàåâàÿ

çàäà÷à

u(0, t) = u(π, t) =
∂2u

∂ξ2
(0, t) =

∂2u

∂ξ2
(π, t) =

∂4u

∂ξ4
(0, t) =

∂4u

∂ξ4
(π, t) = 0, t ∈ (0, T ],

u(ξ, 0) = u0(ξ),
∂u

∂t
(ξ, 0) = u1(ξ),

∂2u

∂t2
(ξ, 0) = u2(ξ), ξ ∈ (0, π),

äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ

∂4

∂ξ4
D

3/2
t u(ξ, t) = bD

1/4
t u(ξ, t) +

(
c0 + c1

∂6

∂ξ6

)
D1
tu(ξ, t)+

+d1 cosD
−7/2
t u(ξ, t) + d2 arctgD

4/3
t u(ξ, t), (ξ, t) ∈ (0, π)× (0, T ],

îäíîçíà÷íî ðàçðåøèìà íà âñåì îòðåçêå [0, T ].

2.5.3. Íåêîòîðûå íà÷àëüíî-êðàåâûå çàäà÷è

äëÿ ñèñòåì óðàâíåíèé äèíàìèêè âÿçêîóïðóãèõ ñðåä

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

∂lv

∂tl
(ξ, 0) = vl(ξ), ξ ∈ Ω, l = 0, 1, . . . ,m− 1, (2.5.8)

v(ξ, t) = 0, (ξ, t) ∈ ∂Ω× (0, T ], (2.5.9)
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Dα
t v(ξ, t) = χ∆Dβ

t v(ξ, t) + ν∆Dγ
t v(ξ, t) + κ∆Dδ

t v(ξ, t)− r(ξ, t)+

+h(ξ, t), (ξ, t) ∈ Ω× (0, T ],
(2.5.10)

∇ · v(ξ, t) = 0, (ξ, t) ∈ Ω× (0, T ], (2.5.11)

â îãðàíè÷åííîé îáëàñòè Ω ⊂ Rd ñ ãëàäêîé ãðàíèöåé ∂Ω, χ, ν, κ ∈ R, m− 1 <

α ≤ m ∈ {1, 2}, α, β, γ, δ ∈ R, íåêîòîðûå èç ÷èñåë α, β, γ, δ ìîãóò áûòü

îòðèöàòåëüíûìè. Çäåñü ñêîðîñòü v = (v1, v2, . . . , vd) è ãðàäèåíò äàâëåíèÿ r =

(r1, r2, . . . , rd) = ∇p íåèçâåñòíû, ôóíêöèÿ h : Ω× [0, T ] → Rd çàäàíà.

Åñëè α = β = 1, γ = 0, δ < 0, òî ñèñòåìà (2.5.10), (2.5.11) ÿâëÿåò-

ñÿ ëèíåàðèçàöèåé îáîáùåííîé ñèñòåìû Îñêîëêîâà äèíàìèêè âÿçêîóïðóãîé

æèäêîñòè ñ ÿäðîì K(s, t) = κ(t − s)−δ−1/Γ(−δ) â èíòåãðàëüíîì îïåðàòîðå

(ñì. ñèñòåìó (2.1.1), (2.1.2) â [122]). Ïðè α = 1, β > 0, γ = 0, κ = 0 ýòî áóäåò

ëèíåàðèçîâàííàÿ ñèñòåìà äèíàìèêè æèäêîñòè Êåëüâèíà � Ôîéãòà (ñì. [103]

äëÿ β = 1 è [95] äëÿ äðîáíîãî β > 0; åñëè, êðîìå òîãî, ν = 0, òî (2.5.10),

(2.5.11) � ëèíåàðèçîâàííàÿ ñèñòåìà äèíàìèêè æèäêîñòè Ñêîòòà-Áëýðà.

Ïîëîæèì L2 := (L2(Ω))
d, H1 := (H1(Ω))d, H2 := (H2(Ω))d, çàìêíóòîå

ïîäïðîñòðàíñòâî L := {z ∈ (C∞
0 (Ω))d : ∇ · z = 0} â íîðìå ïðîñòðàíñòâà L2

îáîçíà÷èì ÷åðåç Hσ, à â íîðìå H1 � ÷åðåç H1
σ. Ââåäåì îáîçíà÷åíèå H2

σ :=

H1
σ ∩H2, ÷åðåç Hπ îáîçíà÷èì îðòîãîíàëüíîå äîïîëíåíèå ê Hσ â ïðîñòðàíñòâå

L2, Σ : L2 → Hσ, Π = I − Σ : L2 → Hπ � ñîîòâåòñòâóþùèå îðòîïðîåêòîðû.

Îïåðàòîð B := Σ∆, ïðîäîëæåííûé äî çàìêíóòîãî îïåðàòîðà â Hσ ñ

îáëàñòüþ îïðåäåëåíèÿ H2
σ, èìååò âåùåñòâåííûé îòðèöàòåëüíûé äèñêðåòíûé

êîíå÷íîêðàòíûé ñïåêòð, êîòîðûé ñãóùàåòñÿ òîëüêî ïðè −∞ [24].

Ñèñòåìà (2.5.10), (2.5.11) ýêâèâàëåíòíà óðàâíåíèþ

Dα
t v(ξ, t) = χBDβ

t v(ξ, t) + νBDγ
t v(ξ, t) + κBDδ

t v(ξ, t) + Σh(ξ, t),

(ξ, t) ∈ Ω× (0, T ],
(2.5.12)

ïðè

r(ξ, t) = χΠ∆Dβ
t v(ξ, t) + νΠ∆Dγ

t v(ξ, t) + κΠ∆Dδ
t v(ξ, t) + Πh(ξ, t),

(ξ, t) ∈ Ω× (0, T ].
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Ïîýòîìó áóäåì ðàññìàòðèâàòü çàäà÷ó (2.5.8), (2.5.9), (2.5.12).

Åñëè α > β > γ > δ, m − 1 < α ≤ m ∈ {1, 2}, α − δ < 2, òî âîçü-

ìåì X = Hσ, A1 = κB, A2 = νB, A3 = χB ÿâëÿþòñÿ çàìêíóòûìè ïëîòíî

îïðåäåëåííûìè îïåðàòîðàìè, D = DB = H2
σ. Ïî àíàëîãèè ñ äîêàçàòåëüñòâîì

ëåììû 2.5.1, èñïîëüçóÿ ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì, íåòðóäíî ïî-

êàçàòü, ÷òî ïðè χ, ν, κ > 0 âûïîëíÿåòñÿ âêëþ÷åíèå (A1, A2, A3) ∈ A3
α,G è ïî

òåîðåìå 2.2.1 äëÿ ëþáûõ v0, v1 ∈ H2
σ, Σh ∈ Cγ([0, T ];Hσ), γ ∈ (0, 1], ñóùå-

ñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (2.5.8), (2.5.9), (2.5.12). Ñëåäîâàòåëüíî,

(2.5.8)�(2.5.11) òàêæå èìååò åäèíñòâåííîå ðåøåíèå.

Ïóñòü β > α > γ > δ, m−1 < α ≤ m ∈ N, χ, ν, κ ∈ R, òîãäà, ïîñêîëüêó
ñïåêòð îïåðàòîðà B íå ñîäåðæèò íóëÿ, ïåðåïèøåì (2.5.12) â âèäå

Dβ
t v(ξ, t) = χ−1B−1Dα

t v(ξ, t)− χ−1νDγ
t v(ξ, t)− χ−1κDδ

t v(ξ, t)−B−1Σh(ξ, t).

Ïîëîæèì X = Hσ, A1 = χ−1B−1, A2 = −χ−1νI, A3 = −χ−1κI � îãðà-

íè÷åííûå îïåðàòîðû è ïî òåîðåìå 1.3.1 äëÿ ëþáûõ v0, v1 ∈ Hσ ïðè Σh ∈
C([0, T ];Hσ) çàäà÷à (2.5.8), (2.5.9), (2.5.12), à çíà÷èò, è çàäà÷à (2.5.8)�(2.5.11)

èìååò åäèíñòâåííîå ðåøåíèå.
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3. Âûðîæäåííûå ýâîëþöèîííûå óðàâíåíèÿ

ñ ïðîèçâîäíûìè Ãåðàñèìîâà � Êàïóòî

Â òðåòüåé ãëàâå èññëåäîâàíû âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøå-

íèÿ íà÷àëüíûõ çàäà÷ äëÿ óðàâíåíèé ñ íåñêîëüêèìè äðîáíûìè ïðîèçâîäíûìè

Ãåðàñèìîâà � Êàïóòî è ñ âûðîæäåííûì îïåðàòîðîì ïðè ñòàðøåé èç íèõ. Íî-

âèçíà èñïîëüçóåìîãî ïîäõîäà ñîñòîèò â ñëåäóþùåì.

Âûðîæäåííîå óðàâíåíèå ñ îäíîé ïðîèçâîäíîé â ðàáîòàõ ïðåäøåñòâåí-

íèêîâ ñîäåðæèò äâà îïåðàòîðà (ïðè ïðîèçâîäíîé è ïðè èñêîìîé ôóíêöèè)

è ïî ýòèì îïåðàòîðàì ñòðîÿòñÿ ïàðû èíâàðèàíòíûõ ïîäïðîñòðàíñòâ (â äâóõ

ïðîñòðàíñòâàõ X è Y , îòêóäà (X ) è êóäà (Y) äåéñòâóþò îïåðàòîðû), ÷òî

ïîäðàçóìåâàåò ñîãëàñîâàííîå ñ ïîäïðîñòðàíñòâàìè äåéñòâèå îïåðàòîðîâ èç

óðàâíåíèÿ. Èñõîäíîå óðàâíåíèå ñ èñïîëüçîâàíèåì ïàð ïîäïðîñòðàíñòâ ðåäó-

öèðóåòñÿ ê ñèñòåìå äâóõ óðàâíåíèé íà äâóõ ïîäïðîñòðàíñòâàõ, îäíî èç êî-

òîðûõ ÿâëÿåòñÿ íåâûðîæäåííûì, à âòîðîå âûðîæäåííîå, íî èìååò ïðîñòóþ

ñòðóêòóðó, íàïðèìåð, âîîáùå íå ñîäåðæèò ïðîèçâîäíûõ, ÿâëÿåòñÿ àëãåáðàè-

÷åñêèì.

Â ñëó÷àå æå íåñêîëüêèõ îïåðàòîðîâ â óðàâíåíèè ïåðâàÿ ìûñëü � ïî-

ñòðîèòü àíàëîãè÷íûå ïîäïðîñòðàíñòâà ïî âñåìó íàáîðó îïåðàòîðîâ. Îäíàêî

ýòî îêàçàëîñü íåâîçìîæíûì èç àëãåáðàè÷åñêèõ ñîîáðàæåíèé (íåâîçìîæíî ïî-

ñòðîèòü àíàëîãè÷íûå ñëó÷àþ äâóõ îïåðàòîðîâ ïðîåêòîðû â ñèëó ïðèíöèïè-

àëüíîãî îòñóòñòâèÿ àíàëîãà ðåçîëüâåíòíîãî òîæäåñòâà äëÿ ïó÷êîâ íåñêîëü-

êèõ îïåðàòîðîâ). Íîâèçíà ïîäõîäà äàííîé ðàáîòû ñîñòîèò â òîì, ÷òî ïàðû èí-

âàðèàíòíûõ ïîäïðîñòðàíñòâ ñòðîÿòñÿ ïî ïàðå îïåðàòîðîâ ïðè äâóõ ñòàðøèõ

ïðîèçâîäíûõ, à äåéñòâèå îñòàëüíûõ îïåðàòîðîâ ñîãëàñîâûâàåòñÿ ñ ïîëó÷åí-

íûìè ïîäïðîñòðàíñòâàìè äîïîëíèòåëüíûìè óñëîâèÿìè. Ïðè÷åì ïðåäëîæåíû

òàêèå óñëîâèÿ ñîãëàñîâàíèÿ äîâîëüíî îáùåãî âèäà, ïðîâåðêà âûïîëíåíèÿ êî-

òîðûõ îñóùåñòâëåíà, íàïðèìåð, â çàäà÷å äëÿ ñèñòåìû óðàâíåíèé òåðìîêîí-

âåêöèè â âÿçêîóïðóãîé ñðåäå. Â èòîãå èñõîäíîå âûðîæäåííîå óðàâíåíèå ðå-
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äóöèðóåòñÿ ê ñèñòåìå äâóõ íåâûðîæäåííûõ óðàâíåíèé íà äâóõ ïîäïðîñòðàí-

ñòâàõ.

Òàêîé ïîäõîä îñóùåñòâëåí è â ñëó÷àå ñïåêòðàëüíî îãðàíè÷åííîé ïàðû

îïåðàòîðîâ ïðè ñòàðøèõ ïðîèçâîäíûõ è â ñëó÷àå ñåêòîðèàëüíîé ïàðû, åãî

ìîæíî íàçâàòü ïðèíöèïèàëüíî íîâûì. Ïîñêîëüêó ïîëó÷àåìûå äâà óðàâíå-

íèÿ èìåþò ðàçíûé ïîðÿäîê, òî íà÷àëüíàÿ çàäà÷à äëÿ èñõîäíîãî óðàâíåíèÿ

èìååò äîâîëüíî ýêçîòè÷åñêèé âèä: íåñêîëüêî ìëàäøèõ óñëîâèé Êîøè çàäàåò-

ñÿ äëÿ âñåé èñêîìîé ôóíêöèè, à íà÷àëüíûå óñëîâèÿ äëÿ íåñêîëüêèõ ñòàðøèõ

ïðîèçâîäíûõ çàäàíû, âîîáùå ãîâîðÿ, íå äëÿ âñåé ôóíêöèè, à òîëüêî äëÿ åå

ïðîåêöèè íà îäíî èç ïîäïðîñòðàíñòâ.

3.1. Âûðîæäåííûå ëèíåéíûå óðàâíåíèÿ

ñî ñïåêòðàëüíî îãðàíè÷åííîé ïàðîé îïåðàòîðîâ

Áóäåì ïðåäïîëàãàòü, ÷òî n ∈ N, L,M1,M2, . . . ,Mn−1 ∈ L(X ;Y), kerL ̸= {0},
Mn ∈ Cl(X ;Y),DMn

� îáëàñòü îïðåäåëåíèÿ îïåðàòîðàMn, íà êîòîðîé çàäàíà

íîðìà ãðàôèêà ∥ · ∥DMn
:= ∥ · ∥X + ∥Mn · ∥Y . Îáîçíà÷èì ρL(Mn) := {µ ∈ C :

(µL−Mn)
−1 ∈ L(Y ;X )}, RL

µ(Mn) := (µL−Mn)
−1L, LLµ(Mn) := L(µL−Mn)

−1.

Îïåðàòîð Mn íàçûâàåòñÿ (L, σ)-îãðàíè÷åííûì, åñëè

∃a > 0 ∀µ ∈ C (|µ| > a) ⇒ (µ ∈ ρL(Mn)) .

Â ýòîì ñëó÷àå ïàðó îïåðàòîðîâ (L,Mn) áóäåì òàêæå íàçûâàòü ñïåêòðàëüíî

îãðàíè÷åííîé.

Â ñëó÷àå (L, σ)-îãðàíè÷åííîñòè îïåðàòîðà Mn îïðåäåëèì ïðîåêòîðû

P :=
1

2πi

∫
γ

RL
µ(Mn)dµ ∈ L(X ), Q :=

1

2πi

∫
γ

LLµ(Mn) dµ ∈ L(Y), (3.1.1)

ãäå γ := {µ ∈ C : |µ| = r > a} (ñì. [119, ñ. 89, 90]). Ïîëîæèì X 0 := kerP ,

X 1 := imP , Y0 := kerQ, Y1 := imQ. Îáîçíà÷èì äëÿ êðàòêîñòè P0 := I −
P , Q0 := I − Q, ÷åðåç Lq (Mk,q) îáîçíà÷èì ñóæåíèå îïåðàòîðà L (Mk) íà
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X q (DMn,q
:= DMn

∩ X r ïðè k = n), q = 0, 1, k = 1, 2, . . . , n. Ïðè ýòîì

èçâåñòíî (ñì. [119, ñ. 90, 91]), ÷òî LP = QL, MnPx = QMnx äëÿ x ∈ DMn
,

ïîýòîìóMn,1 ∈ L
(
X 1;Y1

)
,Mn,0 ∈ Cl

(
X 0;Y0

)
, Lq ∈ L

(
X q;Yq

)
, q = 0, 1; êðîìå

òîãî, â ðàññìàòðèâàåìîé ñèòóàöèè ñóùåñòâóþò îïåðàòîðû M−1
n,0 ∈ L

(
Y0;X 0

)
,

L−1
1 ∈ L

(
Y1;X 1

)
. Îïåðàòîð Mn áóäåì íàçûâàòü (L, 0)-îãðàíè÷åííûì, åñëè

L0 � íóëåâîé îïåðàòîð.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó

x(l)(0) = xl, l = 0, 1, . . . ,mn − 1,

(Px)(l)(0) = xl, l = mn,mn + 1, . . . ,m− 1,
(3.1.2)

äëÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà

Dα
t Lx(t) =

n∑
k=1

MkD
αk
t x(t) + g(t), (3.1.3)

êîòîðîå íàçûâàåòñÿ âûðîæäåííûì â ñëó÷àå kerL ̸= {0}. Ïðåäïîëàãàåòñÿ, ÷òî,
êàê è ïðåæäå, α1 < α2 < ... < αn < α, m − 1 < α ≤ m ∈ N, mk − 1 < αk ≤
mk ∈ Z, k = 1, 2, . . . , n, g ∈ ([0, T ];Y).

Ðåøåíèåì çàäà÷è (3.1.2), (3.1.3) áóäåì íàçûâàòü òàêóþ ôóíêöèþ x ∈
ACmn([0, T ];X ), äëÿ êîòîðîé Px ∈ ACm([0, T ];X ), Dαk

t x ∈ C([0, T ];X ), k =

1, 2 . . . , n, Dα
t Lx,MnD

αn
t x ∈ C([0, T ];Y), âûïîëíÿþòñÿ ðàâåíñòâà (3.1.2) è

(3.1.3) ïðè âñåõ t ∈ [0, T ].

Çàìå÷àíèå 3.1.1. Çàìåòèì, ÷òî ïðè óñëîâèè (L, 0)-îãðàíè÷åííîñòè îïåðà-

òîðà Mn ãëàäêîñòü ôóíêöèè Px òàêàÿ æå, êàê ó ôóíêöèè Lx, ïîñêîëüêó

Px = L−1
1 Lx, Lx = LPx.

Òåîðåìà 3.1.1. Ïóñòü α1 < α2 < ... < αn < α, m−1 < α ≤ m ∈ N, mk−1 <

αk ≤ mk ∈ Z, k = 1, 2, . . . , n, L,Mk ∈ L(X ;Y), k = 1, 2, . . . , n − 1, Mn ∈
Cl(X ;Y) (L, 0)-îãðàíè÷åí, MkP = QMk, k = 1, 2, . . . , n − 1, g ∈ C([0, T ];Y),

xl ∈ X ïðè l = 0, 1, . . . ,mn − 1, xl ∈ X 1, l = mn,mn + 1, . . . ,m − 1. Òîãäà

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.1.2), (3.1.3).
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Äîêàçàòåëüñòâî. Íåòðóäíî ïîêàçàòü, ÷òî èç óñëîâèé MkP = QMk ïðè k =

1, 2, . . . , n−1 ñðàçó ñëåäóåò, ÷òîMk,q ∈ L
(
X q;Yq

)
, q = 0, 1, k = 1, 2, . . . , n−1.

Ïîäåéñòâóåì íà (3.1.3) îïåðàòîðîì L−1
1 Q ∈ L(Y ;X 1) è ïîëó÷èì óðàâ-

íåíèå

Dα
t v(t) =

n∑
k=1

L−1
1 MkD

αk
t v(t) + L−1

1 Qg(t), (3.1.4)

ãäå v(t) = Px(t). Åñëè æå àíàëîãè÷íûì îáðàçîì èñïîëüçóåì îïåðàòîðM−1
n,0Q0 ∈

L(Y ;X 0), òî ïîëó÷èòñÿ óðàâíåíèå

Dαn
t w(t) = −

n−1∑
k=1

M−1
n,0MkD

αk
t w(t)−M−1

n,0Q0g(t), (3.1.5)

w(t) = P0x(t). Ïðè ýòîì èñïîëüçîâàíû ðàâåíñòâàMkP0 =Mk−QMk = Q0Mk,

k = 1, 2, . . . , n− 1.

Óðàâíåíèÿ (3.1.4) è (3.1.5) ñíàáæåíû íà÷àëüíûìè óñëîâèÿìè

v(l)(0) = Pxl, l = 0, 1, . . . ,m− 1, (3.1.6)

w(l)(0) = P0xl, l = 0, 1, . . . ,mn − 1. (3.1.7)

Ïî òåîðåìå 1.3.1 êàæäàÿ èç çàäà÷ (3.1.4), (3.1.6) è (3.1.5), (3.1.7) èìååò åäèí-

ñòâåííîå ðåøåíèå, ïðè ýòîì îíî èìååò âèä ñîîòâåòñòâåííî

v(t) =
m−1∑
l=0

Xl,1(t)Pxl +

t∫
0

X1(t− s)L−1
1 Qg(s)ds

è

w(t) = −
mn−1∑
l=0

Xl,0(t)P0xl −
t∫

0

X0(t− s)M−1
n,0Q0g(s)ds,

ãäå äëÿ t > 0

Xl,1(t) :=
1

2πi

∫
γ1

(
λαI −

n∑
k=1

λαkL−1
1 Mk,1

)−1

×

×

(
λα−l−1I −

n∑
k=nl

λαk−l−1L−1
1 Mk,1

)
eλtdλ, l = 0, 1, . . . ,m− 1,
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X1(t) :=
1

2πi

∫
γ1

(
λαI −

n∑
k=1

λαkL−1
1 Mk,1

)−1

eλtdλ,

Xl,0(t) :=
1

2πi

∫
γ0

(
λαnI −

n−1∑
k=1

λαkM−1
n,0Mk,0

)−1

×

×

λαn−l−1I −
n−1∑

k=(n−1)l

λαk−l−1M−1
n,0Mk,0

 eλtdλ, l = 0, 1, . . . ,mn − 1,

X0(t) :=
1

2πi

∫
γ0

(
λαnI −

n−1∑
k=1

λαkM−1
n,0Mk,0

)−1

eλtdλ.

×èñëà (n−1)l îïðåäåëÿþòñÿ çäåñü ïî α1, α2, . . . , αn−1,mn òàê æå, êàê nl îïðå-

äåëåíû ÷åðåç α1, α2, . . . , αn,m. Êîíòóðû γ1, γ0 ñòðîÿòñÿ òàê æå, êàê êîíòóð

γ äëÿ íåâûðîæäåííîãî ñëó÷àÿ (ñì. �1.2), íî ñ èñïîëüçîâàíèåì âìåñòî r0 êîí-

ñòàíòû

r0,1 :=
(
max

{
1, 2n

∥∥L−1
1 Mk,1

∥∥
L(X 1)

: k = 1, 2, . . . , n
}) 1

α−αn
,

r0,0 :=
(
max

{
1, 2(n− 1)

∥∥M−1
n,0Mk,0

∥∥
L(X 0)

: k = 1, 2, . . . , n− 1
}) 1

αn−αn−1

ñîîòâåòñòâåííî.

Çàìå÷àíèå 3.1.2. Èç äîêàçàòåëüñòâà òåîðåìû 3.1.1 ñëåäóåò, ÷òî çàäà÷à Êî-

øè

x(l)(0) = xl, l = 0, 1, . . . ,m− 1,

äëÿ óðàâíåíèÿ (3.1.3) ðàçðåøèìà ëèøü ïðè âûïîëíåíèè äîïîëíèòåëüíûõ óñëî-

âèé

xmn+l = w(mn+l)(0), l = 0, 1, . . . ,m−mn − 1,

ñâÿçûâàþùèõ ìåæäó ñîáîé íà÷àëüíûå äàííûå çàäà÷è.

Çàìå÷àíèå 3.1.3. Íåòðóäíî çàìåòèòü, ÷òî åñëè îïåðàòîðMn (L, 0)-îãðàíè÷åí,

óñëîâèÿ (Px)(l)(0) = xl ∈ X 1 ïðè l = mn,mn + 1, . . . ,m − 1 ýêâèâàëåíòíû

óñëîâèÿì (Lx)(l)(0) = yl = Lxl ∈ Y1.
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3.2. Âûðîæäåííûå êâàçèëèíåéíûå óðàâíåíèÿ

ñî ñïåêòðàëüíî îãðàíè÷åííîé ïàðîé îïåðàòîðîâ

Ðàññìîòðèì òåïåðü íà÷àëüíóþ çàäà÷ó

x(l)(t0) = xl, l = 0, 1, . . . ,mn − 1,

(Px)(l)(t0) = xl, l = mn,mn + 1, . . . ,m− 1,
(3.2.1)

äëÿ âûðîæäåííîãî êâàçèëèíåéíîãî óðàâíåíèÿ

Dα
t Lx(t) =

n∑
k=1

MkD
αk
t x(t) +N(t,Dγ1

t x(t), D
γ2
t x(t), . . . , D

γr
t x(t)), (3.2.2)

ò. å. â ñëó÷àå kerL ̸= {0}. Ïðåäïîëàãàåòñÿ, êàê ïðåæäå, n, r ∈ N, m−1 < α ≤
m ∈ N, α1 < α2 < · · · < αn < α, mk − 1 < αk ≤ mk ∈ Z, k = 1, 2, . . . , n,

γ1 < γ2 < · · · < γr < α, U � îòêðûòîå ìíîæåñòâî â R×X r, N ∈ C(U,Z).

Ðåøåíèåì çàäà÷è (3.2.1), (3.2.2) íà îòðåçêå [t0, t1] íàçîâåì ôóíêöèþ

x ∈ ACmn([t0, t1];X ), äëÿ êîòîðîé Px ∈ ACm([t0, t1];X ), Dα
t Lx,MnD

αn
t x ∈

C([t0, t1];Y), Dαk
t x ∈ C([t0, t1];X ), k = 1, 2 . . . , n, Dγi

t x ∈ C([t0, t1];X ), i =

1, 2, . . . , r, âûïîëíåíû âêëþ÷åíèå (t,Dγ1
t x(t), D

γ2
t x(t), . . . , D

γr
t x(t)) ∈ U , ðà-

âåíñòâî (3.2.2) äëÿ âñåõ t ∈ [t0, t1] è óñëîâèÿ (3.2.1).

Îáîçíà÷èì V = U ∩ (R× (X 1)r), ṽi := Dγi
t |t=t0ṽ(t), i = 1, 2, . . . , r, ãäå

ṽ(t) := Px0 + (t− t0)Px1 +
(t− t0)

2

2!
Px2 + · · ·+ (t− t0)

m−1

(m− 1)!
Pxm−1.

Òåîðåìà 3.2.1. Ïóñòü îïåðàòîð Mn ∈ Cl(X ;Y) (L, 0)-îãðàíè÷åí, MkP =

QMk, k = 1, 2, . . . , n − 1, N : U → Y, äëÿ êàæäîãî (t, z1, z2, . . . , zr) ∈ U ,

òàêîãî, ÷òî (t, Pz1, P z2, . . . , P zr) ∈ U , âûïîëíÿåòñÿ N(t, z1, z2, . . . , zr) =

N1(t, Pz1, P z2, . . . , P zr) äëÿ íåêîòîðîãî îïåðàòîðà N1 ∈ C(V ;Y), êîòîðûé

ëîêàëüíî ëèïøèöåâ ïî v1, v2, . . . , vr, (t0, ṽ1, ṽ2, . . . , ṽr) ∈ V , xl ∈ X 1 äëÿ l =

mn,mn+1, . . . ,m−1. Òîãäà ïðè íåêîòîðîì t1 > t0 ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà [t0, t1].

Äîêàçàòåëüñòâî. Èç óñëîâèé MkP = QMk ïðè k = 1, 2, . . . , n − 1 ñëåäóåò,

÷òî Mk,q ∈ L
(
X q;Yq

)
, q = 0, 1, k = 1, 2, . . . , n − 1. Äåéñòâóÿ íà óðàâíåíèå
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(3.2.2) îïåðàòîðîì L−1
1 Q ∈ L(Y ;X 1), ïîëó÷èì óðàâíåíèå

Dα
t v(t) =

n∑
k=1

L−1
1 MkD

αk
t v(t) + L−1

1 QN1(t,D
γ1
t v(t), . . . , D

γr
t v(t)), (3.2.3)

ãäå v(t) = Px(t). Äåéñòâóÿ M−1
n,0Q0 ∈ L(Y0;X 0), ïîëó÷àåì

Dαn
t w(t) = −

n−1∑
k=1

M−1
n,0MkD

αk
t w(t)−M−1

n,0Q0N1(t,D
γ1
t v(t), . . . , D

γr
t v(t)), (3.2.4)

ãäå w(t) = P0x(t).

Â ñèëó (3.2.1) óðàâíåíèÿì (3.2.3) è (3.2.4) ñîîòâåòñòâóþò íà÷àëüíûå

óñëîâèÿ

v(l)(t0) = Pxl, l = 0, 1, . . . ,m− 1, (3.2.5)

w(l)(t0) = P0xl, l = 0, 1, . . . ,mn − 1, (3.2.6)

ñîîòâåòñòâåííî. Ïî òåîðåìå 1.4.1 çàäà÷à Êîøè (3.2.3), (3.2.5) èìååò åäèíñòâåí-

íîå ðåøåíèå íà îòðåçêå [t0, t1]. Òîãäà óðàâíåíèå (3.2.4) ÿâëÿåòñÿ ëèíåéíûì

íåîäíîðîäíûì îòíîñèòåëüíî w è ïî òåîðåìå 1.3.1 çàäà÷à Êîøè (3.2.6) äëÿ

ýòîãî óðàâíåíèÿ îäíîçíà÷íî ðàçðåøèìà.

Îáîçíà÷èì W = U ∩ (R× (X 0)r), w̃i := Dγi
t |t=t0w̃(t), i = 1, 2, . . . , r, ãäå

w̃(t) := P0x0 + (t− t0)P0x1 +
(t− t0)

2

2!
P0x2 + · · ·+ (t− t0)

mn−1

(mn − 1)!
P0xmn−1.

Òåîðåìà 3.2.2. Ïóñòü îïåðàòîð Mn ∈ Cl(X ;Y) (L, 0)-îãðàíè÷åí, MkP =

QMk, k = 1, 2, . . . , n− 1, γr < αn, N : U → Y, äëÿ âñåõ (t, z1, z2, . . . , zr) ∈ U ,

òàêèõ ÷òî (t, P0z1, P0z2, . . . , P0zr) ∈ U âûïîëíÿåòñÿ N(t, z1, z2, . . . , zr) =

N0(t, P0z1, P0z2, . . . , P0zr) äëÿ íåêîòîðîãî îïåðàòîðà N0 ∈ C(W ;Y), êîòîðûé

ÿâëÿåòñÿ ëîêàëüíî ëèïøèöåâûì ïî w1, w2, . . . , wr, (t0, w̃1, w̃2, . . . , w̃r) ∈ W ,

xl ∈ X 1 äëÿ l = mn,mn + 1, . . . ,m − 1. Òîãäà ïðè íåêîòîðîì t1 > t0 ñóùå-

ñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà [t0, t1].
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Äîêàçàòåëüñòâî. Êàê è â äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû, ñâåäåì çà-

äà÷ó (3.2.1), (3.2.2) ê çàäà÷å (3.2.5), (3.2.6) äëÿ ñèñòåìû óðàâíåíèé

Dα
t v(t) =

n∑
k=1

L−1
1 MkD

αk
t v(t) + L−1

1 QN0(t,D
γ1
t w(t), . . . , D

γr
t w(t)), (3.2.7)

Dαn
t w(t) = −

n−1∑
k=1

M−1
n,0MkD

αk
t w(t)−M−1

n,0Q0N0(t,D
γ1
t w(t), . . . , D

γr
t w(t)) (3.2.8)

ïðè v(t) = Px(t), w(t) = P0x(t). Òàê êàê γr < αn, ïî òåîðåìå 1.4.1 çàäà÷à Êî-

øè (3.2.6), (3.2.8) èìååò åäèíñòâåííîå ðåøåíèå íà íåêîòîðîì îòðåçêå [t0, t1], à

ïî òåîðåìå 1.3.1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.5) äëÿ ëèíåé-

íîãî óðàâíåíèÿ (3.2.7) íà [t0, t1].

Îáîçíà÷èì x̃i := Dγi
t |t=t0x̃(t), i = 1, 2, . . . , r, ãäå

x̃(t) := x0 + (t− t0)x1 +
(t− t0)

2

2!
x2 + · · ·+ (t− t0)

mn−1

(mn − 1)!
xmn−1.

Òåîðåìà 3.2.3. Ïóñòü L,Mk ∈ L(X ;Y), k = 1, 2, . . . , n− 1, îïåðàòîð Mn ∈
Cl(X ;Y) (L, 0)-îãðàíè÷åí,MkP = QMk, k = 1, 2, . . . , n−1, îòîáðàæåíèå N ∈
C(U ;Y1) ëîêàëüíî ëèïøèöåâî ïî y1, y2, . . . , yr, (t0, x̃1, x̃2, . . . , x̃r) ∈ U , xl ∈ X 1

ïðè l = mn,mn + 1, . . . ,m − 1. Òîãäà ïðè íåêîòîðîì t1 > t0 ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà [t0, t1].

Äîêàçàòåëüñòâî. Àíàëîãè÷íî äîêàçàòåëüñòâó äâóõ ïðåäûäóùèõ òåîðåì ïî-

ëó÷àåì

Dα
t v(t) =

n∑
k=1

L−1
1 MkD

αk
t v(t)+

+L−1
1 QN(t,Dγ1

t (v(t) + w(t)), . . . , Dγr
t (v(t) + w(t))),

(3.2.9)

Dαn
t w(t) = −

n−1∑
k=1

M−1
n,0MkD

αk
t w(t). (3.2.10)

Òîãäà ïî òåîðåìå 1.3.1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè (3.2.6),

(3.2.10) íà [t0,∞), è ïî òåîðåìå 1.4.1 çàäà÷à (3.2.5), (3.2.9) èìååò åäèíñòâåííîå
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ðåøåíèå íà íåêîòîðîì îòðåçêå [t0, t1]. Ìû çäåñü èñïîëüçîâàëè òîò ôàêò, ÷òî

íåëèíåéíîå îòîáðàæåíèå

(v1, v2, . . . , vr) → L−1
1 QN(t, v1 + w1, v2 + w2, . . . , vr + wr)

ïðè çàäàííûõ w1, w2, . . . , wr óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1.4.1.

Òåîðåìà 3.2.4. Ïóñòü L,Mk ∈ L(X ;Y), k = 1, 2, . . . , n− 1, îïåðàòîð Mn ∈
Cl(X ;Y) (L, 0)-îãðàíè÷åí, MkP = QMk, k = 1, 2, . . . , n− 1, γr < αn, îòîáðà-

æåíèå N ∈ C(U ;Y0) ëîêàëüíî ëèïøèöåâî ïî y1, . . . , yr, (t0, x̃1, x̃2, . . . , x̃r) ∈
U , xl ∈ X 1 ïðè l = mn,mn + 1, . . . ,m − 1. Òîãäà ïðè íåêîòîðîì t1 > t0

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà [t0, t1].

Äîêàçàòåëüñòâî. Çäåñü ìû èìååì ñèñòåìó óðàâíåíèé

Dα
t v(t) =

n∑
k=1

L−1
1 MkD

αk
t v(t), (3.2.11)

Dαn
t w(t) = −

n−1∑
k=1

M−1
n,0MkD

αk
t w(t)+

+M−1
0 Q0N(t,Dγ1

t (v(t) + w(t)), . . . , Dγr
t (v(t) + w(t))).

(3.2.12)

Èç òåîðåìû 1.3.1 ñëåäóåò îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è (3.2.5), (3.2.11) è

â ñèëó òåîðåìû 1.4.1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.6), (3.2.12),

ïîñêîëüêó γr < αn.

Åñëè æå îòîáðàæåíèå N ∈ C([t0, T ] × Zr;Z), ïîëó÷èì àíàëîãè÷íûå

óòâåðæäåíèÿ î ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ êâà-

çèëèíåéíûõ óðàâíåíèé.

Òåîðåìà 3.2.5. Ïóñòü îïåðàòîð Mn ∈ Cl(X ;Y) (L, 0)-îãðàíè÷åí, MkP =

QMk, k = 1, 2, . . . , n − 1, N : U → Y, äëÿ êàæäîãî (t, z1, z2, . . . , zr) ∈ U ,

òàêîãî, ÷òî (t, Pz1, P z2, . . . , P zr) ∈ U , âûïîëíÿåòñÿ N(t, z1, z2, . . . , zr) =

N1(t, Pz1, P z2, . . . , P zr) äëÿ íåêîòîðîãî îïåðàòîðà N1 ∈ C(V ;Y), êîòîðûé

ëèïøèöåâ ïî v1, v2, . . . , vr, xl ∈ X 1, l = mn,mn + 1, . . . ,m − 1. Òîãäà ñóùå-

ñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà [t0, T ].
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Òåîðåìà 3.2.6. Ïóñòü îïåðàòîð Mn ∈ Cl(X ;Y) (L, 0)-îãðàíè÷åí, MkP =

QMk, k = 1, 2, . . . , n − 1, γr < αn, N : U → Y, äëÿ âñåõ (t, z1, z2, . . . , zr) ∈
U , òàêèõ ÷òî (t, P0z1, P0z2, . . . , P0zr) ∈ U âûïîëíÿåòñÿ N(t, z1, z2, . . . , zr) =

N0(t, P0z1, P0z2, . . . , P0zr) äëÿ íåêîòîðîãî îïåðàòîðà N0 ∈ C(W ;Y), êîòîðûé

ÿâëÿåòñÿ ëèïøèöåâûì ïî w1, w2, . . . , wr, xl ∈ X 1, l = mn,mn + 1, . . . ,m− 1.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà [t0, T ].

Òåîðåìà 3.2.7. Ïóñòü L,Mk ∈ L(X ;Y), k = 1, 2, . . . , n− 1, îïåðàòîð Mn ∈
Cl(X ;Y) (L, 0)-îãðàíè÷åí,MkP = QMk, k = 1, 2, . . . , n−1, îòîáðàæåíèå N ∈
C(U ;Y1) ëèïøèöåâî ïî y1, y2, . . . , yr, xl ∈ X 1 ïðè l = mn,mn + 1, . . . ,m− 1.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà [t0, T ].

Òåîðåìà 3.2.8. Ïóñòü L,Mk ∈ L(X ;Y), k = 1, 2, . . . , n− 1, îïåðàòîð Mn ∈
Cl(X ;Y) (L, 0)-îãðàíè÷åí, MkP = QMk, k = 1, 2, . . . , n− 1, γr < αn, îòîáðà-

æåíèå N ∈ C(U ;Y0) ëèïøèöåâî ïî y1, y2, . . . , yr, xl ∈ X 1 ïðè l = mn,mn +

1, . . . ,m−1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2)

íà [t0, T ].

3.3. Ëèíåéíàÿ îáðàòíàÿ çàäà÷à äëÿ âûðîæäåííîãî óðàâíåíèÿ

ñî ñïåêòðàëüíî îãðàíè÷åííîé ïàðîé îïåðàòîðîâ

Ðàññìîòðèì ëèíåéíóþ îáðàòíóþ çàäà÷ó äëÿ âûðîæäåííîãî ýâîëþöèîííîãî

óðàâíåíèÿ

Dα
t Lx(t) =

n∑
j=1

MjD
αj

t x(t) + φ(t)u, t ∈ [0, T ], (3.3.1)

ãäå 0 < α1 < α2 < · · · < αn < α, mj − 1 < αj ≤ mj ∈ N, j = 1, 2, . . . , n,

m− 1 < α ≤ m ∈ N, φ ∈ C([0, T ];R), u ∈ Y , T > 0, ñ íà÷àëüíûìè óñëîâèÿìè

x(l)(0) = xl ∈ X , l = 0, 1, . . . ,mn − 1,

(Px)(l)(0) = xl ∈ X 1, l = mn,mn + 1, . . . ,m− 1,
(3.3.2)
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è óñëîâèåì ïåðåîïðåäåëåíèÿ

T∫
0

x(t)dµ(t) = xT ∈ X , (3.3.3)

ãäå µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè.

Ðåøåíèåì çàäà÷è (3.3.1), (3.3.2) (ïðè çàäàííîì u ∈ Y) áóäåì íàçûâàòü

ôóíêöèþ x ∈ ACmn([0, T ];X ), äëÿ êîòîðîé Px ∈ ACm([0, T ];X ), Dαk
t x ∈

C([0, T ];X ), k = 1, 2 . . . , n, Dα
t Lx,MnD

αn
t x ∈ C([0, T ];Y), âûïîëíÿþòñÿ ðà-

âåíñòâà (3.3.1) ïðè âñåõ t ∈ [0, T ] è (3.3.2).

Ðåøåíèåì îáðàòíîé çàäà÷è (3.3.1)�(3.3.3) (ïðè íåèçâåñòíîì u ∈ Y) áó-
äåì íàçûâàòü ïàðó (x(t), u), ãäå u ∈ Y , ôóíêöèÿ x(t) ÿâëÿåòñÿ ðåøåíèåì

çàäà÷è (3.3.1), (3.3.2) ïðè ýòîì u ∈ Y , óäîâëåòâîðÿþùèì óñëîâèþ ïåðåîïðå-

äåëåíèÿ (3.3.3). Äëÿ êðàòêîñòè ðåøåíèåì òàêæå áóäåì íàçûâàòü òîëüêî ñî-

îòâåòñòâóþùåå u.

Çàäà÷à (3.3.1)�(3.3.3) íàçûâàåòñÿ êîððåêòíîé, åñëè äëÿ ëþáûõ xl ∈ X ,

l = 1, 2, . . . ,mn − 1, xl ∈ X 1, l = mn,mn + 1, . . . ,m − 1, xT ∈ X ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå (x(t), u) çàäà÷è (3.3.1)�(3.3.3), ïðè ýòîì

∥u∥Y ≤ C

(
m−1∑
l=1

∥xl∥X + ∥xT∥X

)
,

ãäå C íå çàâèñèò îò xl ∈ X , l = 1, 2, . . . ,mn − 1, xl ∈ X 1, l = mn,mn +

1, . . . ,m− 1.

Åñëè îïåðàòîð Mn (L, 0)-îãðàíè÷åí è âûïîëíÿþòñÿ óñëîâèÿ MkP =

QMk, k = 1, 2, . . . , n− 1, òî çàäà÷à (3.3.1)�(3.3.3) ýêâèâàëåíòíà ñèñòåìå äâóõ

çàäà÷ íà äîïîëíÿþùèõ äðóã äðóãà ïîäïðîñòðàíñòâàõ X 0 è X 1:

Dα
t v(t) =

n∑
j=1

L−1
1 Mj,1D

αj

t v(t) + φ(t)L−1
1 u1, t ∈ [0;T ], (3.3.4)

v(l)(0) = vl, l = 0, 1, . . . ,m− 1, (3.3.5)
T∫

0

v(t)dµ(t) = vT , (3.3.6)
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è

Dαn
t w(t) = −

n−1∑
j=1

M−1
n,0Mj,0D

αj

t w(t)− φ(t)M−1
n,0u

0, t ∈ [0, T ], (3.3.7)

w(l)(0) = wl, l = 0, 1, . . . ,mn − 1, (3.3.8)

T∫
0

w(t)dµ(t) = wT , (3.3.9)

ãäå v(t) = Px(t), w(t) = P0x(t), vl = Pxl, l = 0, 1, . . . ,m − 1, wl = P0xl, l =

0, 1, . . . ,mn−1, vT = PxT , wT = P0xT , u
1 = Qu, u0 = Q0u. Òàêèì îáðàçîì, îáå

îáðàòíûå çàäà÷è (3.3.4)�(3.3.6) è (3.3.7)�(3.3.9) ÿâëÿþòñÿ íåâûðîæäåííûìè,

à ñëåäîâàòåëüíî, ïî òåîðåìå 1.6.1 îíè êîððåêòíû òîãäà è òîëüêî òîãäà, êîãäà

ñóùåñòâóåò χ−1
0 ∈ L(X 0;Y0) è χ−1

1 ∈ L(X 1;Y1) ñîîòâåòñòâåííî. Ïðè ýòîì

ðåøåíèÿ èìåþò âèä

u0 = χ−1
0 ψ0, u1 = χ−1

1 ψ1,

ãäå

ψ0 = wT −
T∫

0

mn−1∑
l=0

Xl,0(t)wldµ(t), χ0 = −
T∫

0

t∫
0

X0(t− s)M−1
n,0φ(s)dsdµ(t)

ψ1 = vT −
T∫

0

m−1∑
l=0

Xl,1(t)vldµ(t), χ1 =

T∫
0

t∫
0

X1(t− s)L−1
1 φ(s)dsdµ(t),

âèä îïåðàòîðîâ Xl,0(t), X0(t), Xl,1(t), X1(t), l = 0, 1, . . . ,m − 1, ñì. â �2.1.

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3.3.1. Ïóñòü L,Mk ∈ L(X ;Y), k = 1, 2, . . . , n− 1, îïåðàòîð Mn ∈
Cl(X ;Y) (L, 0)-îãðàíè÷åí, MkP = QMk, k = 1, 2, . . . , n− 1, φ ∈ C([0, T ];R),
µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè. Òîãäà çàäà÷à (3.3.1)�

(3.3.3) êîððåêòíà â òîì è òîëüêî â òîì ñëó÷àå, êîãäà ñóùåñòâóþò χ−1
0 ∈

L(X 0;Y0), χ−1
1 ∈ L(X 1;Y1). Ïðè ýòîì ðåøåíèå èìååò âèä u = χ−1

0 ψ0 +

χ−1
1 ψ1.
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3.4. Ñåêòîðèàëüíûå ïàðû îïåðàòîðîâ

Îïðåäåëåíèå 3.4.1. [57]. Ïàðà (L,M) ∈ (Cl(X ;Y))2 ïðèíàäëåæèò êëàññó

Hα(θ0, a0), åñëè

(i) ñóùåñòâóþò θ0 ∈ (π/2, π) è a0 ≥ 0, òàêèå, ÷òî äëÿ âñåõ λ ∈ Sθ0,a0

èìååì λα ∈ ρL(M);

(ii) äëÿ êàæäûõ θ ∈ (π/2, θ0), a > a0 ñóùåñòâóåò êîíñòàíòà K =

K(θ, a) > 0, òàêàÿ, ÷òî äëÿ âñåõ λ ∈ Sθ,a

max{∥RL
λα(M)∥L(X ), ∥LLλα(M)∥L(Y)} ≤ K(θ, a)

|λ− a||λ|α−1
.

Äëÿ óäîáñòâà ïàðó îïåðàòîðîâ (L,M) ∈ Hα(θ0, a0) áóäåì íàçûâàòü òàê-

æå ñåêòîðèàëüíîé. Ââåäåì òàêæå îáîçíà÷åíèå

Hα :=
⋃

θ0∈(π/2,π)
a0≥0

Hα(θ0, a0).

Çàìå÷àíèå 3.4.1. Â ñëó÷àå ñóùåñòâîâàíèÿ îáðàòíîãî îïåðàòîðà L−1 ∈ L(X )

èìååì (L,M) ∈ Hα(θ0, a0), åñëè è òîëüêî åñëè L
−1M ∈ Aα(θ0, a0) è ML−1 ∈

Aα(θ0, a0).

Èç ïñåâäîðåçîëüâåíòíîãî òîæäåñòâà, ñïðàâåäëèâîãî êàê äëÿ RL
µ(M),

òàê è äëÿ LLµ(M), ñëåäóåò, ÷òî ïîäïðîñòðàíñòâà kerRL
µ(M) = kerL, imRL

µ(M),

kerLLµ(M), imLLµ(M) íå çàâèñÿò îò µ ∈ ρL(M). Îáîçíà÷èì kerRL
µ(M) :=

X 0, kerLLµ(M) := Y0. ×åðåç X 1 (Y1) îáîçíà÷èì çàìûêàíèå îáðàçà imRL
µ(M)

(imLLµ(M)) â íîðìå ïðîñòðàíñòâà X (Y), à ÷åðåç Lq (Mq) îáîçíà÷èì ñóæåíèå

îïåðàòîðà L (M) íà DLq
:= DL ∩ X q (DMq

:= DM ∩ Yq) ïðè q = 0, 1.

Äàëåå áóäåì èñïîëüçîâàòü ñëåäóþùóþ òåîðåìó î ïàðàõ èíâàðèàíòíûõ

ïîäïðîñòðàíñòâ äëÿ ñåêòîðèàëüíîé ïàðû îïåðàòîðîâ (L,M).

Òåîðåìà 3.4.1. [57]. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X è Y ðåôëåêñèâíû,

(L,M) ∈ Hα(θ0, a0). Òîãäà

(i) X = X 0 ⊕X 1, Y = Y0 ⊕ Y1;
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(ii) ïðîåêòîð P (Q) íà ïîäïðîñòðàíñòâî X 1 (Y1) âäîëü X 0 (Y0) èìååò

âèä P := s- lim
n→∞

nRL
n(M) (Q := s- lim

n→∞
nLLn(M));

(iii) L0 = 0, M0 ∈ Cl(X 0;Y0), L1,M1 ∈ Cl(X 1;Y1);

(iv) ñóùåñòâóþò L−1
1 ∈ Cl(Y1;X 1), M−1

0 ∈ L(Y0;X 0);

(v) ∀x ∈ DL Px ∈ DL è LPx = QLx;

(vi) ∀x ∈ DM Px ∈ DM è MPx = QMx;

(vii) ïóñòü S := L−1
1 M1 : DS → X 1, òîãäà DS := {x ∈ DM1

: M1x ∈
imL1} ïëîòíî â X ;

(viii) ïóñòü T := M1L
−1
1 : DT → Y1, òîãäà DT := {y ∈ imL1 : L

−1
1 y ∈

DM1
} ïëîòíî â Y ;

(ix) åñëè L1 ∈ L(X 1;Y1), èëè M1 ∈ L(X 1;Y1), òîãäà S ∈ Cl(X 1), áîëåå

òîãî, S ∈ Aα(θ0, a0);

(x) åñëè L−1
1 ∈ L(Y1;X 1), èëè M−1

1 ∈ L(Y1;X 1), òîãäà T ∈ Cl(Y1),

êðîìå, T ∈ Aα(θ0, a0).

3.5. Âûðîæäåííûå ëèíåéíûå óðàâíåíèÿ

ñ ñåêòîðèàëüíîé ïàðîé îïåðàòîðîâ

Ïðåäïîëîæèì, ÷òî n ∈ N, M1,M2, . . . ,Mn−1 ∈ L(X ;Y), Mn, L ∈ Cl(X ;Y),

DMn
, DL � îáëàñòè îïðåäåëåíèÿ îïåðàòîðîâMn, L, ñîîòâåòñòâåííî, ñíàáæåí-

íûå ñîîòâåòñòâóþùèìè íîðìàìè ãðàôèêà, kerL ̸= {0}.
Ïóñòü áàíàõîâû ïðîñòðàíñòâàX è Y ðåôëåêñèâíû, (L,Mn) ∈ Hα(θ0, a0),

α1 < α2 < ... < αn ≤ m− 1 < α ≤ m ∈ N, mk − 1 < αk ≤ mk, k = 1, 2, . . . , n,

g ∈ C([0, T ];Y). Íåêîòîðûå èç αk ìîãóò áûòü îòðèöàòåëüíû. Ðàññìîòðèì

íà÷àëüíóþ çàäà÷ó

x(l)(t0) = xl, l = 0, 1, . . . ,mn − 1,

(Px)(l)(t0) = xl, l = mn,mn + 1, . . . ,m− 1,
(3.5.1)
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äëÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ

Dα
t Lx(t) =

n∑
k=1

Dαk
t Mkx(t) + g(t), (3.5.2)

êîòîðîå íàçûâàåòñÿ âûðîæäåííûì â ñëó÷àå kerL ̸= {0}. Ïðîåêòîð P îïðåäå-

ëåí â òåîðåìå 3.4.1.

Ðåøåíèåì çàäà÷è (3.5.1), (3.5.2) íàçîâåì ôóíêöèþ x ∈ ACmn([0, T ];X ),

äëÿ êîòîðîé Px ∈ ACm([0, T ];X ), Dαk
t x ∈ C((0, T ];X ), k = 1, 2, . . . , n,

Dα
t Lx,MnD

αn
t x ∈ C((0, T ];Y) ∩ L1(0, T ;Y), Dαk

t x ∈ C((0, T ];X ), âûïîëíåíû

ðàâåíñòâî (3.5.2) äëÿ âñåõ t ∈ (0, T ] è óñëîâèÿ (3.5.1).

Ëåììà 3.5.1. Ïóñòü (L,Mn) ∈ Hα(θ0, a0) äëÿ íåêîòîðûõ θ0 ∈ (π/2, π),

a0 ≥ 0, α > αn ≥ 0. Òîãäà äëÿ âñåõ θ ∈ (π/2, θ0), a > max{1, aα/(α−αn)
0 }

ñóùåñòâóåò K1(θ, a) > 0, òàêîå, ÷òî

max{∥(µαL− µαnMn)
−1L∥L(X ), ∥L(µαL− µαnMn)

−1∥L(Y)} ≤ K1(θ, a)

|µ− a||µ|α−1
.

Äîêàçàòåëüñòâî. Âîçüìåì θ ∈ (π/2, θ0), a > max{1, aα/(α−αn)
0 }, µ ∈ Sθ,a,

λ = µ1−αn/α â ñìûñëå ãëàâíîé âåòâè ñòåïåííîé ôóíêöèè. Òîãäà λ ∈ Sθ0,a0,

ïîñêîëüêó 1− αn/α ∈ (0, 1). Ñëåäîâàòåëüíî,

∥(µαL− µαnMn)
−1L∥L(X ) = |µ|−αn∥RL

µα−αn(Mn)∥L(X ) = |µ|−αn∥RL
λα(Mn)∥L(X ) ≤

≤ K(θ, a)

|λ− a||λ|α−1|µ|αn
=

K(θ, a)

|µ1−αn/α − a||µ|(1−αn/α)(α−1)|µ|αn
≤ K1(θ, a)

|µ− a||µ|α−1
.

Àíàëîãè÷íî ìîæíî ïîëó÷èòü íåðàâåíñòâî äëÿ ∥L(µαL− µαnMn)
−1∥L(Y).

Äëÿ îòðèöàòåëüíîãî αn ìîæåì ïîëó÷èòü àíàëîãè÷íûé ðåçóëüòàò.

Ëåììà 3.5.2. Ïóñòü (L,Mn) ∈ Hα(θ0, a0) äëÿ íåêîòîðûõ θ0 ∈ (π/2, π),

a0 ≥ 0, α > 0 > αn > α(1 − 2θ0/π). Òîãäà äëÿ âñåõ θ ∈ (π/2, αθ0/(α − αn)),

a > max{1, a0} ñóùåñòâóåò K1(θ, a) > 0, òàêîå, ÷òî

max{∥(µαL− µαnMn)
−1L∥L(X ), ∥L(µαL− µαnMn)

−1∥L(Y)} ≤ K1(θ, a)

|µ− a||µ|α−1
.
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Äîêàçàòåëüñòâî. Çäåñü 1 − αn/α > 1, ïîýòîìó äëÿ θ ∈ (π/2, αθ0/(α − αn)),

a > max{1, a0}, µ ∈ Sθ,a èìååì λ = µ1−αn/α ∈ Sθ0,a0. Îñòàâøàÿñÿ ÷àñòü

äîêàçàòåëüñòâà òàêàÿ æå, êàê è äëÿ ïðåäûäóùåé ëåììû.

Èìååì Lq (Mk,q) ýòî ñóæåíèå L (Mk) íà DLq
:= DL ∩ X q (íà DMk,q

:=

DMk
∩ X q äëÿ k = 1, 2, . . . , n), q = 0, 1. Ïî òåîðåìå 3.4.1 LP = QL äëÿ

x ∈ DL, MnPx = QMnx äëÿ x ∈ DMn
, ñëåäîâàòåëüíî, Mn,q ∈ Cl

(
X q;Yq

)
,

Lq ∈ L
(
X q;Yq

)
, q = 0, 1. Êðîìå òîãî, ñóùåñòâóþò M−1

n,0 ∈ L
(
Y0;X 0

)
, L−1

1 ∈
Cl
(
Y1;X 1

)
.

Òåîðåìà 3.5.1. Ïóñòü X è Y � ðåôëåêñèâíûå áàíàõîâû ïðîñòðàíñòâà,

(L,Mn) ∈ Hα(θ0, a0), Mk ∈ L(X ;Y), k = 1, 2, . . . , n − 1, L−1
1 ∈ L(Y1;X 1),

α1 < α2 < · · · < αn ≤ m − 1 < α ≤ m ∈ N, αn > −α. Òîãäà äëÿ íåêîòîðûõ

θ1 ∈ (π/2, θ0], a1 ≥ a0 (M1,1L
−1
1 ,M2,1L

−1
1 , . . . ,Mn,1L

−1
1 ) ∈ An

α,G(θ1, a1).

Äîêàçàòåëüñòâî. Òàê êàê L−1
1 ∈ L(Y1;X 1) ïî òåîðåìå 3.4.1 (x), òîMk,1L

−1
1 ∈

L(Y1), k = 1, 2, . . . , n − 1. Ïî ëåììå 3.5.1 äëÿ αn ≥ 0 èëè ïî ëåììå 3.5.2 â

ñëó÷àå αn ∈ (α(1 − 2θ0/π), 0) äëÿ íåêîòîðîãî θ1 ∈ (π/2, θ0] è äîñòàòî÷íî

áîëüøîãî a1 ≥ a0 ïðè âñåõ µ ∈ Sθ,a(
µαI −

n∑
k=1

µαkMk,1L
−1
1

)−1

=

= (µαI − µαnMn,1L
−1
1 )−1

(
I −

n−1∑
k=1

µαkMk,1L
−1
1 (µαI − µαnMn,1L

−1
1 )−1

)−1

,

∥∥∥∥n−1∑
k=1

µαkMk,1L
−1
1 (µαI − µαnMn,1L

−1
1 )−1

∥∥∥∥
L(Y1)

≤

≤
n−1∑
k=1

|µ|αk∥Mk,1L
−1
1 ∥L(Y1)

∥∥L(µαL− µαnMn)
−1
∥∥
L(Y)

≤

≤

n−1∑
k=1

|µ|αk−α+1∥Mk,1L
−1
1 ∥L(Y1)K1(θ, a)

|µ− a|
< q < 1
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äëÿ íåêîòîðîãî q ∈ (0, 1). Ñëåäîâàòåëüíî,∥∥∥∥(µαI − n∑
k=1

µαkMk,1L
−1
1

)−1∥∥∥∥
L(Y1)

≤ K2(θ, a)

(1− q)|µ− a||µ|α−1
.

Íàêîíåö, (
µαI −

n∑
k=1

µαkMk,1L
−1
1

)−1(
I −

n∑
k=nl

µαk−αMk,1L
−1
1

)
=

= µ−α
(
I +

(
µαI −

n∑
k=1

µαkMk,1L
−1
1

)−1 nl−1∑
k=1

µαkMk,1L
−1
1

)
,

∥∥∥∥(µαI − n∑
k=1

µαkMk,1L
−1
1

)−1(
I −

n∑
k=nl

µαk−αMk,1L
−1
1

)∥∥∥∥
L(Y1)

≤

≤ |µ|−α
(
1 +

K2(θ, a)

(1− q)|µ− a||µ|α−1
.

nl−1∑
k=1

|µ|αk∥Mk,1L
−1
1 ∥L(Y1)

)
≤ K3(θ, a)

|µ− a||µ|α−1
.

Òåîðåìà 3.5.2. Ïóñòü X è Y � ðåôëåêñèâíûå áàíàõîâû ïðîñòðàíñòâà,

(L,Mn) ∈ Hα(θ0, a0), Mk ∈ L(X ;Y), MkP = QMk + Q0NkP äëÿ íåêîòî-

ðûõ Nk ∈ L(X 1;Y), k = 1, 2, . . . , n − 1, L−1
1 ∈ L(Y1;X 1), α1 < α2 < · · · <

αn ≤ m − 1 < α ≤ m ∈ N, αn > α(1 − 2θ0/π), g ∈ C([0, T ];Y), Qg ∈
Cγ([0, T ];Y), γ ∈ (0, 1], xl ∈ DMn,1

+̇X 0 äëÿ l = 0, 1, . . . ,mn − 1, xl ∈ DMn,1

ïðè l = mn,mn + 1, . . . ,m − 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

çàäà÷è (3.5.1), (3.5.2).

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî MkP0 =Mk(I −P ) =Mk−QMk−Q0NkP =

Q0(Mk−NkP ) äëÿ k = 1, 2, . . . , n−1. Ïîëîæèì P0x(t) := w(t), y(t) := Lx(t) =

L1Px(t) + L0w(t) = L1Px(t), òîãäà x(t) = Px(t) + w(t) = L−1
1 y(t) + w(t).

Ñëåäîâàòåëüíî, äëÿ k = 1, 2, . . . , n−1Mkx(t) =Mk(L
−1
1 y(t)+w(t)) = (QMk+

Q0NkP )L
−1
1 y(t) +Q0(Mk −NkP )w(t) = (QMk +Q0Nk)L

−1
1 y(t) +Q0Mkw(t).
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Ïîäåéñòâîâàâ îïåðàòîðîì M−1
n,0Q0 ∈ L(Y ;X 0) íà îáå ÷àñòè èññëåäóåìî-

ãî óðàâíåíèÿ, ïðèâåäåì çàäà÷ó (3.5.1), (3.5.2) ê ñèñòåìå

Dα
t y(t) =

n∑
k=1

QMk,1L
−1
1 Dαk

t y(t) +Qg(t), (3.5.3)

Dαn
t w(t) = −

n−1∑
k=1

M−1
n,0Q0Mk,0D

αk
t w(t)−

−
n−1∑
k=1

M−1
n,0Q0NkL

−1
1 Dαk

t y(t)−M−1
n,0Q0g(t)

(3.5.4)

ñ íà÷àëüíûìè óñëîâèÿìè

y(l)(0) = L1Pxl, l = 0, 1, . . . ,m− 1, (3.5.5)

w(l)(0) = P0xl, l = 0, 1, . . . ,mn − 1. (3.5.6)

Â ðàññìàòðèâàåìîì ñëó÷àå D :=
n⋂
k=1

DMk,1L
−1
1

= DMn,1L
−1
1
ñ íîðìîé ãðà-

ôèêà îïåðàòîðà DMn,1L
−1
1
. Ïîñêîëüêó xl ∈ DMn,1

+̇X 0, òî L1Pxl ∈ DMn,1L
−1
1
äëÿ

l = 0, 1, . . . ,mn−1. Ñëåäîâàòåëüíî, ïî òåîðåìå 2.2.1 ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå çàäà÷è (3.5.3), (3.5.5), åñëè ó÷åñòü óòâåðæäåíèå òåîðåìû 3.5.1. Çàäà-

÷à (3.5.4), (3.5.6) èìååò åäèíñòâåííîå ðåøåíèå ïî òåîðåìå 1.3.1, ïîñêîëüêó îïå-

ðàòîðûM−1
n,0Q0Mk,0, k = 1, 2, . . . , n−1, îãðàíè÷åíû è

n−1∑
k=1

M−1
n,0Q0NkL

−1
1 Dαk

t y+

M−1
n,0Q0g ∈ C([0, T ];X 0) � èçâåñòíàÿ ôóíêöèÿ.

3.6. Ïðèëîæåíèÿ

3.6.1. Âûðîæäåííûå ñèñòåìû

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ïóñòü m,n, q ∈ N, m − 1 < α ≤ m, α1 < α2 < · · · < αn < α, L, Mk �

(q × q)-ìàòðèöû ñ ýëåìåíòàìè èç C, k = 1, 2, . . . , n, detL = 0. Ðàññìîòðèì

âûðîæäåííóþ ëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-

íèé

Dα
t Lx(t) =

n∑
k=1

MkD
αk
t x(t) + g(t), t ≥ 0, (3.6.1)
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ãäå x(t) = (x1(t), x2(t), . . . , xq(t))T è g(t) = (g1(t), g2(t), . . . , gq(t))T � íåèç-

âåñòíàÿ è çàäàííàÿ âåêòîð-ôóíêöèè ñîîòâåòñòâåííî ñî çíà÷åíèÿìè â Cq (ñèì-

âîë T îçíà÷àåò òðàíñïîíèðîâàíèå).

Âîçüìåì X = Y = Cq, òîãäà óñëîâèå (L, p)-îãðàíè÷åííîñòè îïåðàòîðà

Mn ðàâíîñèëüíî òðåáîâàíèþ det(µL −Mn) ̸≡ 0, ïðè ýòîì p ≤ q − 1. Ïðîåê-

òîðû P è Q îïðåäåëèì ÷åðåç ìàòðèöû L è Mn ïî ôîðìóëàì (3.1.1). Òîãäà ïî

òåîðåìå 3.1.1 íà÷àëüíàÿ çàäà÷à

x(l)(0) = xl ∈ X , l = 0, 1, . . . ,mn − 1,

(Px)(l)(0) = xl ∈ X 1, l = mn,mn + 1, . . . ,m− 1,
(3.6.2)

ãäå xl = (x1l , x
2
l , . . . , x

q
l )
T ∈ Cq, l = 0, 1, . . . ,m− 1, P0xl = 0 ïðè l = mn,mn +

1, . . . ,m−1, äëÿ ñèñòåìû óðàâíåíèé (3.6.1) ñ ôóíêöèåé g ∈ C([0, T ];Cq) èìååò

åäèíñòâåííîå ðåøåíèå.

Ïóñòü r ∈ N, γ1 < γ2 < · · · < γr < α, N j ∈ C(R×Cqr;C), j = 1, 2, . . . , q,

N = (N 1, N2, . . . , N q)T . Ïðèìåíÿÿ ðåçóëüòàòû �3.2, ìîæíî èññëåäîâàòü ëî-

êàëüíóþ è ãëîáàëüíóþ îäíîçíà÷íóþ ðàçðåøèìîñòü íà÷àëüíîé çàäà÷è (3.6.2)

äëÿ âûðîæäåííîé êâàçèëèíåéíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé

Dα
t Lx(t) =

n∑
k=1

MkD
αk
t x(t) +N(t,Dγ1

t x(t), D
γ2
t x(t), . . . , D

γr
t x(t)).

3.6.2. Íà÷àëüíî-êðàåâûå çàäà÷è äëÿ âûðîæäåííûõ óðàâíåíèé

ñ ìíîãî÷ëåíàìè îò ýëëèïòè÷åñêîãî îïåðàòîðà

Ïóñòü çàäàíû ìíîãî÷ëåíû P1(λ) =
ν1∑
p=0

apλ
p, P k

2 (λ) =
νk2∑
p=0

bkpλ
p, ap, b

k
p ∈ C,

aν1 ̸= 0, bk
νk2

̸= 0, k = 1, 2, . . . , n, ν0 := max{νk2 : k = 1, 2, . . . , n} ≤ ν1, Ω ⊂
Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω. Ðàññìîòðèì óðàâíåíèå ñ

êðàåâûìè óñëîâèÿìè (1.7.5), (1.7.6):

BjΛ
pu(ξ, t) = 0, p = 0, 1, . . . , ν1 − 1, j = 1, 2, . . . , ρ, (ξ, t) ∈ ∂Ω× [0, T ],

(3.6.3)
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P1(Λ)D
α
t u(ξ, t) =

n∑
k=1

P k
2 (Λ)D

αk
t u(ξ, t) + h(ξ, t), (ξ, t) ∈ Ω× [0, T ]. (3.6.4)

Ïðåäïîëîæèì, ÷òî P1(λs) = 0 ïðè íåêîòîðûõ s ∈ N, òîãäà ïðè óñëîâèè, ÷òî

ìíîãî÷ëåíû P1 è P
n
2 íå èìåþò îáùèõ êîðíåé íà ìíîæåñòâå {λs}, îïåðàòîð

Mn (L, 0)-îãðàíè÷åí (ñì. [53]), ïðè ýòîì ïðîåêòîðû (3.1.1) èìåþò âèä

P =
∑

P1(λs) ̸=0

⟨·, φs⟩φs, Q =
∑

P1(λs)̸=0

⟨·, φs⟩φs, (3.6.5)

ãäå ⟨·, ·⟩ � ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω). Íà÷àëüíûå óñëîâèÿ ñ ó÷åòîì

çàìå÷àíèÿ 3.1.3 çàäàäèì â âèäå

∂lu

∂tl
(ξ, 0) = ul(ξ), l = 0, 1, . . . ,mn − 1, ξ ∈ Ω,

∂lP1(Λ)u

∂tl
(ξ, 0) = yl(ξ), l = mn,mn + 1, . . . ,m− 1, ξ ∈ Ω,

(3.6.6)

òîãäà çàäà÷à (3.6.3), (3.6.4), (3.6.6) ïðåäñòàâèìà â âèäå (3.1.2), (3.1.3) ñî ñëå-

äóþùèìè ïðîñòðàíñòâàìè è îïåðàòîðàìè:

X = {v ∈ H2ρν1(Ω) : BjΛ
pv(ξ) = 0, p = 0, 1, . . . , ν1 − 1, j = 1, . . . , ρ, ξ ∈ ∂Ω},

Y = L2(Ω), L = P1(Λ) ∈ L(X ;Y), Mk = P k
2 (Λ) ∈ L(X ;Y), k = 1, 2, . . . , n.

Èç òåîðåìû 3.1.1 ñëåäóåò îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è (3.6.3), (3.6.4),

(3.6.6) ïðè ëþáûõ íà÷àëüíûõ äàííûõ ul ∈ X , l = 0, 1, . . . ,mn− 1, yl ∈ L2(Ω),

l = mn,mn + 1, . . . ,m − 1, òàêèõ, ÷òî ⟨yl, φs⟩ = 0 ïðè P1(λs) = 0, è h ∈
C([0, T ];L2(Ω)).

Ïóñòü ap, b
k
p ∈ R, â ñëó÷àå ν1 ≥ νk, k = 1, 2, . . . , n − 1, ν1 < νn èìååì

Mk = P k
2 (Λ) ∈ L(X ;Y), k = 1, 2, . . . , n − 1, Mn = P n

2 (Λ) ∈ Cl(X ;Y), DMn
:=

{v ∈ H2ρνn(Ω) : BjΛ
pv(ξ) = 0, p = 0, 1, . . . , νn − 1, j = 1, . . . , ρ, ξ ∈ ∂Ω}.

Òîãäà ïî òåîðåìå 7 èç [57] (L,Mn) ∈ Hα â îäíîì èç äâóõ ñëó÷àåâ:

(i) åñëè (−1)νn−ν1bνn/aν1 < 0 è ìíîãî÷ëåíû P1 è P n
2 íå èìåþò îáùèõ

êîðíåé íà ìíîæåñòâå {λs}, òî (L,Mn) ∈ Hα ïðè ëþáîì α ≥ 1;

(ii) åñëè (−1)νn−ν1bνn/aν1 < 0, ìíîãî÷ëåíû P1 è P n
2 íå èìåþò îáùèõ

êîðíåé íà ìíîæåñòâå {λs} è max
P1(λs)̸=1

Pn
2 (λs)
P1(λs)

< 1, òî (L,Mn) ∈ Hα ïðè ëþáîì

α ∈ (0, 1).
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Ïðè ýòîì L−1
1 ∈ L(Y1;X 1) (ñì. [57, òåîðåìà 7]), à èç âèäà ïðîåêòîðîâ

(3.6.5) ñëåäóåò, ÷òî MkP = QMk, ò. å. Nk = 0, k = 1, 2, . . . , n − 1, â óñëîâèÿõ

òåîðåìû 3.5.2. Äåéñòâèòåëüíî,

P k
2 (Λ)P =

∑
P2(λs)̸=0

P k
2 (λs)⟨·, φs⟩φs = QP k

2 (Λ), k = 1, 2, . . . , n− 1.

Òàêèì îáðàçîì, â ëþáîì èç äâóõ ñëó÷àåâ èç òåîðåìû 3.5.2 ñëåäóåò îäíîçíà÷-

íàÿ ðàçðåøèìîñòü çàäà÷è (3.6.3), (3.6.4), (3.6.6) ïðè óñëîâèè αn > α(1−2θ0/π)

ïðè ëþáûõ íà÷àëüíûõ äàííûõ ul ∈ DMn
, l = 0, 1, . . . ,mn − 1, yl ∈ L[DMn

],

l = mn,mn + 1, . . . ,m− 1, è h ∈ Cγ([0, T ];L2(Ω)), γ ∈ (0, 1].

Ïðèìåð. Ïóñòü P1(λ) ≡ λ(λ + 9), n = 2, P 1
2 (λ) = b, P 2

2 (λ) = 1 + λκ, κ ∈ N,
d = 1, Ω = (0, π), r = 1, Λu = ∂2u

∂ξ2 , B1 = I, α1 = 1/4, α2 = 1, α = 4/3. Òîãäà

m = 2, m2 = 1 è çàäà÷à (3.6.3)�(3.6.6) èìååò âèä

D
4/3
t

(
∂4

∂ξ4 + 9 ∂2

∂ξ2

)
u(ξ, t) = bD

1/4
t u(ξ, t) +

(
b0 + b1

∂2κ

∂ξ2κ

)
D1
tu(ξ, t),

(ξ, t) ∈ (0, π)× R+,

u(0, t) = u(π, t) =
∂2u

∂ξ2
(0, t) =

∂2u

∂ξ2
(π, t) = 0, t ∈ R+,

u(ξ, 0) = u0(ξ),
∂

∂t

(
∂4

∂ξ4
+ 9

∂2

∂ξ2

)
u(ξ, 0) = y1(ξ), ξ ∈ (0, π).

Ïðè κ = 0, 1, 2 ïðèìåíèìî óòâåðæäåíèå èç ïåðâîé ÷àñòè äàííîãî ïàðàãðàôà,

à ïðè κ = 3 è áîëüøå � óòâåðæäåíèå èç âòîðîé åãî ÷àñòè, ïðè ýòîì êðàåâûå

óñëîâèÿ ïðèìóò âèä

∂2pu

∂ξ2p
(0, t) =

∂2pu

∂ξ2p
(π, t) = 0, t ∈ R+, p = 0, 1, . . . , κ− 1.

3.6.3. Oáðàòíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à

äëÿ âûðîæäåííîãî óðàâíåíèÿ

Ïðè ν1 ≥ ν0 ðàññìîòðèì óðàâíåíèå

P1(A)D
α
t u(ξ, t) =

n∑
k=1

P k
2 (A)D

αk
t u(ξ, t) + φ(t)h(ξ), (ξ, t) ∈ Ω× [0, T ], (3.6.7)
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ñ íåèçâåñòíûìè ôóíêöèÿìè u è h, ñíàáæåííîå êðàåâûìè óñëîâèÿìè (3.6.3),

íà÷àëüíûìè óñëîâèÿìè (3.6.6) è óñëîâèåì ïåðåîïðåäåëåíèÿ

T∫
0

u(ξ, T )dµ(t) = uT (ξ), ξ ∈ Ω. (3.6.8)

Çàäà÷à (3.6.3), (3.6.6)�(3.6.8) ïðåäñòàâèìà (ñ òî÷íîñòüþ äî çàìå÷àíèÿ

3.1.3) â âèäå (3.3.1)�(3.3.3) ñ âûáðàííûìè âûøå äëÿ ñëó÷àÿ ν1 ≥ ν0 ïðî-

ñòðàíñòâàìè X ,Y è îïåðàòîðàìè L,Mk, k = 1, 2, . . . , n, u = h(·) ∈ Y . Ïî
òåîðåìå 3.3.1 çàäà÷à (3.6.3), (3.6.6)�(3.6.8) êîððåêòíà òîãäà è òîëüêî òîãäà,

êîãäà ñóùåñòâóåò òàêîå c > 0, ÷òî ïðè âñåõ s ∈ N, äëÿ êîòîðûõ P1(λs) ̸= 0,∣∣∣∣∣∣∣
T∫

0

t∫
0

∫
γ1

(
λαP1(λs)−

n∑
k=1

λαkP k
2 (λs)

)−1

P1(λs)e
λ(t−τ)dλφ(τ)dτdµ(t)

∣∣∣∣∣∣∣ ≥ c,

(3.6.9)

à ïðè âñåõ s ∈ N, äëÿ êîòîðûõ P1(λs) = 0,

T∫
0

t∫
0

∫
γ0

(
n∑
k=1

λαkP k
2 (λs)

)−1

P n
2 (λs)e

λ(t−τ)dλφ(τ)dτdµ(t) ̸= 0. (3.6.10)

Ïðè ýòîì ó÷èòûâàåòñÿ êîíå÷íîñòü ÷èñëà óñëîâèé (3.6.10), ñëåäóþùàÿ èç êî-

íå÷íîêðàòíîñòè ñïåêòðà îïåðàòîðà Λ1.

Ïðèìåð. Ïóñòü P1(λ) = λ(λ + 9), ν1 = 2, P 1
2 (λ) = b, P 2

2 (λ) = 1 + λ, ν0 = 1,

d = 1, Ω = (0, π), r = 1, Λw = ∂2w
∂ξ2 , B1 = I, α1 = 1/4, α2 = 4/3, α = 5/2,

φ ≡ 1, µ(t) = 0 ïðè t ∈ (0, T ), µ(T ) = 1. Òîãäà m = 3, m2 = 2, λs = −s2 ïðè
s ∈ N, P1(λ3) = 0 è çàäà÷à (3.6.3), (3.6.6)�(3.6.8) èìååò âèä

D
5/2
t

(
∂4

∂ξ4
+ 9

∂2

∂ξ2

)
v(ξ, t) = bD

1/4
t v(ξ, t) +

(
1 +

∂2

∂ξ2

)
D

4/3
t v(ξ, t) + h(ξ),

(ξ, t) ∈ (0, π)× [0, T ],

v(0, t) = v(π, t) =
∂2v

∂ξ2
(0, t) =

∂2v

∂ξ2
(π, t) = 0, t ∈ [0, T ],
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v(ξ, 0) = v0(ξ),
∂v

∂t
(ξ, 0) = v1(ξ),

∂2

∂t2

(
∂4

∂ξ4
+ 9

∂2

∂ξ2

)
v(ξ, 0) = v2(ξ), ξ ∈ (0, π),

v(ξ, T ) = vT (ξ), ξ ∈ (0, π),

ãäå v0, v1, vT ∈ X , v2 ∈ Y1. Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ (3.6.9),

(3.6.10) åå ðàçðåøèìîñòè åñòü∣∣∣∣∣∣∣
∫
γ1

(
(s4 − 9s2)λ7/2 − bλ5/4 − (1− s2)λ7/3

)−1

(s4 − 9s2)(eλt − eλ(t−T ))dλ

∣∣∣∣∣∣∣ ≥ c

ïðè s ∈ N \ {3}, ∫
γ0

(
bλ5/4 − 8λ7/3

)−1

(eλt − eλ(t−T ))dλ ̸= 0.

3.6.4. Ïðèìåðû âûðîæäåííûõ

êâàçèëèíåéíûõ ñèñòåì óðàâíåíèé

Ðàññìîòðèì ïðèìåðû âûðîæäåííûõ ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-

íûõ, èëëþñòðèðóþùèå ÷åòûðå ðàññìîòðåííûõ ñëó÷àÿ â ðàçäåëå 3.2.

Ïóñòü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω. Ðàñ-

ñìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

∂kx1
∂tk

(ξ, t0) = x1k(ξ), k = 0, 1, . . . ,m− 1, ξ ∈ Ω, (3.6.11)

∂kx2
∂tk

(ξ, t0) = x2k(ξ), k = 0, 1, . . . ,mn − 1, ξ ∈ Ω, (3.6.12)

xi(ξ, t) = 0, (ξ, t) ∈ ∂Ω× [t0, t1], i = 1, 2, (3.6.13)

Dα
t △x1 =

n∑
k=1

akD
αk
t x1 + h1 (ξ, t,D

γ1
t x1, D

γ1
t x2, . . . , D

γr
t x1, D

γr
t x2) ,

0 =
n∑
k=1

bkD
αk
t x2 + h2 (ξ, t,D

γ1
t x1, D

γ1
t x2, . . . , D

γr
t x2) , (ξ, t) ∈ Ω× [t0, t1],

(3.6.14)

ãäå n, r ∈ N, α1 < α2 < · · · < αn ≤ m − 1 < α ≤ m ∈ N, mn − 1 < αn ≤ mn,

γ1 < γ2 < · · · < γr.
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ÏóñòüA :=
d∑
j=1

∂2

∂ξ2j
� îïåðàòîð Ëàïëàñà ñ îáëàñòüþ îïðåäåëåíèÿH2

0(Ω) =

{v ∈ H2(Ω) : v(ξ) = 0, ξ ∈ ∂Ω} ⊂ L2(Ω), {φs} îðòîíîðìèðîâàííàÿ â L2(Ω)

ñèñòåìà åãî ñîáñòâåííûõ ôóíêöèé, ñîîòâåòñòâóþùèõ ñîáñòâåííûì çíà÷åíèÿì

{λs}, ïðîíóìåðîâàííûì â ïîðÿäêå íåâîçðàñòàíèÿ ñ ó÷åòîì èõ êðàòíîñòè.

Ðåäóöèðóåì çàäà÷ó (3.6.11)�(3.6.14) ê (3.2.1), (3.2.2), âîçüìåì ïðîñòðàí-

ñòâà

X = H2
0(Ω)× L2(Ω), Y = (L2(Ω))

2, (3.6.15)

è îïåðàòîðû

L =

(
△ 0

0 0

)
∈ L(X ;Y), Mk =

(
akI 0

0 bkI

)
∈ L(X ;Y), k = 1, 2, . . . , n.

(3.6.16)

Ëåììà 3.6.1. Ïóñòü çàäàíû ïðîñòðàíñòâà (3.6.15) è îïåðàòîðû (3.6.16),

bn ̸= 0. Òîãäà îïåðàòîð Mn (L, 0)-îãðàíè÷åí è ïðîåêòîðû èìåþò âèä

P =

(
1 0

0 0

)
, Q =

(
1 0

0 0

)
. (3.6.17)

Äîêàçàòåëüñòâî. Åñëè µ ̸= anλ
−1
s äëÿ âñåõ s ∈ N, òîãäà

(µL−Mn)
−1 =

∞∑
s=1

⟨·, φs⟩φs

(
(µλs − an)

−1 0

0 −b−1
n

)
,

ñëåäîâàòåëüíî, äëÿ |µ| > |an||λ1|−1 îïåðàòîð (µL−Mn)
−1 : Y → X � îãðàíè-

÷åí,

RL
µ(Mn) =

∞∑
s=1

⟨·, φs⟩φs

(
λs(µλs − an)

−1 0

0 0

)
,

LLµ(Mn) =
∞∑
s=1

⟨·, φs⟩φs

(
λs(µλs − an)

−1 0

0 0

)
.
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Èç ýòèõ ðàâåíñòâ â ñèëó ôîðìóë (3.1.1) è òåîðåìû î âû÷åòàõ ñëåäóåò âèä

ïðîåêòîðîâ (3.6.17), ïîñêîëüêó äëÿ äîñòàòî÷íî áîëüøèõ |µ|

λs(µλs − an)
−1 = µ−1(1− anµ

−1λ−1
s )−1 =

∞∑
j=0

ajnµ
−j−1λ−js .

Ñëåäîâàòåëüíî, X 1 = H2
0(Ω) × {0}, X 0 = {0} × L2(Ω), Y1 = L2(Ω) × {0},

Y0 = {0} × L2(Ω), L0 = 0 è îïåðàòîð Mn (L, 0)-îãðàíè÷åí.

Ïåðâàÿ ôîðìóëà â (3.6.17) ïîäðàçóìåâàåò, ÷òî íà÷àëüíûå óñëîâèÿ (3.6.11),

(3.6.12) èìåþò âèä (3.2.1). Ïðè ïîäõîäÿùèõ óñëîâèÿõ ãëàäêîñòè íà ôóíêöèè

h1 è h2 ñèñòåìà óðàâíåíèé

Dα
t △x1 =

n∑
k=1

akD
αk
t x1 + h1 (ξ, t,D

γ1
t x1, D

γ2
t x1, . . . , D

γr
t x1) ,

0 =
n∑
k=1

bkD
αk
t x2 + h2 (ξ, t,D

γ1
t x1, D

γ2
t x1, . . . , D

γr
t x1)

óäîâëåòâîðÿåò óñëîâèÿì òåîðåì 3.2.1 è 3.2.5; ñèñòåìà

Dα
t △x1 =

n∑
k=1

akD
αk
t x1 + h1 (ξ, t,D

γ1
t x2, D

γ2
t x2, . . . , D

γr
t x2) ,

0 =
n∑
k=1

bkD
αk
t x2 + h2 (ξ, t,D

γ1
t x2, D

γ2
t x2, . . . , D

γr
t x2) , γr < αn,

ñîîòâåòñòâóåò òåîðåìàì 3.2.2 è 3.2.6; óñëîâèÿ òåîðåì 3.2.3 è 3.2.7 ñïðàâåäëèâû

äëÿ ñèñòåìû

Dα
t △x1 =

n∑
k=1

akD
αk
t x1 + h1 (ξ, t,D

γ1
t x1, D

γ1
t x2, D

γ2
t x1, D

γ2
t x2, . . . , D

γr
t x2) ,

0 =
n∑
k=1

bkD
αk
t x2;

òåîðåìû 3.2.4 è 3.2.8 ïðèìåíèìû ê ñèñòåìå óðàâíåíèé

Dα
t △x1 =

n∑
k=1

akD
αk
t x1,

0 =
n∑
k=1

bkD
αk
t x2 + h2 (ξ, t,D

γ1
t x1, D

γ1
t x2, . . . , D

γr
t x1, D

γr
t x2) , γr < αn.
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3.6.5. Íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé

òåðìîêîíâåêöèè â âÿçêîóïðóãîé ñðåäå

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

v(ξ, 0) = v0(ξ), (m− 1)
∂v

∂t
(ξ, 0) = (m− 1)v1(ξ), ξ ∈ Ω, (3.6.18)

τ(ξ, 0) = τ0(ξ), (m− 1)
∂τ

∂t
(ξ, 0) = (m− 1)τ1(ξ), ξ ∈ Ω, (3.6.19)

v(ξ, t) = 0, τ(ξ, t) = 0, (ξ, t) ∈ ∂Ω× (0, T ], (3.6.20)

äëÿ ëèíåàðèçîâàííîé ñèñòåìû óðàâíåíèé òåðìîêîíâåêöèè â âÿçêîóïðóãîé

ñðåäå

Dα
t v(ξ, t) = χDα

t ∆v(ξ, t) + ν∆v(ξ, t) + κDδ
t∆v(ξ, t)− r(ξ, t)+

+h(ξ, t), (ξ, t) ∈ Ω× (0, T ],
(3.6.21)

∇ · v(ξ, t) = 0, (ξ, t) ∈ Ω× (0, T ], (3.6.22)

Dα
t τ(ξ, t) = ϱ△τ(ξ, t) + ςvn(ξ, t) + f(ξ, t), (ξ, t) ∈ Ω× (0, T ]. (3.6.23)

ãäå m− 1 < α ≤ m ∈ {1, 2}, δ < 0, χ, ν, κ, ϱ, ς ∈ R, △ � îïåðàòîð Ëàïëàñà ñ

îáëàñòüþ îïðåäåëåíèÿ H2
0(Ω) := {w ∈ H2(Ω) : w(ξ) = 0, ξ ∈ ∂Ω}, ïëîòíîé â

L2(Ω).

Çàìå÷àíèå 3.6.1. Âî âòîðûõ óñëîâèÿõ â (3.6.18), (3.6.19) ìíîæèòåëü m− 1

îçíà÷àåò îòñóòñòâèå ýòèõ óñëîâèé ïðè α ∈ (0, 1] è íàëè÷èå èõ ïðè α ∈ (1, 2).

Çàìå÷àíèå 3.6.2. Åñëè χ = 0, òî ñèñòåìà óðàâíåíèé (3.6.21)�(3.6.23) � ïðåä-

ñòàâëÿåò ñîáîé ëèíåéíîå ïðèáëèæåíèå ñèñòåìû óðàâíåíèé òåðìîêîíâåêöèè

â âÿçêîé ñðåäå. Â ÷àñòíîñòè äëÿ χ = 0, α = 1 è κ = 0 ìû èìååì ëèíåà-

ðèçàöèþ ñèñòåìû óðàâíåíèé Áóññèíåñêà, ìîäåëèðóþùóþ òåðìîêîíâåêöèþ â

âÿçêèõ ñðåäàõ. Îïåðàòîðíûå ìåòîäû, áëèçêèå ê ìåòîäàì íàñòîÿùåé ðàáîòû,

èñïîëüçóþòñÿ äëÿ èññëåäîâàíèÿ íà÷àëüíî-êðàåâîé çàäà÷è è íåêîòîðûõ çàäà÷

óïðàâëåíèÿ äëÿ ëèíåàðèçîâàííîé ñèñòåìû Áóññèíåñêà â [31].
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Ïîëîæèì

X = H2
σ ×Hπ × L2(Ω), Y = L2 × L2(Ω) = Hσ ×Hπ × L2(Ω), (3.6.24)

L =


I − χB O O
−χΠ∆ O O

O O I

 , M1 =


κB O O
κΠ∆ O O
O O O

 ,

M2 =


νB O O
νΠ∆ −I O
ςPn O ϱ△

 , g(t) =


Σh(·, t)
Πh(·, t)
f(·, t)

 , t ∈ [0, T ].

(3.6.25)

Çäåñü Pn � ïðîåêòîð, äåéñòâóþùèé ïî ïðàâèëó (v1, v2, . . . , vn) → vn. Òîãäà

L,M1 ∈ L(X ;Y), M2 ∈ Cl(X ;Y), DM2
= H2

σ × Hπ ×H2
0(Ω). Èìååì x(t) ∈ X ,

ãäå x(t) = (v(·, t), r(·, t), τ(·, t)).

Ëåììà 3.6.2. Ïóñòü α ∈ (0, 2), χ, ν, ς ∈ R, χ /∈ σ(B), ϱ > 0, ïðîñòðàíñòâà

X è Y èìåþò âèä (3.6.24), îïåðàòîðû L è M2 îïðåäåëÿþòñÿ ÷åðåç (3.6.25).

Òîãäà (L,M2) ∈ Hα(θ0, a0) äëÿ íåêîòîðûõ a0 ≥ 0, θ0 ∈ (π/2, π), ïðè ýòîì

P =


I O O

νΠ∆(I − χB)−1 O O
O O I

 , Q =


I O O

−χΠ∆(I − χB)−1 O O
O O I

 ,

X 0 = {0} × Hπ × {0}, X 1 = {(z, νΠ∆(I − χB)−1z, w) : z ∈ H2
σ, w ∈ L2(Ω)},

Y0 = {0} ×Hπ × {0}, Y1 = {(z,−χΠ∆(I − χB)−1z, w) : z ∈ Hσ, w ∈ L2(Ω)},
L−1
1 ∈ L(Y1;X 1).

Äîêàçàòåëüñòâî. Áàíàõîâû ïðîñòðàíñòâà X , Y � ðåôëåêñèâíû, ïîñêîëüêó

ÿâëÿþòñÿ ãèëüáåðòîâûìè ïðîñòðàíñòâàìè. Îïåðàòîðû (I−χB)−1 : Hσ → H2
σ,

(I−χB)−1B = B(I−χB)−1 : Hσ → Hσ, (I−χB)−1B = B(I−χB)−1 : H2
σ → H2

σ

îãðàíè÷åíû, ïîýòîìó ìû ìîæåì âûáðàòü θ1 ∈ (π/2, π), a0 > 0, òàêèå, ÷òî

êðóã {µ ∈ C : |µ| ≤ 2−1/α|ν|1/αmax{∥(I − χB)−1B∥1/αHσ
, ∥(I − χB)−1B∥1/αH2

σ
}}

íàõîäèòñÿ âíå ñåêòîðà Sθ1,a0. Òîãäà äëÿ µ ∈ Sθ1,a0 ñ ïîìîùüþ ðÿäà Íåéìàíà
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ïîëó÷àåì

∥(µαI − ν(I − χB)−1B)−1∥Hσ
≤ 1

|µ|α − |ν|∥(I − χB)−1B∥Hσ

≤ 2

|µ|α
. (3.6.26)

∥(µαI − ν(I − χB)−1B)−1∥H2
σ
≤ 1

|µ|α − |ν|∥(I − χB)−1B∥H2
σ

≤ 2

|µ|α
. (3.6.27)

Âîçüìåì α ∈ [1, 2), δ ∈ (0, π(1/α − 1/2)), θ0 = min{θ1, π/2 + δ}. Òîãäà
(µαI − ϱ△)−1 ∈ L(Hσ) äëÿ âñåõ µ ∈ Sθ0,a0, ïîñêîëüêó ñïåêòð îïåðàòîðà ϱ△
ñ îáëàñòüþ îïðåäåëåíèÿ H2

0(Ω) âåùåñòâåí è îòðèöàòåëåí. Áîëåå òîãî, äëÿ

w ∈ L2(Ω)

∥(µαI − ϱ△)−1w∥2L2(Ω)
=

∞∑
s=0

|⟨w,φs⟩|2

|µα − ϱλs|2
≤

∥w∥2L2(Ω)

sin2 θ0|µ|2α
, (3.6.28)

ãäå ⟨·, ·⟩ � ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω), {λs} � ñîáñòâåííûå çíà÷åíèÿ

îïåðàòîðà △ ñ îáëàñòüþ îïðåäåëåíèÿ H2
0(Ω), {φs} � îðòîíîðìèðîâàííàÿ ñè-

ñòåìà ñîîòâåòñòâóþùèõ ñîáñòâåííûõ ôóíêöèé.

Òàê äëÿ µ ∈ Sθ0,a0

µ0αL−M2 =


µα(I − χB)− νB O O
−µαχΠ∆− νΠ∆ I O

−ςPn O µαI − ϱ△

 ,

(µαL−M2)
−1 =

(µαI − ν(I − χB)−1B)−1(I − χB)−1 O O
(µαχΠ∆+ νΠ∆)(µαI − ν(I − χB)−1B)−1(I − χB)−1 I O
ς(µαI − ϱ△)−1Pn(µ

αI − ν(I − χB)−1B)−1(I − χB)−1 O (µαI − ϱ△)−1

 ,

RL
µα(M) =

(µαI − ν(I − χB)−1B)−1 O O
(µαχΠ∆+ νΠ∆)(µαI − ν(I − χB)−1B)−1 − χΠ∆ O O

ς(µαI − ϱ△)−1Pn(µ
αI − ν(I − χB)−1B)−1 O (µαI − ϱ△)−1

 =
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=


(µαI − ν(I − χB)−1B)−1 O O

νΠ∆(I − χB)−1(µαI − ν(I − χB)−1B)−1 O O
ς(µαI − ϱ△)−1Pn(µ

αI − ν(I − χB)−1B)−1 O (µαI − ϱ△)−1

 ,

LLµα(M) =
(µαI − νB(I − χB)−1)−1 O O

−χΠ∆(I − χB)−1(µαI − νB(I − χB)−1)−1 O O
ς(µαI − ϱ△)−1Pn(µ

αI − ν(I − χB)−1B)−1(I − χB)−1 O (µαI − ϱ△)−1

 .

Òàêèì îáðàçîì, RL
µα(M) ∈ L(X ), LLµα(M) ∈ L(Y). Èñïîëüçóÿ (3.6.26)�(3.6.28),

ïîëó÷àåì, ÷òî (L,M) ∈ Hα(a0, θ0).

Ïðè α ∈ (0, 1) äîêàçàòåëüñòâî àíàëîãè÷íî.

Ïðîåêòîðû P , Q è ïîäïðîñòðàíñòâà X 0 = kerP , X 1 = imP , Y0 = kerQ,

Y1 = imQ ìîæíî âû÷èñëèòü ïî òåîðåìå 3.4.1.

Íåòðóäíî çàìåòèòü, ÷òî L[X 1] = Y1, ïîýòîìó L−1
1 ∈ L(Y1;X 1).

Òåîðåìà 3.6.1. Ïóñòü α ∈ (0, 2), χ, ν, κ, ς ∈ R, χ /∈ σ(B), ϱ > 0, v0 ∈
Hσ, τ0 ∈ H2

0(Ω) äëÿ α ∈ (0, 1], v0, v1 ∈ Hσ, τ0, τ1 ∈ H2
0(Ω) ïðè α ∈ (1, 2);

h ∈ C([0, T ];L2), Σh ∈ Cγ([0, T ];Hσ), f ∈ Cγ([0, T ];L2(Ω)), γ ∈ (0, 1]. Òîãäà

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.6.18)�(3.6.23).

Äîêàçàòåëüñòâî. Ñâåäåì çàäà÷ó (3.6.18)�(3.6.23) ê (3.5.1), (3.5.2) ïðè n = 2,

èñïîëüçóÿ îïåðàòîðû (3.6.25) â ïðîñòðàíñòâàõ (3.6.24). Çàìåòèì, ÷òî â ýòîì

ñëó÷àå α1 = δ < 0, α2 = 0, m2 = 0, ñëåäîâàòåëüíî, óñëîâèÿ (3.5.1) èìåþò

âèä Px(0) = x0 äëÿ α ∈ (0, 1], Px(0) = x0, D
1Px(0) = x1 äëÿ α ∈ (1, 2), ÷òî

ýêâèâàëåíòíû óñëîâèÿì (3.6.18), (3.6.19) ââèäó âèäà ïðîåêòîðà P (ñì. ëåì-

ìó 3.6.2). Çäåñü m = 1 äëÿ α ∈ (0, 1] è m = 2 äëÿ α ∈ (1, 2). Ñëåäîâàòåëüíî,

äëÿ m = 1 ïîñëåäíåå óñëîâèå â (3.6.18), è â (3.6.19) îòñóòñòâóåò.

Ïðîâåðèì âûïîëíåíèå óñëîâèé òåîðåìû 3.5.2. Ñîãëàñíî ëåììå 3.6.2 L−1
1 ∈

L(Y1;X 1), ïðè÷åì (v0, νΠ∆(I−χB)−1v0, τ0), (v1, νΠ∆(I−χB)−1v1, τ1) ∈ DMn,1

â óñëîâèÿõ íàñòîÿùåé òåîðåìû. Èìååì òàêæå

Qg(t) = (Σh(·, t),−χΠ∆(I − χB)−1Σh(·, t), f(·, t)) ∈ Cγ([0, T ];Y).
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Íàêîíåö,

M1P −QM1 =


O O O

κΠ∆(I − χB)−1 O O
O O O

 := N1 ∈ L(X ;Y).

Î÷åâèäíî, ÷òî N1 = Q0N1P . Ïî òåîðåìå 3.5.2 ïîëó÷àåì òðåáóåìîå óòâåðæäå-

íèå.
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Çàêëþ÷åíèå

Îñíîâíûì ðåçóëüòàòîì äàííîé äèññåðòàöèîííîé ðàáîòû ñòàëè òåîðåìû î ñó-

ùåñòâîâàíèè è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ äëÿ íà÷àëüíûõ çàäà÷

äëÿ øèðîêèõ êëàññîâ ëèíåéíûõ è êâàçèëèíåéíûõ óðàâíåíèé â áàíàõîâûõ ïðî-

ñòðàíñòâàõ ñ íåñêîëüêèìè äðîáíûìè ïðîèçâîäíûìè Ãåðàñèìîâà � Êàïóòî, ñ

îãðàíè÷åííûìè èëè ñ çàìêíóòûìè îïåðàòîðàìè â ëèíåéíîé ÷àñòè óðàâíåíèÿ.

Ðàññìîòðåíû êàê ðàçðåøåííûå îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé óðàâíå-

íèÿ, òàê è óðàâíåíèÿ, ñîäåðæàùèå âûðîæäåííûé ëèíåéíûé îïåðàòîð ïðè

ýòîé ïðîèçâîäíîé. Â ïîñëåäíåì ñëó÷àå èñïîëüçóåìûå óñëîâèÿ íà ïàðó îïåðà-

òîðîâ ïðè äâóõ ñòàðøèõ ïðîèçâîäíûõ â óðàâíåíèè ïîçâîëÿþò âûðîæäåííîå

óðàâíåíèå ðåäóöèðîâàòü ê ïàðå óðàâíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ñòàð-

øåé ïðîèçâîäíîé.

Îáùèå ðåçóëüòàòû èñïîëüçîâàíû ïðè èññëåäîâàíèè âîïðîñîâ ñóùåñòâî-

âàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ äëÿ íà÷àëüíûõ çàäà÷ äëÿ ñèñòåì îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, äëÿ ðÿäà íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ

ëèíåéíûõ è íåëèíåéíûõ óðàâíåíèé è ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-

íûõ, êàê ðàçðåøèìûõ, òàê è íå ðàçðåøèìûõ îòíîñèòåëüíî ñòàðøåé äðîáíîé

ïðîèçâîäíîé ïî âðåìåíè.

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò ñòàòü îñíîâîé äëÿ äàëüíåéøèõ èññëåäî-

âàíèé â ñëåäóþùèõ íàïðàâëåíèÿõ:

1) èññëåäîâàíèå âîïðîñîâ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ñèëüíûõ ðå-

øåíèé àíàëîãè÷íûõ çàäà÷ äëÿ óðàâíåíèé ñ íåñêîëüêèìè ïðîèçâîäíûìè Ãå-

ðàñèìîâà � Êàïóòî;

2) èññëåäîâàíèå íîâûõ êëàññîâ îáðàòíûõ çàäà÷ äëÿ óðàâíåíèé ñ íåñêîëü-

êèìè ïðîèçâîäíûìè Ãåðàñèìîâà � Êàïóòî: çàäà÷ ñ çàâèñÿùèì îò âðåìåíè

íåèçâåñòíûì ïàðàìåòðîì, íåëèíåéíûõ îáðàòíûõ çàäà÷;

3) èññëåäîâàíèå âîïðîñîâ óïðàâëÿåìîñòè óðàâíåíèé ñ íåñêîëüêèìè ïðî-

èçâîäíûìè Ãåðàñèìîâà � Êàïóòî;
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4) èññëåäîâàíèå ðàçëè÷íûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñè-

ñòåì, äèíàìèêà êîòîðûõ îïèñûâàåòñÿ óðàâíåíèÿìè ñ íåñêîëüêèìè ïðîèçâîä-

íûìè Ãåðàñèìîâà � Êàïóòî.
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Îáîçíà÷åíèÿ è ñîãëàøåíèÿ

1. Ìíîæåñòâà, êàê ïðàâèëî, îáîçíà÷àþòñÿ çàãëàâíûìè áóêâàìè ëàòèí-

ñêîãî àëôàâèòà, ïðè ýòîì

N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë, N0 := {0} ∪ N;
R � ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë;

R+ = {a ∈ R : a > 0}; R+ = {0} ∪ R+;

C � ìíîæåñòâî êîìïëåêñíûõ ÷èñåë.

2. Ýëåìåíòû ìíîæåñòâ îáîçíà÷àþòñÿ ñòðî÷íûìè áóêâàìè ëàòèíñêîãî è

ãðå÷åñêîãî àëôàâèòîâ, îïåðàòîðû îáîçíà÷àþòñÿ çàãëàâíûìè áóêâàìè ëàòèí-

ñêîãî àëôàâèòà.

3. L(X ;Y) � áàíàõîâî ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ îïåðàòî-

ðîâ, äåéñòâóþùèõ èç áàíàõîâà ïðîñòðàíñòâà X â áàíàõîâî ïðîñòðàíñòâî Y ;
Cl(X ;Y) � ìíîæåñòâî ëèíåéíûõ çàìêíóòûõ, îïðåäåëåííûõ â ïðîñòðàí-

ñòâå X îïåðàòîðîâ, äåéñòâóþùèõ â ïðîñòðàíñòâî Y ;
L(X ;X ) := L(X ), Cl(X ;X ) := Cl(X ).

4. Îáëàñòü îïðåäåëåíèÿ îïåðàòîðà A îáîçíà÷àåòñÿ ÷åðåçDA, åãî ÿäðî �

÷åðåç kerA, îáðàç � ÷åðåç imA.

5. ×åðåç Lq(Ω;X ) è W l
q(Ω;X ), q ≥ 1, l ∈ N, îáîçíà÷àþòñÿ ïðîñòðàíñòâà

Ëåáåãà è Ñîáîëåâà ñîîòâåòñòâåííî ôóíêöèé u : Ω → X , ãäå Ω � îáëàñòü â

Rn, X � áàíàõîâî ïðîñòðàíñòâî; H l(Ω;X ) := W l
2(Ω;X ), l ∈ N.

6. Ñèìâîëàìè I è O îáîçíà÷àþòñÿ ñîîòâåòñòâåííî òîæäåñòâåííûé è

íóëåâîé îïåðàòîðû, îáëàñòè îïðåäåëåíèÿ êîòîðûõ ÿñíû èç êîíòåêñòà.

7. Ñèìâîë □ ëåæèò â êîíöå äîêàçàòåëüñòâà.
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