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Ââåäåíèå

Ïîñòàíîâêà çàäà÷è è àêòóàëüíîñòü òåìû èññëåäîâàíèé.

Äèññåðòàöèîííàÿ ðàáîòà ïîñâÿùåíà êëàññè÷åñêîìó íàïðàâëåíèþ òåîðèè ãðóïï �

èçó÷åíèþ èõ ïîäãðóïïîâîãî ñòðîåíèÿ. Îäíèì èç öåíòðàëüíûõ îáúåêòîâ ïðè èçó÷åíèè

ïîäãðóïïîâîãî ñòðîåíèÿ ÿâëÿþòñÿ ïðîñòûå ãðóïïû. Ëþáàÿ êîíå÷íàÿ ãðóïïà ìîæåò

áûòü ïîñòðîåíà èç êîíå÷íûõ ïðîñòûõ ãðóïï ñ ïîìîùüþ êîíå÷íîãî ÷èñëà ðàñøèðå-

íèé, ïîýòîìó íàèáîëåå åñòåñòâåííûì ïðåäñòàâëÿåòñÿ èçó÷åíèå ïîäãðóïïîâîãî ñòðî-

åíèÿ êîíå÷íûõ ïðîñòûõ ãðóïï. Êîíå÷íûå ïðîñòûå ãðóïïû ìîæíî ðàçäåëèòü íà òðè

ñåìåéñòâà: ñïîðàäè÷åñêèå ãðóïïû, çíàêîïåðåìåííûå ãðóïïû è êîíå÷íûå ãðóïïû ëèå-

âà òèïà. Îñíîâíîé ìàññèâ ñîñòàâëÿþò êîíå÷íûå ãðóïïû ëèåâà òèïà, êîòîðûå äåëÿòñÿ

íà 16 êëàññîâ. Øåñòü êëàññîâ ñîñòàâëÿþò, òàê íàçûâàåìûå, êëàññè÷åñêèå ãðóïïû, êî-

òîðûå èìåþò åñòåñòâåííîå ìàòðè÷íîå ïðåäñòàâëåíèå, è äåñÿòü � èñêëþ÷èòåëüíûå.

Êîíå÷íûå ãðóïïû ëèåâà òèïà G èìåþò òåñíóþ ñâÿçü ñ ïðîñòûìè ñâÿçíûìè ëèíåé-

íûìè àëãåáðàè÷åñêèìè ãðóïïàìè G, îïðåäåëåííûìè íàä àëãåáðàè÷åñêèì çàìûêàíè-

åì ïðîñòîãî ïîëÿ ïîëîæèòåëüíîé õàðàêòåðèñòèêè p. Îíè âîçíèêàþò èç ëèíåéíûõ àë-

ãåáðàè÷åñêèõ ãðóïï êàê ìíîæåñòâî íåïîäâèæíûõ òî÷åê ýíäîìîðôèçìà Ñòåéíáåðãà σ.

Âàæíóþ ðîëü êàê â ëèíåéíûõ àëãåáðàè÷åñêèõ ãðóïïàõ, òàê è â êîíå÷íûõ ãðóïïàõ ëè-

åâà òèïà èãðàþò ìàêñèìàëüíûå òîðû (ñì. ðàçäåë 1.2). Â ÷àñòíîñòè, îíè ôèãóðèðóþò

â òåîðèè ïðåäñòàâëåíèé ãðóïï ëèåâà òèïà è çàíèìàþò öåíòðàëüíîå ìåñòî â òåîðèè

Êàæäàíà-Ëþñòèãà (ñì. [20]). Êðîìå òîãî, îíè âîçíèêàþò ïðè èññëåäîâàíèè ðàçëè÷-

íûõ çàäà÷, ñâÿçàííûõ ñ ïîäãðóïïîâûì ñòðîåíèåì, ïîñêîëüêó êàæäûé ïîëóïðîñòîé

ýëåìåíò ãðóïïû ëèåâà òèïà ñîäåðæèòñÿ â íåêîòîðîì ìàêñèìàëüíîì òîðå.

Èçó÷åíèþ ìàêñèìàëüíûõ òîðîâ ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò ðàçëè÷íûõ

àâòîðîâ. Îñíîâîïîëàãàþùèå ðåçóëüòàòû î ñòðîåíèè ìàêñèìàëüíûõ òîðîâ áûëè ïîëó-
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÷åíû Ð. Êàðòåðîì â ðàáîòàõ [23] è [24]. À. Áóòóðëàêèí è Ì. Ãðå÷êîñååâà îïèñàëè öèê-

ëè÷åñêîå ñòðîåíèå ìàêñèìàëüíûõ òîðîâ âî âñåõ ïðîñòûõ êëàññè÷åñêèõ ãðóïïàõ [2]. Â

ñëó÷àå èñêëþ÷èòåëüíûõ ãðóïï ëèåâà òèïà íåîáõîäèìî âûäåëèòü ðàáîòû Ä. Äåðèçèî-

òèñà ñ À. Ôàêèîëàñîì è ñ Ã. Ìèõëåðîì î ñòðîåíèè ìàêñèìàëüíûõ òîðîâ â ãðóïïàõ

ëèåâà òèïà E6, E7, E8 [29] è ãðóïïàõ
3D4(q) [30] ñîîòâåòñòâåííî. Ìàêñèìàëüíûå òîðû

â èñêëþ÷èòåëüíûõ ãðóïïàõ ëèåâà òèïà F4 îáñóæäàþòñÿ â ðàáîòàõ Ê. Øèíîäû [42],

Ò. Øîäæè [43] è Ð. Ëîóòåðà [37]. Òàêæå îòìåòèì ðàáîòû Ï. Ôëåéøìàíà è È. ßíóø-

÷àêà [31, 32] è äèññåðòàöèþ Ï. Ãàãåðà [33].

Íàïîìíèì îïðåäåëåíèå îäíîãî èç îñíîâíûõ ïîíÿòèé, èñïîëüçóåìûõ â äèññåðòà-

öèè. Ïóñòü A � íîðìàëüíàÿ ïîäãðóïïà â ãðóïïå G. Ïîäãðóïïà B ãðóïïû G íàçû-

âàåòñÿ äîïîëíåíèåì ê A â G, åñëè G = AB è A ∩ B = 1. Â ýòîì ñëó÷àå ìû òàêæå

ãîâîðèì, ÷òî ãðóïïà G ðàñùåïëÿåòñÿ íàä A.

Çàäà÷à î ðàñùåïëÿåìîñòè íîðìàëèçàòîðà ìàêñèìàëüíîãî òîðà âïåðâûå áûëà

ñôîðìóëèðîâàíà â ðàáîòå Æ. Òèòñà [45] (àâòîð äèññåðòàöèè áëàãîäàðåí Â. Ë. Ïî-

ïîâó, óêàçàâøåìó íà ýòîò ôàêò). Õîðîøî èçâåñòíî, ÷òî âñå ìàêñèìàëüíûå òîðû T

ãðóïïû G ñîïðÿæåíû â íåé [40, ñëåäñòâèå 6.5] è ôàêòîðãðóïïà NG(T )/T èçîìîðôíà

ãðóïïå Âåéëÿ W ãðóïïû G.

Ïðîáëåìà 1 (Æ. Òèòñ). Îïèñàòü ãðóïïû G, â êîòîðûõ NG(T ) ðàñùåïëÿåòñÿ

íàä T .

Îòìåòèì, ÷òî â ñëó÷àå ïðîñòûõ ãðóïï Ëè ñôîðìóëèðîâàííàÿ ïðîáëåìà áûëà ðå-

øåíà â ðàáîòå [28]. Ïðè ïåðåõîäå ê êîíå÷íûì ãðóïïàì G ëèåâà òèïà âîçíèêàåò àíà-

ëîãè÷íûé âîïðîñ. À èìåííî, ïóñòü T � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð ãðóïïû

G, T = T ∩G � ìàêñèìàëüíûé òîð ãðóïïû G è N(G, T ) = NG(T )∩G � àëãåáðàè÷å-

ñêèé íîðìàëèçàòîð. Èçâåñòíî, ÷òî â ñëó÷àå êîíå÷íûõ ãðóïï ìàêñèìàëüíûå òîðû íå

îáÿçàíû áûòü ñîïðÿæåííûìè â ãðóïïå G.

Ïðîáëåìà 2. Îïèñàòü ãðóïïû G è èõ ìàêñèìàëüíûå òîðû T , â êîòîðûõ N(G, T )

ðàñùåïëÿåòñÿ íàä T .

Ñëåäóÿ çà ðàáîòîé [9], ïðîîáðàç ýëåìåíòà ãðóïïû Âåéëÿ W â NG(T ) áóäåì íà-

çûâàòü ïîäíÿòèåì. Äëÿ äàííîé ãðóïïû G ïîëîæèòåëüíûé îòâåò íà ïðîáëåìó 1, â
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÷àñòíîñòè îçíà÷àåò, ÷òî ëþáîé ýëåìåíò èç W èìååò ïîäíÿòèå â NG(T ) òàêîãî æå ïî-

ðÿäêà. Åñòåñòâåííî ðàññìîòðåòü âîïðîñ î ìèíèìàëüíîì ïîðÿäêå ïîäíÿòèÿ ýëåìåíòà

ãðóïïû Âåéëÿ â NG(T ) â íåðàñùåïëÿåìîì ñëó÷àå. Äæ. Àäàìñ è X. Õå â ðàáîòå [9]

çàìåòèëè, ÷òî åñëè ïîðÿäîê ýëåìåíòà w èç ãðóïïû Âåéëÿ ðàâåí d, òî ìèíèìàëüíûé

ïîðÿäîê ïîäíÿòèÿ äëÿ w ðàâåí ëèáî d, ëèáî 2d. Â ðàáîòå [47] áûëè ðàññìîòðåíû

ýëëèïòè÷åñêèå ýëåìåíòû ãðóïïû Âåéëÿ, òî åñòü ýëåìåíòû, íå èìåþùèå ñîáñòâåííûõ

çíà÷åíèé 1 â åñòåñòâåííîì ïðåäñòàâëåíèè. Â ÷àñòíîñòè, áûëî äîêàçàíî, ÷òî ìèíè-

ìàëüíûé ïîðÿäîê ïîäíÿòèé äëÿ òàêèõ ýëåìåíòîâ ðàâåí d, çà èñêëþ÷åíèåì ïðîñòûõ

àëãåáðàè÷åñêèõ ãðóïï òèïà Cn èëè F4. Ðåçóëüòàòû äëÿ òàê íàçûâàåìûõ ðåãóëÿð-

íûõ ýëåìåíòîâ ãðóïïû Âåéëÿ ìîæíî íàéòè â ðàáîòàõ [9] è [41]. Îòìåòèì, ÷òî Äæ.

Ëþñòèã â ðàáîòå [39] èçó÷àë ïîäíÿòèÿ èíâîëþöèé ãðóïïû Âåéëÿ â íîðìàëèçàòîðå

ìàêñèìàëüíîãî òîðà.

Âîïðîñ î ìèíèìàëüíîì ïîðÿäêå ïîäíÿòèÿ ýëåìåíòà ãðóïïû Âåéëÿ ìîæåò áûòü

çàäàí è äëÿ êîíå÷íûõ ãðóïï ëèåâà òèïà G. Åñëè ïîðÿäîê ýëåìåíòà w èç ãðóïïû

Âåéëÿ ðàâåí d è ìèíèìàëüíûé ïîðÿäîê åãî ïîäíÿòèÿ â G ðàâåí d, òî îí ðàâåí d è â

ãðóïïå G.

Ïðè èçó÷åíèè ñòðîåíèÿ ãðóïï îäíîé èç êëþ÷åâûõ çàäà÷ ÿâëÿåòñÿ îïèñàíèå è èñ-

ñëåäîâàíèå ìàêñèìàëüíûõ ïîäãðóïï. Â ñëó÷àå êîíå÷íûõ ïðîñòûõ ãðóïï îïèñàíèå

ìàêñèìàëüíûõ ïîäãðóïï ïðîäîëæàåòñÿ äî ñèõ ïîð. Ñòîèò îòìåòèòü íåäàâíèå ðàáîòû

Ä. Êðýéâåíà [26, 27], ïîñâÿùåííûå îïèñàíèþ ìàêñèìàëüíûõ ïîäãðóïï â èñêëþ÷è-

òåëüíûõ ãðóïïàõ ëèåâà òèïà F4, E6 è E7.

Ïîäãðóïïû â êëàññè÷åñêèõ ãðóïïàõ â çíà÷èòåëüíîé ñòåïåíè îïèñûâàåò òåîðåìà

Ì. Àøáàõåðà [16].

Òåîðåìà (Àøáàõåð). Ïóñòü G � êëàññè÷åñêàÿ ãðóïïà, H ⩽ G. Òîãäà ëèáî îáðàç H

â G/Z(G) ÿâëÿåòñÿ ïî÷òè ïðîñòîé ãðóïïîé, ëèáî H ñîäåðæèòñÿ â ýëåìåíòå îäíîãî

èç êëàññîâ Àøáàõåðà C1 � C8.

Çäåñü C1 � C8 � åñòåñòâåííûå êëàññû ïîäãðóïï â êëàññè÷åñêèõ ãðóïïàõ, âûäå-

ëåííûå Ì. Àøáàõåðîì.

Òî÷íîå îïèñàíèå ýëåìåíòîâ â êëàññàõ C1 � C8 ïîëó÷åíî â ìîíîãðàôèÿõ [19, 36].

Ñëåäóåò îòìåòèòü, ÷òî â îïðåäåëåíèè êëàññîâ C1 � C8 â [16] è [19, 36] èìåþòñÿ
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íåçíà÷èòåëüíûå ðàñõîæäåíèÿ è â äàëüíåéøåì êëàññû Àøáàõåðà ìû áóäåì ïîíèìàòü

â ñìûñëå [19, 36]. Â òàáëèöå 4.1 ðàçäåëà 4.1 ïðèâåäåíî ïðèìåðíîå îïèñàíèå (òèï)

ïîäãðóïï, ñîñòàâëÿþùèõ òîò èëè èíîé êëàññ Àøáàõåðà â îáùèõ ëèíåéíûõ ãðóïïàõ

(ñì. [36, Òàáëèöà 1.2.A]). Ñòðîãîå îïèñàíèå êëàññîâ C1 � C8 äëÿ êëàññè÷åñêèõ ãðóïï,

ó êîòîðûõ ðàçìåðíîñòü åñòåñòâåííîãî ìîäóëÿ íå ìåíüøå 13, ñì. â [36, Ãëàâà 4], è äëÿ

îñòàâøèõñÿ êëàññè÷åñêèõ ãðóïï ñì. [19, òàáëèöû 8.1�8.85], êóäà âêëþ÷åíî òàêæå äëÿ

ãðóïï ìàëûõ ðàçìåðíîñòåé ïîëíîå îïèñàíèå ïîäãðóïï, íå ñîäåðæàùèõñÿ â ýëåìåíòàõ

èç êëàññîâ Àøáàõåðà, òî åñòü ÿâëÿþùèõñÿ ïî÷òè ïðîñòûìè. Ì. Ëèáåê è Ã. Çåéòñ

â ðàáîòå [38] ïîëó÷èëè íîâîå äîêàçàòåëüñòâî òåîðåìû Àøáàõåðà ñ ïîìîùüþ òåîðèè

àëãåáðàè÷åñêèõ ãðóïï è ýëåìåíòàðíîé ëèíåéíîé àëãåáðû.

Îòìåòèì, ÷òî òåîðåìà Àøáàõåðà íå äàåò ïîëíîãî îïèñàíèÿ ïîäãðóïïîâîãî ñòðîå-

íèÿ ñîîòâåòñòâóþùèõ ãðóïï õîòÿ áû ïî òîé ïðè÷èíå, ÷òî íåò îïèñàíèÿ ïî÷òè ïðîñòûõ

ïîäãðóïï â êëàññè÷åñêèõ ãðóïïàõ. È äàæå â ñèòóàöèè, êîãäà ïîäãðóïïà çàâåäîìî íå

ÿâëÿåòñÿ ïî÷òè ïðîñòîé (ñêàæåì, èìååò íåòðèâèàëüíûé ðàçðåøèìûé ðàäèêàë è ñî-

äåðæèòñÿ â íåêîòîðîé ëîêàëüíîé ïîäãðóïïå), èñïîëüçîâàíèå òåîðåìû Àøáàõåðà â

êà÷åñòâå èíñòðóìåíòà èíäóêòèâíûõ ðàññóæäåíèé ìîæåò áûòü ñîïðÿæåíî ñî çíà÷è-

òåëüíûìè òðóäíîñòÿìè. Íàïðèìåð, åñëè ïîäãðóïïà H êëàññè÷åñêîé ãðóïïû ïîïà-

äàåò â êëàññ C6 (íîðìàëèçàòîðû ïîäãðóïï ñèìïëåêòè÷åñêîãî òèïà), òî êîíòðîëèðî-

âàòü âûïîëíåíèå ïðåäïîëîæåíèÿ èíäóêöèè áûâàåò çà÷àñòóþ íåâîçìîæíî, ïîñêîëüêó

ìåíÿåòñÿ õàðàêòåðèñòèêà îñíîâíîãî ïîëÿ. Ïðè ýòîì ïîäãðóïïà H âîâñå íå îáÿçà-

íà ñîäåðæàòüñÿ â ëîêàëüíîé ìàêñèìàëüíîé ïîäãðóïïå, êîòîðûå ïîëíîñòüþ îïèñàíû

(ñì. [36, ñëåäñòâèå 1.2.4]).

Òàêîãî ðîäà òðóäíîñòè âîçíèêàëè, íàïðèìåð, â ðàáîòàõ [4, 5, 6] ïðè ïîëó÷åíèè

îïèñàíèÿ ïðîñòûõ ãðóïï, îáëàäàþùèõ õîëëîâûì ñâîéñòâîì Dπ. Òàì ýòè òðóäíîñòè

óäàëîñü ïðåîäîëåòü çà ñ÷åò èñïîëüçîâàíèÿ îïèñàíèÿ íîðìàëèçàòîðîâ òàê íàçûâàåìûõ

ðàäèêàëüíûõ ïîäãðóïï â êëàññè÷åñêèõ ãðóïïàõ. Ýòî îïèñàíèå áûëî ïîëó÷åíî Äæ.

Àëüïåðèíîì è Ï. Ôîíãîì â [10] è Äæ. Àíîì â [11, 12, 13, 14] êàê ïîáî÷íûé ðåçóëü-

òàò èçó÷åíèÿ â ñëó÷àå êëàññè÷åñêèõ ãðóïï èçâåñòíîé ãèïîòåçû Àëüïåðèíà î âåñàõ,

èìåþùåé áîëüøîå çíà÷åíèå äëÿ òåîðèè ïðåäñòàâëåíèé. Â ÷àñòíîñòè, îêàçàëîñü, ÷òî

åñëè H � ïîäãðóïïà â êëàññè÷åñêîé ïðîñòîé ãðóïïå G íàä ïîëåì õàðàêòåðèñòèêè p
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è H èìååò íåòðèâèàëüíóþ íîðìàëüíóþ r-ïîäãðóïïó äëÿ íåêîòîðîãî ïðîñòîãî ÷èñëà

r, òî H ñîäåðæèòñÿ â ñîáñòâåííîé ïîäãðóïïå C ãðóïïû G òàêîé, ÷òî ëþáîé íåàáåëåâ

êîìïîçèöèîííûé ôàêòîð ãðóïïû C èçîìîðôåí ëèáî çíàêîïåðåìåííîé ãðóïïå, ëèáî

êëàññè÷åñêîé ãðóïïå õàðàêòåðèñòèêè p èëè r.

Îäíàêî òî÷íàÿ ôîðìóëèðîâêà ðåçóëüòàòîâ Àëüïåðèíà, Ôîíãà è Àíà â òîé ÷à-

ñòè, êîòîðàÿ õàðàêòåðèçóåò ðàäèêàëüíûå ïîäãðóïïû è èõ íîðìàëèçàòîðû, äîñòàòî÷-

íî ãðîìîçäêà, è õîòåëîñü áû èìåòü ýêâèâàëåíòíûé äàííîìó îïèñàíèþ èíñòðóìåíò

èíäóêòèâíûõ ðàññóæäåíèé, ñ îäíîé ñòîðîíû íàïîìèíàþùèé ïðèâû÷íûå ðåçóëüòàòû

Àøáàõåðà, à ñ äðóãîé, ïîçâîëÿþùèé îáõîäèòü òðóäíîñòè ñ âîçíèêíîâåíèåì ¾÷óæîé¿

õàðàêòåðèñòèêè.

Öåëü è îñíîâíûå ðåçóëüòàòû äèññåðòàöèè.

Öåëüþ äèññåðòàöèè ÿâëÿåòñÿ ïîëíîå ðåøåíèå ïðîáëåì 1 è 2, à òàêæå óòî÷íåíèå

òåîðåìû Àøáàõåðà î ïîäãðóïïàõ êëàññè÷åñêèõ ãðóïï â ëîêàëüíîì ñëó÷àå. Îñíîâíû-

ìè ðåçóëüòàòàìè äèññåðòàöèè ÿâëÿþòñÿ ñëåäóþùèå:

1. Íàéäåíû âñå ïðîñòûå ñâÿçíûå ëèíåéíûå àëãåáðàè÷åñêèå ãðóïïû, îïðåäåëåííûå

íàä àëãåáðàè÷åñêèì çàìûêàíèåì ïðîñòîãî ïîëÿ ïîëîæèòåëüíîé õàðàêòåðèñòèêè, â

êîòîðûõ íîðìàëèçàòîð ìàêñèìàëüíîãî òîðà ðàñùåïëÿåòñÿ íàä ýòèì òîðîì. Òåì ñà-

ìûì, ïðîáëåìà 1 ïîëíîñòüþ ðåøåíà. Ðåçóëüòàò îïóáëèêîâàí â ñòàòüÿõ [54, 55, 56, 57].

2. Äëÿ âñåõ êîíå÷íûõ ïðîñòûõ êëàññè÷åñêèõ ãðóïï íàéäåíû âñå ìàêñèìàëüíûå

òîðû, èìåþùèå äîïîëíåíèå â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå. Ðåçóëüòàò îïóá-

ëèêîâàí â ñòàòüÿõ [54, 55, 56].

3. Äëÿ âñåõ êîíå÷íûõ èñêëþ÷èòåëüíûõ ãðóïï ëèåâà òèïà íàéäåíû âñå ìàêñèìàëü-

íûå òîðû, èìåþùèå äîïîëíåíèå â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå. Òåì ñàìûì,

ïðîáëåìà 2 ïîëíîñòüþ ðåøåíà. Ðåçóëüòàò îïóáëèêîâàí â ñòàòüÿõ [58, 59, 60, 61].

4. Äëÿ âñåõ êîíå÷íûõ èñêëþ÷èòåëüíûõ ãðóïï ëèåâà òèïà íàéäåíû ìèíèìàëüíûå

ïîðÿäêè ïîäíÿòèé ýëåìåíòîâ ãðóïïû Âåéëÿ â ñîîòâåòñòâóþùåì àëãåáðàè÷åñêîì íîð-

ìàëèçàòîðå ìàêñèìàëüíîãî òîðà. Ðåçóëüòàò îïóáëèêîâàí â ñòàòüÿõ [58, 59, 60, 61].

5. Äëÿ ëèíåéíûõ è óíèòàðíûõ ãðóïï ïîëó÷åíî óòî÷íåíèå òåîðåìû Àøáàõåðà äëÿ

ïîäãðóïï, îáëàäàþùèõ íåòðèâèàëüíîé íîðìàëüíîé ïðèìàðíîé ïîäãðóïïîé. Ðåçóëü-

òàò îïóáëèêîâàí â ñòàòüÿõ [63, 64].
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6. Äëÿ ñèìïëåêòè÷åñêèõ è îðòîãîíàëüíûõ ãðóïï íàä ïîëåì íå÷åòíîé õàðàêòåðè-

ñòèêè ïîëó÷åíî óòî÷íåíèå òåîðåìû Àøáàõåðà äëÿ ïîäãðóïï, îáëàäàþùèõ íåòðèâè-

àëüíîé íîðìàëüíîé ïðèìàðíîé ïîäãðóïïîé íå÷åòíîãî ïîðÿäêà. Ðåçóëüòàò îïóáëèêî-

âàí â ñòàòüå [65].

Ëè÷íûé âêëàä àâòîðà äèññåðòàöèè.

Ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â ðàáîòàõ [54, 55, 56, 57, 58, 59, 60, 61, 62,

63, 64, 65] â èçäàíèÿõ, âõîäÿùèõ â ïåðå÷åíü ðåöåíçèðóåìûõ íàó÷íûõ æóðíàëîâ, â êî-

òîðûõ äîëæíû áûòü îïóáëèêîâàíû îñíîâíûå ðåçóëüòàòû äèññåðòàöèè íà ñîèñêàíèå

ó÷åíûõ ñòåïåíåé äîêòîðà è êàíäèäàòà íàóê. Ðåçóëüòàò 1, äàþùèé îòâåò íà ïðîáëåìó

Æ. Òèòñà, ïîëó÷åí àâòîðîì ëè÷íî [54, 55, 56, 57]. Ðåçóëüòàò 2, îòâå÷àþùèé íà ïðî-

áëåìó 2 äëÿ êëàññè÷åñêèõ ãðóïï, ïîëó÷åí àâòîðîì ëè÷íî [54, 55, 56]. Ïðè èññëåäîâà-

íèè ïðîáëåìû 2 â èñêëþ÷èòåëüíûõ ãðóïïàõ ëèåâà òèïà ïîòðåáîâàëèñü âû÷èñëåíèÿ

â ñèñòåìàõ êîìïüþòåðíîé àëãåáðû MAGMA è GAP. Â ñâÿçè ñ ýòèì ðåçóëüòàòû 3

è 4 ïîëó÷åíû â ñîàâòîðñòâå ñ À. Ì. Ñòàðîëåòîâûì, îòâå÷àâøèì çà êîìïüþòåðíûå

âû÷èñëåíèÿ, à ìåòîäû ðåøåíèÿ ïðîáëåìû äëÿ ðàññìàòðèâàåìûõ ãðóïï è äîêàçà-

òåëüñòâà îñíîâíûõ ðåçóëüòàòîâ ïðèíàäëåæàò àâòîðó äèññåðòàöèè [58, 59, 60, 61]. Â

ëè÷íîé ðàáîòå àâòîðà [62] ïðèâîäèòñÿ îáçîð ðåçóëüòàòîâ î ñòðîåíèè íîðìàëèçàòî-

ðîâ ìàêñèìàëüíûõ òîðîâ â ãðóïïàõ ëèåâà òèïà. Ðåçóëüòàò 5 ïîëó÷åí â ñîàâòîðñòâå

ñ Å. Ì. Àâåðêèíûì, Â. Ãî (Êèòàé), Ä. Î. Ðåâèíûì â ðàáîòå [63] è ñ Ä. Î. Ðåâèíûì

â ðàáîòå [64]. Ä. Î. Ðåâèí îòâå÷àë çà ïîñòàíîâêó çàäà÷è è âîçìîæíûå ïîäõîäû ê

åå ðåøåíèþ. Ðàçðàáîòêà ìåòîäîâ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è è äîêàçàòåëüñòâî îñ-

íîâíûõ ðåçóëüòàòîâ â ñòàòüÿõ [63] è [64] ïðèíàäëåæàò À. À. Ãàëüòó. Â. Ãî (Êèòàé)

è Å. Ì. Àâåðêèí ó÷àñòâîâàëè â îáñóæäåíèè ïîëó÷åííûõ â [63] ðåçóëüòàòîâ è âíåñëè

ïîëåçíûå çàìå÷àíèÿ, ïîçâîëèâøèå óëó÷øèòü ôèíàëüíóþ âåðñèþ ðàáîòû. Ðåçóëüòàò

6 ïîëó÷åí â ñîàâòîðñòâå ñ Í. ßíîì â ðàáîòå [65]. Ìåòîäû ðåøåíèÿ ïîñòàâëåííîé çà-

äà÷è è äîêàçàòåëüñòâî îñíîâíîé òåîðåìû ñòàòüè [65] ïðèíàäëåæàò À. À. Ãàëüòó. Í.

ßí ó÷àñòâîâàë â îáñóæäåíèè èòîãîâûõ ðåçóëüòàòîâ è âíåñ öåííûå çàìå÷àíèÿ, êîòî-

ðûå óëó÷øèëè ôèíàëüíóþ âåðñèþ ðàáîòû. Ðåøàþùèé âêëàä àâòîðà äèññåðòàöèè â

ïîëó÷åíèè ðåçóëüòàòîâ 5 è 6 íå âûçûâàåò ñîìíåíèé.

Íîâèçíà, òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü ðåçóëüòàòîâ.
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Ñ îäíîé ñòîðîíû, ëþáàÿ êîíå÷íàÿ ãðóïïà ìîæåò áûòü ïîñòðîåíà èç êîíå÷íûõ

ïðîñòûõ ãðóïï ñ ïîìîùüþ êîíå÷íîãî ÷èñëà ðàñøèðåíèé. Ñ äðóãîé ñòîðîíû, ìíîãèå

çàäà÷è, ïîñòàâëåííûå äëÿ ïðîèçâîëüíûõ êîíå÷íûõ ãðóïï, óäàåòñÿ ñâåñòè ê êîíå÷-

íûì ïðîñòûì ãðóïïàì. Ïîýòîìó èçó÷åíèå ïîäãðóïïîâîãî ñòðîåíèÿ êîíå÷íûõ ïðî-

ñòûõ ãðóïï ïðåäñòàâëÿåòñÿ åñòåñòâåííûì è âàæíûì íàïðàâëåíèåì â òåîðèè êîíå÷-

íûõ ãðóïï. Äàííàÿ äèññåðòàöèÿ ïîñâÿùåíà ãðóïïàì ëèåâà òèïà, êîòîðûå ñîñòàâëÿþò

îñíîâíîé ìàññèâ êîíå÷íûõ ïðîñòûõ ãðóïï, è íàèáîëüøèå ñëîæíîñòè ïðè ðåøåíèè

áîëüøèíñòâà çàäà÷ âîçíèêàþò èìåííî â ýòîì êëàññå.

Îñíîâíûì íàïðàâëåíèåì èññëåäîâàíèé äèññåðòàöèè ÿâëÿåòñÿ âîïðîñ î ðàñùåï-

ëÿåìîñòè íîðìàëèçàòîðà ìàêñèìàëüíîãî òîðà â àëãåáðàè÷åñêèõ ãðóïïàõ è êîíå÷íûõ

ãðóïïàõ ëèåâà òèïà. Â ñëó÷àå àëãåáðàè÷åñêèõ ãðóïï äàííàÿ ïðîáëåìà áûëà ïîñòàâ-

ëåíà îäíèì èç âåäóùèõ ìàòåìàòèêîâ Æ. Òèòñîì åùå â 1966 ãîäó. Ïîëó÷åííûå ðå-

çóëüòàòû äàþò èñ÷åðïûâàþùèé îòâåò íà ïðîáëåìó êàê äëÿ àëãåáðàè÷åñêèõ ãðóïï,

÷òî ðåøàåò ïðîáëåìó Æ. Òèòñà, òàê è äëÿ êîíå÷íûõ ãðóïï ëèåâà òèïà, ïðè÷åì â

ñëó÷àå ðàñùåïëÿåìîñòè íîðìàëèçàòîðà, ñîîòâåòñòâóþùåå äîïîëíåíèå ïîñòðîåíî êîí-

ñòðóêòèâíî. Îòìåòèì, ÷òî àíàëîãè÷íûå ðåçóëüòàòû äëÿ àëãåáðàè÷åñêèõ ãðóïï áûëè

ïîëó÷åíû äðóãèìè ìåòîäàìè Äæ. Àäàìñîì è Õ. Õå â ðàáîòå [9], âûøåäøåé â òî

æå âðåìÿ, ÷òî è [57]. ×àñòî âîçíèêàåò ñèòóàöèÿ, êîãäà äîñòàòî÷íî çíàíèé î íåêîòî-

ðûõ ýëåìåíòàõ â ðàññìàòðèâàåìîé ãðóïïå. Â ýòîì ñëó÷àå ïîëó÷åííûå ðåçóëüòàòû î

ìèíèìàëüíûõ ïîðÿäêàõ ïîäíÿòèé ýëåìåíòîâ ãðóïïû Âåéëÿ â ñîîòâåòñòâóþùèõ íîð-

ìàëèçàòîðàõ ïðåäñòàâëÿþò íåñîìíåííûé èíòåðåñ.

Ïðè ïðîâåäåíèè èíäóêòèâíûõ ðàññóæäåíèé â êîíå÷íûõ ãðóïïàõ îäíèì èç ãëàâ-

íûõ èíñòðóìåíòîâ ÿâëÿåòñÿ òåîðåìà Àøáàõåðà. Ïîëó÷åííûå ðåçóëüòàòû óòî÷íÿþò

òåîðåìó Àøáàõåðà â ëîêàëüíîì ñëó÷àå è ïîçâîëÿþò èçáåãàòü òðóäíîñòåé ñ âîçíèê-

íîâåíèåì ¾÷óæîé¿ õàðàêòåðèñòèêè ïîëÿ.

Âñå îñíîâíûå ðåçóëüòàòû äèññåðòàöèè ÿâëÿþòñÿ íîâûìè, ÷òî ïîäòâåðæäàåòñÿ

ïóáëèêàöèÿìè àâòîðà â ðåöåíçèðóåìûõ íàó÷íûõ æóðíàëàõ, à òàêæå äîêëàäàìè íà

êîíôåðåíöèÿõ è ñïåöèàëèçèðîâàííûõ ñåìèíàðàõ. Ðàáîòà íîñèò òåîðåòè÷åñêèé õà-

ðàêòåð. Ðåçóëüòàòû ðàáîòû ìîãóò áûòü ïîëåçíû â ïåðâóþ î÷åðåäü ñïåöèàëèñòàì ïî

òåîðèè ãðóïï. Êðîìå òîãî, îíè ìîãóò áûòü âêëþ÷åíû â ïðîãðàììû ñïåöêóðñîâ äëÿ



Ââåäåíèå 11

ñòóäåíòîâ è àñïèðàíòîâ, ñïåöèàëèçèðóþùèõñÿ â ðàçëè÷íûõ îáëàñòÿõ àëãåáðû.

Ìåòîäû èññëåäîâàíèÿ. Â ðàáîòå èñïîëüçóþòñÿ êëàññè÷åñêèå ìåòîäû òåîðèè

ãðóïï: òåîðèÿ êîíå÷íûõ ïðîñòûõ ãðóïï, òåîðèÿ ëèíåéíûõ àëãåáðàè÷åñêèõ ãðóïï,

òåîðèÿ ãðóïï ëèåâà òèïà, ìåòîäû ëèíåéíîé àëãåáðû. Àâòîðîì äèññåðòàöèè ðàçðàáî-

òàíû íîâûå ìåòîäû, ïîçâîëèâøèå ïðè èññëåäîâàíèè ðàñùåïëÿåìîñòè, ðàññìàòðèâàòü

ìíîãèå êëàññû ìàêñèìàëüíûõ òîðîâ îäíîâðåìåííî. Êðîìå ýòîãî, äëÿ âû÷èñëåíèé â

èñêëþ÷èòåëüíûõ ãðóïïàõ ëèåâà òèïà ïðèâëåêàþòñÿ êîìïüþòåðíûå ïðîãðàììû GAP

è Magma.

Àïðîáàöèÿ ðåçóëüòàòîâ. Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü íà ñëåäóþ-

ùèõ êîíôåðåíöèÿõ: ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî òåîðèè ãðóïï, ïîñâÿùåííàÿ 70-

ëåòèþ Â. Ä. Ìàçóðîâà (ã. Íîâîñèáèðñê, 16�20 èþëÿ 2013 ã.), øêîëà-êîíôåðåíöèÿ

¾Òåîðèÿ ãðóïï è óçëû¿ (ã. Íàòàë, Áðàçèëèÿ, 17�28 íîÿáðÿ 2014 ã.), ìåæäóíàðîäíàÿ

íàó÷íàÿ êîíôåðåíöèÿ ¾Àëãåáðà è ìàòåìàòè÷åñêàÿ ëîãèêà: òåîðèÿ è ïðèëîæåíèÿ¿ (ã.

Êàçàíü, 2�6 èþíÿ, 2014 ã.), ìåæäóíàðîäíàÿ ìîëîäåæíàÿ øêîëà-êîíôåðåíöèÿ ¾Àëãî-

ðèòìè÷åñêèå âîïðîñû òåîðèè ãðóïï è ñìåæíûõ îáëàñòåé¿ (ã. Íîâîñèáèðñê, 28 èþëÿ

� 8 àâãóñòà, 2014 ã.), ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Äèñêðåòíàÿ ìàòåìàòè-

êà, àëãåáðà è èõ ïðèëîæåíèÿ¿ (ã. Ìèíñê, Ðåñïóáëèêà Áåëàðóñü, 14�18 ñåíòÿáðÿ 2015

ã.), ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ïðèêëàäíîé ìàòå-

ìàòèêè è ôèçèêè¿ (ï. Ýëüáðóñ, Êàáàðäèíî-Áàëêàðñêàÿ Ðåñïóáëèêà, 17�22 ìàÿ 2017

ã.), 12-àÿ ìåæäóíàðîäíàÿ ëåòíÿÿ øêîëà-êîíôåðåíöèÿ ¾Ïîãðàíè÷íûå âîïðîñû òåîðèè

ìîäåëåé è óíèâåðñàëüíîé àëãåáðû¿ (Ýðëàãîë, Ðåñïóáëèêà Àëòàé, 23�29 èþíÿ, 2017

ã.), ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Groups St Andrews¿ (ã. Áèðìèíãåì, Âåëèêîáðè-

òàíèÿ, 5�13 àâãóñòà, 2017 ã.), ìåæäóíàðîäíàÿ êîíôåðåíöèÿ, ïîñâÿùåííàÿ 90-ëåòèþ

êàôåäðû âûñøåé àëãåáðû ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà ÌÃÓ (ã. Ìîñêâà,

28�31 ìàÿ 2019 ã.), ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àëãåáðà, òåîðèÿ ÷èñåë è ìàòåìàòè-

÷åñêîå ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì¿, ïîñâÿùåííàÿ 70-ëåòèþ À.Õ. Æóðòîâà

(ã. Íàëü÷èê, 29 èþíÿ � 3 èþëÿ 2019 ã.), ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî àëãåáðå, àíà-

ëèçó è ãåîìåòðèè (ã. Êàçàíü, 23�27 àâãóñòà, 2021 ã.), ìåæäóíàðîäíàÿ êîíôåðåíöèÿ

¾Àëãåáðà è äèíàìè÷åñêèå ñèñòåìû¿, ïîñâÿùåííàÿ 110-ëåòèþ ñî äíÿ ðîæäåíèÿ Ñ.Í.

×åðíèêîâà (ã. Íàëü÷èê, 28 èþíÿ � 3 èþëÿ 2022 ã.), âòîðàÿ êîíôåðåíöèÿ Ìàòåìàòè÷å-
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ñêèõ öåíòðîâ Ðîññèè (ã. Ìîñêâà, 7�11 íîÿáðÿ 2022 ã.), ìåæäóíàðîäíàÿ êîíôåðåíöèÿ

ïî òåîðèè ãðóïï, ïîñâÿùåííàÿ 80-ëåòèþ Â.Ä. Ìàçóðîâà (ã. Íîâîñèáèðñê, 2�8 èþëÿ

2023 ã.).

Îòäåëüíî îòìåòèì, ÷òî ïî ðåçóëüòàòàì äèññåðòàöèè áûëè ñäåëàíû ïëåíàðíûå

äîêëàäû íà ñëåäóþùèõ êîíôåðåíöèÿõ: ðîññèéñêî-èíäèéñêàÿ øêîëà-êîíôåðåíöèÿ

¾Ãðóïïû è ñìåæíûå ñòðóêòóðû¿ (ã. Ìîõàëè, Èíäèÿ, 7�8 äåêàáðÿ, 2017 ã.), ìåæäó-

íàðîäíàÿ êîíôåðåíöèÿ ¾Ìàëüöåâñêèå ÷òåíèÿ¿ (ã. Íîâîñèáèðñê, 14�18 íîÿáðÿ 2022

ã.), ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àëãåáðà è äèíàìè÷åñêèå ñèñòåìû¿, ïîñâÿùåííàÿ

70-ëåòèþ À.À. Ìàõíåâà (ã. Íàëü÷èê, 9�15 èþëÿ 2023 ã.), II Âñåðîññèéñêàÿ íàó÷íî-

ïðàêòè÷åñêàÿ êîíôåðåíöèÿ ¾Ìàòåìàòèêà â ñîâðåìåííîì ìèðå¿, ïîñâÿùåííàÿ 160-

ëåòèþ ñî äíÿ ðîæäåíèÿ âûäàþùåãîñÿ ðîññèéñêîãî ìàòåìàòèêà Ä.À. Ãðàâå (ã. Âîëîã-

äà, 19�23 ñåíòÿáðÿ, 2023 ã.).

Ðåçóëüòàòû èññëåäîâàíèé íåîäíîêðàòíî äîêëàäûâàëèñü íà ñåìèíàðàõ ¾Òåîðèÿ

ãðóïï¿, ¾Àëãåáðà è ëîãèêà¿ â Íîâîñèáèðñêå, à òàêæå íà Îáùåèíñòèòóòñêîì ìàòå-

ìàòè÷åñêîì ñåìèíàðå ÈÌ ÑÎ ÐÀÍ, Óðàëüñêîì ñåìèíàðå ïî òåîðèè ãðóïï è êîìáè-

íàòîðèêå (ã. Åêàòåðèíáóðã), ìàòåìàòè÷åñêîì ñåìèíàðå â Öçÿííàíüñêîì óíèâåðñèòåòå

(ã. Óñè, Êèòàé).

Ñòðóêòóðà è îáúåì äèññåðòàöèè. Äèññåðòàöèÿ ðàçáèòà íà ãëàâû, êîòîðûå â

ñâîþ î÷åðåäü ñîñòîÿò èç ðàçäåëîâ. Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè íàçûâàþòñÿ

òåîðåìàìè. Âñå óòâåðæäåíèÿ � ïðåäëîæåíèÿ, ëåììû, ñëåäñòâèÿ, çàìå÷àíèÿ è òåîðå-

ìû � èìåþò òðîéíóþ íóìåðàöèþ: ïåðâîå ÷èñëî � íîìåð ãëàâû, âòîðîå � íîìåð ðàç-

äåëà, òðåòüå � íîìåð óòâåðæäåíèÿ. Ðèñóíêè è ôîðìóëû èìåþò äâîéíóþ íóìåðàöèþ:

ïåðâîå ÷èñëî � íîìåð ãëàâû, âòîðîå � íîìåð ðèñóíêà èëè ôîðìóëû. Äèññåðòàöèÿ

ñîñòîèò èç ââåäåíèÿ, 4 ãëàâ, çàêëþ÷åíèÿ è ñïèñêà ëèòåðàòóðû. Îíà èçëîæåíà íà 248

ñòðàíèöàõ, áèáëèîãðàôèÿ ñîäåðæèò 65 íàèìåíîâàíèé.

Ñîäåðæàíèå äèññåðòàöèè

Ãëàâà 1 íîñèò ââîäíûé õàðàêòåð. Â íåé ñîáðàíû îñíîâíûå îïðåäåëåíèÿ, îáîçíà-

÷åíèÿ è ïðåäâàðèòåëüíûå ðåçóëüòàòû. Ïðèâåäåíû íåîáõîäèìûå ñâåäåíèÿ î ëèíåéíûõ

àëãåáðàè÷åñêèõ ãðóïïàõ, ãðóïïàõ ëèåâà òèïà è ñâÿçü ìåæäó íèìè.
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Ãëàâà 2 ïîñâÿùåíà ðåøåíèþ âîïðîñà î ðàñùåïëÿåìîñòè íîðìàëèçàòîðà ìàêñè-

ìàëüíîãî òîðà â êëàññè÷åñêèõ ãðóïïàõ, òî åñòü ðåøåíèþ ïðîáëåì 1 è 2 äëÿ êëàññè-

÷åñêèõ ãðóïï. Â ðàçäåëàõ ãëàâû ïîñëåäîâàòåëüíî ðàññìàòðèâàþòñÿ ñèìïëåêòè÷åñêèå

ãðóïïû (ðàçäåë 2.2), ëèíåéíûå è óíèòàðíûå ãðóïïû (ðàçäåë 2.3), à çàòåì îðòîãîíàëü-

íûå ãðóïïû (ðàçäåë 2.4). Â êàæäîì èç ðàçäåëîâ ñíà÷àëà ðàçáèðàþòñÿ ñîîòâåòñòâóþ-

ùèå ãðóïïû íàä ïîëåì Fp, à çàòåì íàä êîíå÷íûì ïîëåì Fq.

Ãëàâà 3 ïîñâÿùåíà ðåøåíèþ âîïðîñà î ðàñùåïëÿåìîñòè íîðìàëèçàòîðà ìàêñè-

ìàëüíîãî òîðà â èñêëþ÷èòåëüíûõ ãðóïïàõ ëèåâà òèïà (îäíîñâÿçíûõ è ïðèñîåäèíåí-

íîãî òèïà), òî åñòü ðåøåíèþ ïðîáëåì 1 è 2 äëÿ ýòèõ ãðóïï. Áîëåå òîãî, â ýòîé ãëàâå

íàéäåíû ìèíèìàëüíûå ïîðÿäêè ïîäíÿòèé ýëåìåíòîâ ãðóïïû Âåéëÿ â ñîîòâåòñòâóþ-

ùåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå ìàêñèìàëüíîãî òîðà.

Ãëàâà 4 ïîñâÿùåíà óòî÷íåíèþ òåîðåìû Àøáàõåðà äëÿ ïîäãðóïï, îáëàäàþùèõ

íåòðèâèàëüíîé íîðìàëüíîé r-ïîäãðóïïîé. Îñíîâíûìè ðåçóëüòàòàìè ãëàâû ÿâëÿþòñÿ

òåîðåìà 4.1.1 è òåîðåìà 4.1.2.

Áëàãîäàðíîñòè. ß âûðàæàþ èñêðåííþþ áëàãîäàðíîñòü ñâîåìó íàó÷íîìó êîí-

ñóëüòàíòó è ïåðâîìó íàó÷íîìó ðóêîâîäèòåëþ ÷ë.-êîðð. ÐÀÍ Âèêòîðó Äàíèëîâè÷ó

Ìàçóðîâó çà èíòåðåñ ê ïîëó÷åííûì ðåçóëüòàòàì è ïîääåðæêó íà ïðîòÿæåíèè âñåé

íàó÷íîé äåÿòåëüíîñòè. ß îñîáî áëàãîäàðåí ñâîåìó íàó÷íîìó ðóêîâîäèòåëþ ïî êàí-

äèäàòñêîé äèññåðòàöèè Åâãåíèþ Ïåòðîâè÷ó Âäîâèíó, èíèöèèðîâàâøåìó ìîþ ðàáîòó

íàä ïðîáëåìîé ðàñùåïëÿåìîñòè íîðìàëèçàòîðà ìàêñèìàëüíîãî òîðà â ãðóïïàõ ëèåâà

òèïà. ß ïðèçíàòåëåí ñâîèì ñîàâòîðàì Àëåêñåþ Ìèõàéëîâè÷ó Ñòàðîëåòîâó è Äàíèëå

Îëåãîâè÷ó Ðåâèíó, à òàêæå Àíäðåþ Âèêòîðîâè÷ó Âàñèëüåâó è Àëåêñàíäðó Àëåêñàí-

äðîâè÷ó Áóòóðëàêèíó çà ïëîäîòâîðíûå íàó÷íûå îáñóæäåíèÿ è öåííûå çàìå÷àíèÿ.

ß õîòåë áû ïî÷òèòü ñâåòëóþ ïàìÿòü ìîåé ìàìû, Âàëåíòèíû Àíäðèàíîâíû Ìàð-

êîâîé, ïîääåðæèâàâøåé è ïîìîãàâøåé ìíå íà ïðîòÿæåíèè âñåé ìîåé æèçíè.



Ãëàâà 1

Îáîçíà÷åíèÿ è ïðåäâàðèòåëüíûå

ðåçóëüòàòû

1.1 Îáîçíà÷åíèÿ è ñîãëàøåíèÿ

Â òåêñòå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:

p � íåêîòîðîå ïðîñòîå ÷èñëî;

q � íåêîòîðàÿ ñòåïåíü ïðîñòîãî ÷èñëà p;

(n)2 � 2-÷àñòü íàòóðàëüíîãî ÷èñëà n, òî åñòü íàèáîëüøàÿ ñòåïåíü ÷èñëà 2, äåëÿùàÿ

n;

Fq � êîíå÷íîå ïîëå ïîðÿäêà q;

Fp � àëãåáðàè÷åñêîå çàìûêàíèå ïîëÿ Fp;

Zn � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà n (äëÿ êðàòêîñòè çàïèñè â òàáëèöàõ ìîæåò èñ-

ïîëüçîâàòüñÿ çàïèñü n);

D2n � äèýäðàëüíàÿ ãðóïïà ïîðÿäêà 2n;

Z(G) � öåíòð ãðóïïû G;

Op(G) � íàèáîëüøàÿ íîðìàëüíàÿ p-ïîäãðóïïà ãðóïïû G;

Op(G) � íàèìåíüøàÿ íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G, ôàêòîðãðóïïà ïî êîòîðîé

ÿâëÿåòñÿ p-ãðóïïîé;

H ⩽ G � H ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû G;

H �G � H ÿâëÿåòñÿ íîðìàëüíîé ïîäãðóïïîé ãðóïïû G;
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G/H � ôàêòîðãðóïïà ãðóïïû G ïî íîðìàëüíîé ïîäãðóïïå H;

|G : H| � èíäåêñ ïîäãðóïïû H â ãðóïïå G;

G×H � ïðÿìîå ïðîèçâåäåíèå ãðóïï G è H;

G⋊H � ïîëóïðÿìîå ïðîèçâåäåíèå ãðóïï G è H ñ íîðìàëüíîé ïîäãðóïïîé G;

G ◦H � öåíòðàëüíîå ïðîèçâåäåíèå ãðóïï G è H;

G ≀H � ïîäñòàíîâî÷íîå ñïëåòåíèå ãðóïïû G è ãðóïïû ïîäñòàíîâîê H;

Symn èëè Sn � ãðóïïà âñåõ ïîäñòàíîâîê íà n ýëåìåíòàõ;

NA(B) � íîðìàëèçàòîð â (ïîä)ãðóïïå A ïîäãðóïïû B (ïðåäïîëàãàåòñÿ, ÷òî A,B ⩽ G

äëÿ íåêîòîðîé ãðóïïû G);

{n1, n2, . . . , nm} � ðàçáèåíèå íàòóðàëüíîãî ÷èñëà n;

diag(λ1, λ2, . . . , λn) � äèàãîíàëüíàÿ ìàòðèöà ñ ýëåìåíòàìè λ1, λ2, . . . , λn íà ãëàâíîé

äèàãîíàëè;

bd(T1, T2, . . . , Tn) � áëî÷íî-äèàãîíàëüíàÿ ìàòðèöà ñ êâàäðàòíûìè áëîêàìè T1,

T2, . . . , Tn;

N(G, T ) � àëãåáðàè÷åñêèé íîðìàëèçàòîð òîðà T .

Â ãëàâàõ 2 è 3 äëÿ êðàòêîñòè èçëîæåíèÿ ìû ÷àñòî áóäåì èñïîëüçîâàòü ñëåäóþùèå

ñîêðàùåíèÿ. Äëÿ ïðîèçâîëüíîãî êîðíÿ ri êîðíåâîé ñèñòåìû Φ áóäåì ïèñàòü wi, hi è

ni âìåñòî wri , hri(−1) è nri ñîîòâåòñòâåííî. Ëþáîé ýëåìåíò H ìàêñèìàëüíîãî òîðà T

ìîæåò áûòü ïðåäñòàâëåí â âèäå H = hr1(λ1)hr2(λ2) . . . hrl(λl), êîòîðûé äëÿ êðàòêîñòè

áóäåò òàêæå çàïèñûâàòüñÿ ÷åðåç (λ1, λ2, . . . , λl).

1.2 Ëèíåéíûå àëãåáðàè÷åñêèå ãðóïïû

Íåîáõîäèìóþ èíôîðìàöèþ î ñòðîåíèè è ñâîéñòâàõ ëèíåéíûõ àëãåáðàè÷åñêèõ

ãðóïï ìîæíî íàéòè â [8], î ãðóïïàõ ëèåâà òèïà � â [3, 22], î ñâÿçè ìåæäó ãðóï-

ïàìè ëèåâà òèïà è ëèíåéíûìè àëãåáðàè÷åñêèìè ãðóïïàìè � â [3, 21, 40]. Â ýòîì

ïàðàãðàôå, åñëè íå îãîâîðåíî îñîáî, ïîäðàçóìåâàåòñÿ, ÷òî àëãåáðàè÷åñêèå ãðóïïû

îïðåäåëåíû íàä íåêîòîðûì àëãåáðàè÷åñêè çàìêíóòûì ïîëåì F.

Òîðîì àëãåáðàè÷åñêîé ãðóïïû íàçûâàåòñÿ ñâÿçíàÿ äèàãîíàëèçèðóåìàÿ (d-) ãðóï-

ïà (ýêâèâàëåíòíî, ïîäãðóïïà, èçîìîðôíàÿ ãðóïïå äèàãîíàëüíûõ ìàòðèö Dn(F)). Âñå
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ìàêñèìàëüíûå òîðû àëãåáðàè÷åñêîé ãðóïïû ñîïðÿæåíû [40, Ñëåäñòâèå 6.5].

Åñëè G � ñâÿçíàÿ ðåäóêòèâíàÿ àëãåáðàè÷åñêàÿ ãðóïïà, òî ïóñòü T � íåêîòîðûé

åå ìàêñèìàëüíûé òîð. Ðàíãîì ñâÿçíîé àëãåáðàè÷åñêîé ãðóïïû íàçûâàåòñÿ ðàçìåð-

íîñòü åå ìàêñèìàëüíîãî òîðà. ×åðåç Φ(G) îáîçíà÷àåòñÿ êîðíåâàÿ ñèñòåìà ãðóïïû G

îòíîñèòåëüíî ìàêñèìàëüíîãî òîðà T (îíà íå çàâèñèò îò âûáîðà ìàêñèìàëüíîãî òîðà)

è W (G) ≃ NG(T )/T � ãðóïïà Âåéëÿ ãðóïïû G.

Íàïîìíèì, ÷òî äëÿ ëþáîé êîðíåâîé ñèñòåìû Φ ñóùåñòâóåò òàêîé íàáîð êîðíåé

r1, . . . , rn, ÷òî êàæäûé êîðåíü èç Φ åäèíñòâåííûì îáðàçîì ïðåäñòàâëÿåòñÿ â âèäå

Σn
i=1αiri, ãäå âñå êîýôôèöèåíòû αi öåëî÷èñëåííûå è îäíîâðåìåííî ëèáî íåîòðèöà-

òåëüíûå, ëèáî íåïîëîæèòåëüíûå. Òàêîé íàáîð êîðíåé íàçûâàåòñÿ ôóíäàìåíòàëüíîé

ñèñòåìîé êîðíåâîé ñèñòåìû Φ, à ýëåìåíòû èç ôóíäàìåíòàëüíîé ñèñòåìû � ôóíäà-

ìåíòàëüíûìè êîðíÿìè. Ïðè ýòîì ôóíäàìåíòàëüíàÿ ñèñòåìà ÿâëÿåòñÿ áàçèñîì ïðî-

ñòðàíñòâà ZΦ⊗Z R. Ðàçìåðíîñòü ïðîñòðàíñòâà ZΦ⊗Z R íàçûâàåòñÿ ðàíãîì êîðíåâîé

ñèñòåìû Φ. Îòìåòèì, ÷òî ðàíãè ãðóïïû G è åå êîðíåâîé ñèñòåìû Φ(G) ñîâïàäàþò.

Äàëåå áóäåì ñ÷èòàòü, ÷òî âñå ôóíäàìåíòàëüíûå êîðíè ïîëîæèòåëüíû. Òîãäà êîðåíü

r ÿâëÿåòñÿ ïîëîæèòåëüíûì â òîì è òîëüêî â òîì ñëó÷àå, êîãäà îí ïðåäñòàâèì â

âèäå ëèíåéíîé êîìáèíàöèè ôóíäàìåíòàëüíûõ êîðíåé ñ íåîòðèöàòåëüíûìè êîýôôè-

öèåíòàìè. Àíàëîãè÷íàÿ ñèòóàöèÿ ñ îòðèöàòåëüíûìè êîðíÿìè. Äëÿ êîðíåâîé ñèñòåìû

Φ ÷åðåç Φ+ (Φ−) îáîçíà÷àåòñÿ ìíîæåñòâî ïîëîæèòåëüíûõ (îòðèöàòåëüíûõ) êîðíåé.

Âûñîòîé êîðíÿ r = Σn
i=1αiri íàçûâàåòñÿ ÷èñëî h(r) = Σn

i=1αi. Â ëþáîé íåïðèâîäèìîé

êîðíåâîé ñèñòåìå Φ ñóùåñòâóåò åäèíñòâåííûé êîðåíü ìàêñèìàëüíîé âûñîòû, êîòî-

ðûé â äàëüíåéøåì áóäåò îáîçíà÷àòüñÿ r0.

Íà ZΦ⊗ZR åñòåñòâåííûì îáðàçîì îïðåäåëåíà ñòðóêòóðà åâêëèäîâà ïðîñòðàíñòâà.

×åðåç wr îáîçíà÷àåòñÿ îòðàæåíèå îòíîñèòåëüíî ãèïåðïëîñêîñòè, îðòîãîíàëüíîé êîð-

íþ r. Ãðóïïîé Âåéëÿ W êîðíåâîé ñèñòåìû Φ íàçûâàåòñÿ ãðóïïà, ïîðîæäåííàÿ îò-

ðàæåíèÿìè wr ïî âñåì r èç Φ. Èçâåñòíî, ÷òî ãðóïïà Âåéëÿ êîðíåâîé ñèñòåìû Φ

ïîðîæäàåòñÿ îòðàæåíèÿìè â ôóíäàìåíòàëüíûõ êîðíÿõ � ôóíäàìåíòàëüíûìè îò-

ðàæåíèÿìè. ×åðåç l(w) îáîçíà÷àåòñÿ äëèíà ýëåìåíòà w, òî åñòü ìèíèìàëüíîå êî-

ëè÷åñòâî ìíîæèòåëåé â ðàçëîæåíèè ýëåìåíòà w â ïðîèçâåäåíèå ôóíäàìåíòàëüíûõ

îòðàæåíèé. Â ãðóïïå Âåéëÿ ñóùåñòâóåò åäèíñòâåííûé ýëåìåíò ìàêñèìàëüíîé äëèíû,
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îáîçíà÷àåìûé â äàëüíåéøåì w0, ïðè÷åì w0 ïåðåâîäèò âñå ïîëîæèòåëüíûå êîðíè â

îòðèöàòåëüíûå. Â îáùåì ñëó÷àå l(w) ðàâíî |Φ− ∩ (Φ+)w|, òî åñòü êîëè÷åñòâó ïîëî-

æèòåëüíûõ êîðíåé, êîòîðûå ýëåìåíò w ïåðåâîäèò â îòðèöàòåëüíûå.

Åñëè G � ñâÿçíàÿ ðåäóêòèâíàÿ àëãåáðàè÷åñêàÿ ãðóïïà, T � åå ìàêñèìàëüíûé òîð

è Φ � êîðíåâàÿ ñèñòåìà ãðóïïû G îòíîñèòåëüíî ìàêñèìàëüíîãî òîðà T , òî W (G) ≃

W (Φ) è ìû áóäåì îòîæäåñòâëÿòü ýòè äâå ãðóïïû.

Ïóñòü G � ïðîñòàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà, π � åå íåêîòîðîå

òî÷íîå ðàöèîíàëüíîå ïðåäñòàâëåíèå, Γπ � ðåøåòêà, ïîðîæäåííàÿ âåñàìè ïðåäñòàâ-

ëåíèÿ π. ×åðåç Γad îáîçíà÷àåòñÿ ðåøåòêà, ïîðîæäåííàÿ êîðíÿìè ñèñòåìû Φ, ÷åðåç

Γsc � ðåøåòêà, ïîðîæäåííàÿ ôóíäàìåíòàëüíûìè âåñàìè. Ðåøåòêè Γsc, Γπ è Γad íå

çàâèñÿò îò êîíêðåòíîãî ïðåäñòàâëåíèÿ ãðóïïû G, è ñïðàâåäëèâû ñëåäóþùèå âêëþ-

÷åíèÿ Γad ⩽ Γπ ⩽ Γsc (ñì. [8, 31.1]). Äëÿ êîðíåâîé ñèñòåìû äàííîãî òèïà ñóùåñòâóåò

íåñêîëüêî ðàçëè÷íûõ ïðîñòûõ àëãåáðàè÷åñêèõ ãðóïï, êîòîðûå íàçûâàþòñÿ èçîãåíè-

ÿìè. Îíè ðàçëè÷àþòñÿ ñòðîåíèåì ãðóïïû Γπ è ïîðÿäêîì êîíå÷íîãî öåíòðà. Åñëè

ðåøåòêà Γπ ñîâïàäàåò ñ ðåøåòêîé Γsc, òî ãîâîðÿò, ÷òî ãðóïïà G îäíîñâÿçíà è îáîçíà-

÷àþò åå Gsc. Åñëè æå Γπ ñîâïàäàåò ñ Γad, òî ãîâîðÿò, ÷òî ãðóïïà G èìååò ïðèñîåäè-

íåííûé òèï è îáîçíà÷àþò åå Gad. Ëþáàÿ ïðîñòàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ

ãðóïïà ñ êîðíåâîé ñèñòåìîé Φ ìîæåò áûòü ïîëó÷åíà êàê ôàêòîðãðóïïà ãðóïïû Gsc

ïî ïîäãðóïïå èç åå öåíòðà. Öåíòð ãðóïïû Gad òðèâèàëåí, è îíà ïðîñòà êàê àáñòðàêò-

íàÿ ãðóïïà. Ôàêòîðãðóïïà Γsc/Γπ íàçûâàåòñÿ ôóíäàìåíòàëüíîé ãðóïïîé ãðóïïû G è

îáîçíà÷àåòñÿ ÷åðåç ∆(G). Ôàêòîðãðóïïà Γsc/Γad çàâèñèò òîëüêî îò êîðíåâîé ñèñòåìû

Φ è îáîçíà÷àåòñÿ ÷åðåç ∆(Φ). Õîðîøî èçâåñòíî, ÷òî ∆(Φ) ÿâëÿåòñÿ öèêëè÷åñêîé, çà

èñêëþ÷åíèåì êîðíåâîé ñèñòåìû Φ = D2n, êîãäà ∆(D2n) = Z2 × Z2 ÿâëÿåòñÿ ýëåìåí-

òàðíîé àáåëåâîé ãðóïïîé ïîðÿäêà 4 (ñì. [40, òàáëèöà 9.2]).

Ïóñòü B � ïîäãðóïïà Áîðåëÿ ãðóïïû G, òî åñòü ìàêñèìàëüíàÿ ñâÿçíàÿ ðàçðå-

øèìàÿ ïîäãðóïïà. Ïóñòü T ⩽ B � ìàêñèìàëüíûé òîð ãðóïïû G è U = Ru(B) �

óíèïîòåíòíûé ðàäèêàë ãðóïïû G, òî åñòü ìàêñèìàëüíàÿ ñâÿçíàÿ óíèïîòåíòíàÿ ïîä-

ãðóïïà. Òîãäà B = TU . Ñóùåñòâóåò åäèíñòâåííàÿ ïîäãðóïïà Áîðåëÿ B
−
òàêàÿ, ÷òî

B ∩B−
= T . Îáîçíà÷èì ÷åðåç U

−
= Ru(B

−
) è ðàññìîòðèì ìíîæåñòâî ìèíèìàëüíûõ

ïîäãðóïï â ãðóïïàõ U è U
−
, èíâàðèàíòíûõ îòíîñèòåëüíî T . Ýòî ìíîæåñòâî íàõîäèò-



Ãëàâà 1. Îáîçíà÷åíèÿ è ïðåäâàðèòåëüíûå ðåçóëüòàòû 18

ñÿ âî âçàèìíî-îäíîçíà÷íîì ñîîòâåòñòâèè ñ êîðíÿìè êîðíåâîé ñèñòåìû Φ. Ýëåìåíòû

ýòîãî ìíîæåñòâà îáîçíà÷àþòñÿ ÷åðåç Xr, r ∈ Φ è íàçûâàþòñÿ êîðíåâûìè ïîäãðóïïà-

ìè. Êàæäàÿ ãðóïïà Xr ÿâëÿåòñÿ ñâÿçíîé óíèïîòåíòíîé ãðóïïîé ðàçìåðíîñòè 1, òî

åñòü èçîìîðôíà àääèòèâíîé ãðóïïå ïîëÿ F. Ýëåìåíòû ãðóïïû Xr çàïèñûâàþòñÿ â

âèäå xr(t), t ∈ F. Ïðè ýòîì G = ⟨xr(t)|r ∈ Φ, t ∈ F⟩. Îïðåäåëèì ýëåìåíòû

nr(t) = xr(t)x−r(−t−1)xr(t), hr(t) = nr(t)nr(1)
−1, r ∈ Φ, t ∈ F∗.

Òîãäà

T = ⟨hr(t)|r ∈ Φ, t ∈ F∗⟩, NG(T ) = ⟨nr(t)|r ∈ Φ, t ∈ F∗⟩.

Ñîãëàñíî [22, òåîðåìà 7.2.2] ìû èìååì ñëåäóþùèå ñîîòíîøåíèÿ:

nsnrn
−1
s = nws(r)(ηs,r), ηs,r = ±1,

nshr(λ)n
−1
s = hws(r)(λ).

Äëÿ äàëüíåéøèõ âû÷èñëåíèé íàì áóäóò íåîáõîäèìû êîíêðåòíûå çíà÷åíèÿ êîíñòàíò

ηr,s. Ìû âûáåðåì èõ çíà÷åíèÿ ñëåäóþùèì îáðàçîì. Ïóñòü r ∈ Φ è r =
l∑

i=1

αiri. Íà-

ïîìíèì, ÷òî h(r) =
l∑

i=1

αi. Â ñîîòâåòñòâèè ñ [46], çàôèêñèðóåì ñëåäóþùèé ïîëíûé

ïîðÿäîê íà ìíîæåñòâå ïîëîæèòåëüíûõ êîðíåé: ïîëîæèì r ≺ s, åñëè ëèáî h(r) < h(s),

ëèáî h(r) = h(s) è ïåðâàÿ íåíóëåâàÿ êîîðäèíàòà âåêòîðà s− r ÿâëÿåòñÿ ïîëîæèòåëü-

íîé. Òàáëèöà ïîëîæèòåëüíûõ êîðíåé â ñîîòâåòñòâèè ñ ýòèì ïîðÿäêîì ìîæåò áûòü

íàéäåíà â [46].

Íàïîìíèì, ÷òî ïàðà ïîëîæèòåëüíûõ êîðíåé (r, s) íàçûâàåòñÿ ñïåöèàëüíîé, åñëè

r + s ∈ Φ è r ≺ s. Ïàðà (r, s) íàçûâàåòñÿ ýêñòðàñïåöèàëüíîé, åñëè îíà ñïåöèàëü-

íàÿ è äëÿ ëþáîé ñïåöèàëüíîé ïàðû (r1, s1) òàêîé, ÷òî r + s = r1 + s1, âûïîëíåíî

r ≼ r1. Ïóñòü Nr,s � ýòî ñòðóêòóðíûå êîíñòàíòû ñîîòâåòñòâóþùåé àëãåáðû Ëè [22,

ðàçäåë 4.1]. Òîãäà çíà÷åíèÿ Nr,s ìîæíî âûáðàòü ïðîèçâîëüíûì îáðàçîì íà ìíîæå-

ñòâå ýêñòðàñïåöèàëüíûõ ïàð, ïîñëå ÷åãî âñå îñòàëüíûå ñòðóêòóðíûå êîíñòàíòû îïðå-

äåëåíû åäèíñòâåííûì îáðàçîì â ñèëó [22, ïðåäëîæåíèå 4.2.2]. Â íàøåì ñëó÷àå, ìû

âûáèðàåì sgn(Nr,s) = + äëÿ âñåõ ýêñòðàñïåöèàëüíûõ ïàð (r, s). Çíà÷åíèÿ âñåõ ñòðóê-

òóðíûõ êîíñòàíò íà âñåõ ïàðàõ ìîæåò áûòü íàéäåíî â [46]. ×èñëà ηr,s îäíîçíà÷íî

îïðåäåëåíû ïî ñòðóêòóðíûì êîíñòàíòàì â ñèëó [22, ïðåäëîæåíèå 6.4.3].
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×èñëîì Êàðòàíà Ars äâóõ êîðíåé r è s íàçûâàåòñÿ öåëîå ÷èñëî
2(r,s)
(r,r)

. ×èñëî Arirj

äëÿ êðàòêîñòè îáîçíà÷àåòñÿ ÷åðåç Aij.

Äèàãðàììîé Äûíêèíà êîðíåâîé ñèñòåìû Φ íàçûâàåòñÿ ãðàô ñ n âåðøèíàìè, àñ-

ñîöèèðîâàíûìè ñ ôóíäàìåíòàëüíûìè êîðíÿìè r1, r2, . . . , rn, â êîòîðîì âåðøèíû ri è

rj ñîåäèíåíû ðåáðîì êðàòíîñòè AijAji. Ïðè ýòîì åñëè êîðåíü ri äëèííåå, ÷åì êîðåíü

rj, òî ðåáðî íàïðàâëåíî îò ri ê rj. Äèàãðàììà Äûíêèíà îäíîçíà÷íî îïðåäåëÿåò êîð-

íåâóþ ñèñòåìó Φ. Ðàñøèðåííîé äèàãðàììîé Äûíêèíà íàçûâàåòñÿ ãðàô, ïîëó÷àåìûé

èç äèàãàììû Äûíêèíà äîáàâëåíèåì êîðíÿ −r0 è ñîåäèíåíèåì åãî ñ ôóíäàìåíòàëü-

íûììè êîðíÿìè ïî îáûêíîâåííîìó ïðàâèëó.

Äëÿ äàëüíåéøåãî èñïîëüçîâàíèÿ ïðèâåäåì â òàáëèöå 1.1 ðàñøèðåííûå äèàãðàììû

Äûíêèíà äëÿ âñåõ íåïðèâîäèìûõ êîðíåâûõ ñèñòåì.

1.3 Êîíå÷íûå ãðóïïû ëèåâà òèïà

Ïóñòü G � ïðîñòàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà íàä àëãåáðàè÷åñêèì

çàìûêàíèåì Fp êîíå÷íîãî ïîëÿ Fp. Îòìåòèì, ÷òî Z(G) ìîæåò áûòü íåòðèâèàëüíûì.

Ñþðúåêòèâíûé ýíäîìîðôèçì σ ãðóïïû G íàçûâàåòñÿ ýíäîìîðôèçìîì Ñòåéíáåðãà

(ñì. [34, îïðåäåëåíèå 1.15.1]), åñëè ìíîæåñòâî åãî íåïîäâèæíûõ òî÷åê Gσ êîíå÷íî.

Ëþáóþ ãðóïïó, óäîâëåòâîðÿþùóþ óñëîâèþ Op′(Gσ) ⩽ G ⩽ Gσ, áóäåì íàçûâàòü êî-

íå÷íîé ãðóïïîé ëèåâà òèïà. Åñëè G ÿâëÿåòñÿ ïðîñòîé àëãåáðàè÷åñêîé ãðóïïîé ïðè-

ñîåäèíåííîãî òèïà, òî G òàêæå èìååò ïðèñîåäèíåííûé òèï.

Åñëè Op′(G) ñîâïàäàåò ñ îäíîé èç ãðóïï 2An(q),
2B2(2

2n+1), 2Dn(q),
3D4(q),

2E6(q),

2G2(3
2n+1), èëè 2F4(2

2n+1), òî ãðóïïà G íàçûâàåòñÿ ñêðó÷åííîé, â îñòàëüíûõ ñëó÷àÿõ

ãðóïïà G íàçûâàåòñÿ ðàñùåïëåííîé.

Ãðóïïû 2B2(2
2n+1) íàçûâàþòñÿ ãðóïïàìè Ñóçóêè, ãðóïïû 2F 4(2

2n+1) � ãðóïïàìè

Ðè õàðàêòåðèñòèêè 2, à 2G2(3
2n+1) � ãðóïïàìè Ðè õàðàêòåðèñòèêè 3.

Èíîãäà ìû áóäåì èñïîëüçîâàòü îáîçíà÷åíèå Φε(q), ãäå ε ∈ {+,−}, è Φ+(q) = Φ(q)

ÿâëÿåòñÿ ðàñùåïëåííîé ãðóïïîé ëèåâà òèïà, Φ−(q) = 2Φ(q) ÿâëÿåòñÿ ñêðó÷åííîé

ãðóïïîé ëèåâà òèïà.
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Òàáëèöà 1.1: Êîðíåâûå ñèñòåìû è ðàñøèðåííûå äèàãðàììû Äûíêèíà

Òèï Φ Ðàñøèðåííàÿ äèàãðàììà Äûíêèíà

An u u u p p p p p p p p p p p p p p p p p p p ur1 r2 r3 rn
�������������

PPPPPPPPPPPPPu−r0

Bn

uaaaaau u p p p pp pp ppp ppp pp pp pp p u u
r1

r2 r3 rn

u!!!!!
−r0

rn−1
⟩

Cn u u u p p p pp pp ppp ppp pp pp pp p u u−r0 r1 r2 rnrn−1
⟨⟩

Dn

uaaaaau u p p p pp pp ppp ppp pp pp pp p u u
u!!!!!

aaaaa

r1

r2 r3

rn−1

u!!!!!
−r0

rn−2

rn

E6

u u u u u
uu

r1 r3 r4 r5 r6

r2

-r0

E7

u u u u u u uu
-r0 r1 r3 r4 r5 r6 r7

r2

E8

u u u u u u uu
r1 r3 r4 r5 r6 r7 r8

r2

u-r0

F4
u u u u u-r0 r1 r2 r3 r4

⟩

G2
u u u-r0 r1 r2

⟩
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Åñëè T � σ-èíâàðèàíòíûé ìàêñèìàëüíûé òîð ãðóïïû G, òî T = T ∩ G íàçûâà-

åòñÿ ìàêñèìàëüíûì òîðîì ãðóïïû G ëèåâà òèïà. Ãðóïïó NG(T ) ∩ G áóäåì íàçû-

âàòü àëãåáðàè÷åñêèì íîðìàëèçàòîðîì òîðà T è îáîçíà÷àòü ÷åðåç N(G, T ). Îòìåòèì,

÷òî ñïðàâåäëèâî âêëþ÷åíèå N(G, T ) ⩽ NG(T ), íî ðàâåíñòâî, âîîáùå ãîâîðÿ, ìîæåò

íå äîñòèãàòüñÿ. Íàïðèìåð, åñëè ìû ðàññìîòðèì G = SLn(2), òî ïîäãðóïïà äèàãî-

íàëüíûõ ìàòðèö T ãðóïïû G òðèâèàëüíà, çíà÷èò, NG(T ) = G. Ñ äðóãîé ñòîðîíû,

G = (SLn(F2))σ, ãäå σ � ýíäîìîðôèçì Ñòåéíáåðãà (σ : (ai,j) 7→ (a2i,j)). Òîãäà T = T σ,

ãäå T ÿâëÿåòñÿ ïîäãðóïïîé äèàãîíàëüíûõ ìàòðèö â SLn(F2). Òàêèì îáðàçîì, N(G, T )

ÿâëÿåòñÿ ãðóïïîé ìîíîìèàëüíûõ ìàòðèö â G è N(G, T ) < NG(T ). Â íåäàâíî âûøåä-

øåé ðàáîòå [17] íàéäåíû âñå êîíå÷íûå ïðîñòûå ãðóïïû G ëèåâà òèïà, äëÿ êîòîðûõ

N(G, T ) < NG(T ).

Â ãðóïïå G âñåãäà åñòü σ-èíâàðèàíòíûé ìàêñèìàëüíûé òîð, êîòîðûé áóäåì îáî-

çíà÷àòü ÷åðåç T , ïðè÷åì âñå ìàêñèìàëüíûå òîðû ñîïðÿæåíû c T â G (ñì., [40, Ñëåä-

ñòâèå 6.5]). Äëÿ êðàòêîñòè ìû áóäåì ÷àñòî ïèñàòü N âìåñòî NG(T ). ×åðåç W îáî-

çíà÷àåòñÿ ãðóïïó Âåéëÿ W (G) ≃ N/T , à ÷åðåç π � åñòåñòâåííûé ãîìîìîðôèçì èç N

â W . Äåéñòâèå σ íà W îïðåäåëÿåòñÿ åñòåñòâåííûì îáðàçîì. Ýëåìåíòû w1, w2 ∈ W

íàçûâàþòñÿ σ-ñîïðÿæåííûìè, åñëè w1 = (w−1)σw2w äëÿ íåêîòîðîãî ýëåìåíòà w èç

W .

Ïðåäëîæåíèå 1.3.1. [20, ïðåäëîæåíèÿ 3.3.1, 3.3.3]. Òîð T
g

ÿâëÿåòñÿ σ-

èíâàðèàíòíûì òîãäà è òîëüêî òîãäà, êîãäà gσg−1 ∈ N . Îòîáðàæåíèå T
g 7→

π(gσg−1) çàäàåò áèåêöèþ ìåæäó G-êëàññàìè σ-èíâàðèàíòíûõ ìàêñèìàëüíûõ òî-

ðîâ ãðóïïû G è êëàññàìè σ-ñîïðÿæåííîñòè ãðóïïû W .

Êàê ñëåäóåò, èç ïðåäëîæåíèÿ 1.3.1 ñòðîåíèå òîðà (T
g
)σ ãðóïïû G îïðåäåëÿåòñÿ

òîëüêî êëàññîì σ-ñîïðÿæåííîñòè ýëåìåíòà π(gσg−1). Áóäåì ãîâîðèòü, ÷òî òîð T ãðóï-

ïû G ñîîòâåòñòâóåò ýëåìåíòó w, åñëè T = (T
g
)σ äëÿ íåêîòîðîãî g ∈ G òàêîãî, ÷òî

π(gσg−1) = w.

Ïðåäëîæåíèå 1.3.2. [2, ëåììà 1.2]. Ïóñòü n = gσg−1 ∈ N è π(gσg−1) = w. Òîãäà

(T
g
)σ = (T σn)

g, ãäå n äåéñòâóåò íà T ñîïðÿæåíèåì.

Ïðåäëîæåíèå 1.3.3. [20, ïðåäëîæåíèå 3.3.6]. Ïóñòü n = gσg−1 ∈ N è π(gσg−1) = w.
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Òîãäà

(NG(T
g
))σ/(T

g
)σ ≃ CW,σ(w) = {x ∈ W | x−1wxσ = w}.

Ñîãëàñíî ïðåäëîæåíèþ 1.3.2, ïîëó÷àåì, ÷òî (T
g
)σ = (T σn)

g è (NG(T
g
))σ = (N

g
)σ =

(Nσn)
g. Ñëåäîâàòåëüíî, (T

g
)σ èìååò äîïîëíåíèå â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçà-

òîðå òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò äîïîëíåíèå ê ãðóïïå T σn â Nσn.

Ñëåäóþùåå çàìå÷àíèå ïîêàçûâàåò, ÷òî ðàñùåïëÿåìîñòü àëãåáðàè÷åñêîãî íîðìà-

ëèçàòîðà íå çàâèñèò îò âûáîðà òîðà, ñîîòâåòñòâóþùåãî ýëåìåíòó w.

Çàìå÷àíèå 1.3.4. Ïóñòü n è w � ýëåìåíòû èç ïðåäëîæåíèÿ 1.3.3. Ïðåäïîëîæèì,

÷òî n1 = gσ1 g
−1
1 ∈ N è π(n1) = w. Ðàññìîòðèì äâà ìàêñèìàëüíûõ òîðà (T

g
)σ è

(T
g1
)σ ãðóïïû G, ñîîòâåòñòâóþùèå ýëåìåíòó w. Ñîãëàñíî ïðåäëîæåíèþ 1.3.1 ñó-

ùåñòâóåò ýëåìåíò x ∈ G òàêîé, ÷òî (T
g
)x = T

g1
. Òîãäà

(NG(T
g1
))σ = (NG(T

gx
))σ = ((NG(T

g
))x)σ = ((NG(T

g
))σ)

x,

ãäå ïîñëåäíåå ðàâåíñòâî ñëåäóåò èç òîãî, ÷òî x ∈ G = Gσ.

Òàêèì îáðàçîì, G-ñîïðÿæåííûì ìàêñèìàëüíûì òîðàì ñîîòâåòñòâóþò G-

ñîïðÿæåííûå àëãåáðàè÷åñêèå íîðìàëèçàòîðû. Ñëåäîâàòåëüíî, ïðè äîêàçàòåëüñòâå

ðåçóëüòàòîâ ìû ìîæåì âûáèðàòü óäîáíîãî äëÿ âû÷èñëåíèé ïðåäñòàâèòåëÿ n1 c

óñëîâèåì π(n1) = w.

1.4 Ïðåäâàðèòåëüíûå ðåçóëüòàòû

Îïðåäåëèì ãðóïïû T = ⟨nr | r ∈ ∆⟩ è H = T ∩ T . Ñîãëàñíî [45, �4.6] èìååì

H = ⟨hr | r ∈ ∆⟩ è T /H ≃ W . Â ÷àñòíîñòè, â ñëó÷àå íå÷åòíîãî q ãðóïïà H �

ýëåìåíòàðíàÿ àáåëåâà 2-ãðóïïà.

Çàìå÷àíèå 1.4.1. Çàìåòèì, ÷òî, åñëè p = 2, òî hr = 1 äëÿ âñåõ r ∈ ∆, â ÷àñòíî-

ñòè, H = 1 è T ≃ W . Áîëåå òîãî, ñóæåíèå π̃ ãîìîìîðôèçìà π íà T � ýòî èçîìîð-

ôèçì ìåæäó T è W . Ïóñòü T � ìàêñèìàëüíûé òîð, ñîîòâåòñòâóþùèé w ∈ W .

Òîãäà n = π̃−1(w) � ïîäíÿòèå äëÿ w â Nσn òàêîãî æå ïîðÿäêà, è π̃−1(CW (w)) �

äîïîëíåíèå äëÿ T σn â Nσn.
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Äëÿ íåñêðó÷åííûõ ãðóïï ëèåâà òèïà èìååò ìåñòî ñëåäóþùàÿ ëåììà.

Ëåììà 1.4.2. Ïóñòü g ∈ G è n = gσg−1 ∈ N . Ïðåäïîëîæèì, ÷òî H ∈ T è u ∈ T .

Òîãäà

(i) Hu ∈ Nσn, åñëè è òîëüêî åñëè H = Hσn[n, u];

(ii) Åñëè H ∈ H, òî Hu ∈ Nσn, åñëè è òîëüêî åñëè [n,Hu] = 1.

Äîêàçàòåëüñòâî. (i) Ïîñêîëüêó σ äåéñòâóåò òðèâèàëüíî íà T , òî Hu = (Hu)σn =

Hσnuσn = Hσnun è H = Hσn[n, u].

(ii) Ïîñêîëüêó σ äåéñòâóåò òðèâèàëüíî íà H, òî Hu = (Hu)σn = (Hu)n.

Ñëåäóþùàÿ ëåììà ïðîâåðÿåòñÿ íåïîñðåäñòâåííî.

Ëåììà 1.4.3. Ïóñòü T , N � ïîäãðóïïû â íåêîòîðîé ãðóïïå G òàêèå, ÷òî T àáåëåâà

è N ⩽ NG(T ). Ïóñòü a = H1u1, b = H2u2, ãäå H1, H2 ∈ T è u1, u2 ∈ N . Òîãäà

ab = ba⇔ H−1
1 Hu2

1 · u2u1u−1
2 u−1

1 = H−1
2 Hu1

2 .

Â ÷àñòíîñòè, åñëè [u1, u2] = 1, òî ab = ba⇔ H−1
1 Hu2

1 = H−1
2 Hu1

2 .

Â íåñêðó÷åííîì ñëó÷àå ýíäîìîðôèçì Ñòåéíáåðãà σ ÿâëÿåòñÿ àâòîìîðôèçìîì

Ôðîáåíèóñà, êîòîðûé çàäàåòñÿ íà ïîðîæäàþùèõ ñëåäóþùèì îáðàçîì:

xr(t) 7→ xr(t
q), r ∈ Φ, t ∈ F∗

p.

Â ÷àñòíîñòè, ìû áóäåì èñïîëüçîâàòü, ÷òî nσr = nr è (hr(λ))
σ = hr(λ

q).

Ëåììà 1.4.4. Ïóñòü G � êîíå÷íàÿ ðàñùåïëåííàÿ ãðóïïà ëèåâà òèïà ñ ãðóïïîé

Âåéëÿ W . Ïóñòü w ∈ W è w0 ∈ Z(W ). Ðàññìîòðèì ìàêñèìàëüíûå òîðû T è T0,

ñîîòâåòñòâóþùèå w è ww0, ñîîòâåòñòâåííî. Òîãäà T èìååò äîïîëíåíèå â ñâîåì

àëãåáðàè÷åñêîì íîðìàëèçàòîðå òîãäà è òîëüêî òîãäà, êîãäà T0 èìååò äîïîëíåíèå â

ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî T = T σn èìååò äîïîëíåíèå K â Nσn. Òîãäà

K ≃ CW,σ(w) è w0 ∈ CW,σ(w). Ïóñòü n, n0 � ïðîîáðàçû ýëåìåíòîâ w è w0 â K, ñîîòâåò-

ñòâåííî. Äëÿ ëþáîãî n1 ∈ K ⩽ Nσn âåðíî, ÷òî [n0, n1] = 1. Çíà÷èò (n1)
σnn0 = nn0

1 = n1
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è n1 ∈ Nσnn0 . Ñëåäîâàòåëüíî,K ⩽ Nσnn0 . Ïîñêîëüêó π(n) = w, òî π(K) = π(T σn·K) =

π(Nσn) = CW,σ(w). Ïîëó÷àåì, ÷òî π|K : K → W � âëîæåíèå è K ∩ T = 1. Â ÷àñòíî-

ñòè, K ∩ T σnn0 = 1. Ïîñêîëüêó Nσnn0/T σnn0 ≃ CW,σ(ww0) = CW,σ(w), ïîëó÷àåì, ÷òî

ãðóïïà K � äîïîëíåíèå äëÿ T σnn0 â Nσnn0 .

Îòìåòèì, ÷òî ïðè äîêàçàòåëüñòâå ðåçóëüòàòîâ ìû ìîæåì ñîñëàòüñÿ íà ëåì-

ìó 1.4.4. Òåì íå ìåíåå, äîêàçûâàÿ ñóùåñòâîâàíèå äîïîëíåíèÿ äëÿ ìàêñèìàëüíîãî

òîðà, ìû ñòðîèì åãî êîíñòðóêòèâíî è ïîýòîìó ïî÷òè âñåãäà ðàññìàòðèâàåì îáà ñëó-

÷àÿ w è ww0.

Äëÿ âû÷èñëåíèé â ãðóïïå 2G2(q) íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 1.4.5. [34, òåîðåìà 1.12.1(å)] Ïóñòü ∆ = {r1, . . . , rl} � ôóíäàìåíòàëüíàÿ

ñèñòåìà êîðíåé êîðíåâîé ñèñòåìû Φ. Äëÿ êîðíÿ r ∈ Φ îïðåäåëèì ř = 2r/(r, r) è

çàïèøåì ř = Σciři. Òîãäà hr(t) = Πl
i=1hri(t

ci).



Ãëàâà 2

Íîðìàëèçàòîðû ìàêñèìàëüíûõ òîðîâ

â êëàññè÷åñêèõ ãðóïïàõ

2.1 Êðàòêèé îáçîð ðåçóëüòàòîâ ãëàâû

Âòîðàÿ ãëàâà ïîñâÿùåíà ðåøåíèþ ïðîáëåì 1 è 2 (ñì. ââåäåíèå) äëÿ êëàññè÷åñêèõ

ãðóïï. Â ïîñëåäóþùèõ ðàçäåëàõ ïîñëåäîâàòåëüíî ðàññìàòðèâàþòñÿ ñèìïëåêòè÷å-

ñêèå ãðóïïû (ðàçäåë 2.2), ëèíåéíûå è óíèòàðíûå ãðóïïû (ðàçäåë 2.3), îðòîãîíàëüíûå

ãðóïïû (ðàçäåë 2.4). Â êàæäîì èç ðàçäåëîâ ñíà÷àëà ðàññìàòðèâàþòñÿ ñîîòâåòñòâóþ-

ùèå ãðóïïû íàä ïîëåì Fp, à çàòåì íàä êîíå÷íûì ïîëåì Fq.

Îòâåò íà ïðîáëåìó 1 äëÿ ñèìïëåêòè÷åñêèõ ãðóïï ïîëó÷åí â òåîðåìå 2.2.1, äëÿ

ëèíåéíûõ ãðóïï � â òåîðåìå 2.3.1, äëÿ îðòîãîíàëüíûõ ãðóïï � â òåîðåìå 2.4.1 è

çàìå÷àíèè 2.4.27.

Ïðîáëåìà 2 äëÿ ñèìïëåêòè÷åñêèõ ãðóïï ðåøåíà â òåîðåìå 2.2.3, äëÿ ëèíåéíûõ

è óíèòàðíûõ ãðóïï � â òåîðåìå 2.3.3, äëÿ îðòîãîíàëüíûõ ãðóïï íå÷åòíîé ðàçìåð-

íîñòè � â òåîðåìå 2.4.2, äëÿ îðòîãîíàëüíûõ ãðóïï ÷åòíîé ðàçìåðíîñòè � â òåîðå-

ìàõ 2.4.3 è 2.4.4. Äàííûå òåîðåìû äàþò îòâåò íà ïðîáëåìó 2 äëÿ âñåõ êëàññè÷åñêèõ

ïðîñòûõ ãðóïï. Â ïðîöåññå äîêàçàòåëüñòâà ýòèõ òåîðåì ïîëó÷åí îòâåò íà ïðîáëåìó 2

äëÿ íåêîòîðûõ êëàññè÷åñêèõ ãðóïï, ôàêòîðãðóïïû ïî öåíòðó êîòîðûõ èçîìîðôíû

ðàññìîòðåííûì ïðîñòûì ãðóïïàì (ñì. 2.2.4, 2.3.2).

25
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2.2 Ñèìïëåêòè÷åñêèå ãðóïïû

Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ ïðîñòûå ñâÿçíûå ëèíåéíûå àëãåáðàè÷åñêèå

ãðóïïû G òèïà Cn. Â ýòîì ñëó÷àå ãðóïïà G ëèáî îäíîñâÿçíà è G ≃ Sp2n(Fp), ëèáî

èìååò ïðèñîåäèíåííûé òèï è G ≃ PSp2n(Fp). Îòâåò íà ïðîáëåìó 1 äàþò ñëåäóþùèå

äâà óòâåðæäåíèÿ:

Òåîðåìà 2.2.1. Ïóñòü T � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð â ãðóïïå G =

PSp2n(Fp) è N = NG(T ). Òîãäà òîð T èìååò äîïîëíåíèå â N â òîì è òîëüêî â òîì

ñëó÷àå, åñëè p = 2 èëè n ⩽ 2.

Ñëåäñòâèå 2.2.2. Ïóñòü T � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð â ãðóïïå G =

Sp2n(Fp) è N = NG(T ). Òîãäà òîð T èìååò äîïîëíåíèå â N â òîì è òîëüêî â òîì

ñëó÷àå, åñëè p = 2.

Ñîãëàñíî ïðåäëîæåíèþ 1.3.1 ïðè ïåðåõîäå ê êîíå÷íûì ãðóïïàì G ëèåâà òèïà ñó-

ùåñòâóåò âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó êëàññàìè G-ñîïðÿæåííûõ ìàêñè-

ìàëüíûõ σ-èíâàðèàíòíûõ òîðîâ ãðóïïû G è êëàññàìè σ-ñîïðÿæåííîñòè ãðóïïû Âåé-

ëÿ W . Â ñëó÷àå ñèìïëåêòè÷åñêèõ ãðóïï êëàññû σ-ñîïðÿæåííîñòè ãðóïïû W ñîâïà-

äàþò ñ îáû÷íûìè êëàññàìè ñîïðÿæåííîñòè è êàæäîìó òàêîìó êëàññó ñîîòâåòñòâóåò

öèêëè÷åñêèé òèï (n1) . . . (nk)(nk+1) . . . (nm). Îòâåò íà ïðîáëåìó 2 â ñëó÷àå ñèìïëåê-

òè÷åñêèõ ãðóïï ñîäåðæèòñÿ â ñëåäóþùèõ äâóõ óòâåðæäåíèÿõ:

Òåîðåìà 2.2.3. Ïóñòü T � ìàêñèìàëüíûé òîð â ãðóïïå G = PSp2n(q), ñîîòâåò-

ñòâóþùèé ýëåìåíòó ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm).

Òîãäà T èìååò äîïîëíåíèå â N(G, T ) = NG(T ) ∩ G â òîì è òîëüêî â òîì ñëó÷àå,

åñëè âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:

(1) p = 2;

(2) m = 1;

(3) m = 2, k = 2, ÷èñëà n1, n2 íå÷åòíû, q ≡ 3 (mod 4);

(4) m = 2, k = 1, n1 íå÷åòíî, n2 ÷åòíî, q ≡ 3 (mod 4);
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(5) m = 2, k = 0, ÷èñëà n1, n2 ÷åòíû, q ≡ 3 (mod 4);

(6) m = 2, k = 0, q ≡ 1 (mod 4).

Ñëåäñòâèå 2.2.4. Ïóñòü T � ìàêñèìàëüíûé òîð â ãðóïïå G = Sp2n(q), ñîîòâåò-

ñòâóþùèé ýëåìåíòó ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm).

Òîãäà T èìååò äîïîëíåíèå â N(G, T ) â òîì è òîëüêî â òîì ñëó÷àå, åñëè p = 2.

Íàïîìíèì íåêîòîðûå ñâåäåíèÿ î ñèìïëåêòè÷åñêèõ ãðóïïàõ. Â äàííîì ðàçäåëå

ðàññìàòðèâàþòñÿ ñèìïëåêòè÷åñêèå ãðóïïû Sp2n(Fp), àññîöèèðîâàííûå ñ áèëèíåéíîé

ôîðìîé x1y−1 − x−1y1 + . . . + xny−n − x−nyn. ×åðåç PSp2n(Fp) îáîçíà÷àåòñÿ ôàêòîð-

ãðóïïà ãðóïïû Sp2n(Fp) ïî åå öåíòðó. Ïóñòü G � ïðîñòàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåá-

ðàè÷åñêàÿ ãðóïïà òèïà Cn. Â ýòîì ñëó÷àå ãðóïïà G ëèáî îäíîñâÿçíà è ìû áóäåì

îáîçíà÷àòü åå ÷åðåç Gsc, ëèáî èìååò ïðèñîåäèíåííûé òèï è áóäåò îáîçíà÷àòüñÿ ÷åðåç

Gad. Ïðè ýòîì Gsc ≃ Sp2n(Fp) è Gad ≃ PSp2n(Fp). Ñòðîêè è ñòîëáöû ñèìïëåêòè÷åñêèõ

ìàòðèö ðàçìåðíîñòè 2n íóìåðóþòñÿ â ïîðÿäêå 1, 2, . . . , n,−1,−2, . . . ,−n. Â êà÷åñòâå

ìàêñèìàëüíîãî σ-èíâàðèàíòíîãî òîðà T sc â Gsc âîçüìåì ãðóïïó âñåõ ìàòðèö âèäà

bd(D,D−1), ãäå D � íåâûðîæäåííàÿ äèàãîíàëüíàÿ ìàòðèöà ðàçìåðíîñòè n. ×åðåç

N sc áóäåì îáîçíà÷àòü íîðìàëèçàòîð òîðà T sc â Gsc, à ÷åðåç T ad è Nad áóäåì îáîçíà-

÷àòü îáðàç ãðóïïû T sc è N sc â Gad ñîîòâåòñòâåííî.

Äåéñòâèå ãðóïïû Âåéëÿ W íà T sc ðåàëèçóåòñÿ ïåðåñòàíîâêîé ýëåìåíòîâ íà

ãëàâíîé äèàãîíàëè ìàòðèöû. Ãðóïïà N sc ÿâëÿåòñÿ ïîäãðóïïîé ìîíîìèàëüíûõ

ìàòðèö è ñóùåñòâóåò âëîæåíèå ãðóïïû W â ãðóïïó ïîäñòàíîâîê íà ìíîæåñòâå

{1, 2, . . . , n,−1,−2, . . . ,−n}. Îáðàç ãðóïïû W ïðè ýòîì âëîæåíèè ñîâïàäàåò ñ ãðóï-

ïîé Sln òåõ ïîäñòàíîâîê φ ýòîãî ìíîæåñòâà, äëÿ êîòîðûõ ñïðàâåäëèâî ðàâåíñòâî

φ(−i) = −φ(i). Îïðåäåëèì ñëåäóþùèå ýëåìåíòû èç Sln:

φ1 = (1, 2)(−1,−2), φ2 = (2, 3)(−2,−3), . . . , φn−1 = (n−1, n)(−(n−1),−n), τ = (n,−n).

Òîãäà Sln = ⟨φ1, φ2, . . . , φn−1, τ⟩. Ýëåìåíòû φ1, φ2, . . . , φn−1, τ ñîîòâåòñòâóþò ãðàôó

Êîêñòåðà òèïà Cn:

u u p p p pp pp ppp ppp pp pp pp p u uφ1 φ2 τφn−1 4
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Â ÷àñòíîñòè, ýëåìåíò τφn−1 èìååò ïîðÿäîê 4 è τφi = φiτ äëÿ âñåõ i ∈ {1, . . . , n− 2}.

Äëÿ ïîðîæäàþùèõ ýëåìåíòîâ ãðóïïû Sln âûáåðåì ñîîòâåòñòâóþùèõ ïðåäñòàâèòåëåé

èç N sc. Ïóñòü In � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè n,

Q =

 0 In

−In 0

 ,

òîãäà Sp2n(Fp) = {A ∈ GL2n(Fp)|AtrQA = Q}. Ïîñêîëüêó ñèììåòðè÷åñêàÿ ãðóï-

ïà Sym2n êàíîíè÷åñêèì îáðàçîì èçîìîðôíà ãðóïïå ïîäñòàíîâî÷íûõ ìàòðèö ðàç-

ìåðíîñòè 2n, ìû áóäåì îòîæäåñòâëÿòü ýëåìåíòû ýòèõ ãðóïï. Òîãäà ýëåìåíòû

φ1, φ2, . . . , φn−1 ëåæàò â N sc, à â êà÷åñòâå ïðåäñòàâèòåëÿ ñìåæíîãî êëàññà, ñîîòâåò-

ñòâóþùåãî ýëåìåíòó τ , âîçüìåì ñëåäóþùèé:

τ0 =


In−1 0 0 0

0 0 0 1

0 0 In−1 0

0 −1 0 0

 .

Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû 2.2.1

Çàìå÷àíèå 2.2.5. Â ñëó÷àå ÷åòíîé õàðàêòåðèñòèêè ïîëÿ Fp âûïîëíÿåòñÿ ðàâåí-

ñòâî τ = τ0 è ãðóïïà Hsc = ⟨φ1, φ2, . . . , φn−1, τ0⟩ ÿâëÿåòñÿ äîïîëíåíèåì äëÿ òîðà T sc

â N sc. Ïîñêîëüêó öåíòð Sp2n(Fp) òðèâèàëåí, òî Sp2n(Fp) = PSp2n(Fp) è ãðóïïà Hsc

òàêæå ÿâëÿåòñÿ äîïîëíåíèåì äëÿ T ad â Nad.

Ëåììà 2.2.6. Ïóñòü T sc � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð â ãðóïïå Gsc =

Sp2n(Fp). Åñëè n ∈ {1, 2}, òî òîð T ad èìååò äîïîëíåíèå â Nad.

Äîêàçàòåëüñòâî. Åñëè n = 1, òî ïîëîæèì Hsc = ⟨τ0⟩, Had � îáðàç ãðóïïû Hsc â

PSp2(Fp). Òîãäà τ 20 = −I ëåæèò â öåíòðå Sp2(Fp) è Had ÿâëÿåòñÿ äîïîëíåíèåì äëÿ

T ad â Nad. Â ñëó÷àå n = 2 ãðóïïà W ðàâíà ⟨φ1, τ⟩, φ2
1 = τ 2 = (φ1τ)

4 = e. Ïîëîæèì
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Hsc = ⟨s1, t⟩, ãäå

s1 =


0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

, t =


α 0 0 0

0 0 0 1

0 0 α−1 0

0 −1 0 0


è α ∈ Fp, α2 = −1. Òîãäà s1, t ∈ Sp4(Fp), s21 = I, t2 = (s1t)

4 = −I. Ïóñòü Had � îáðàç

ãðóïïû Hsc â PSp4(Fp), òîãäà Had ÿâëÿåòñÿ äîïîëíåíèåì äëÿ T ad â Nad.

Ëåììà 2.2.7. Ïóñòü T sc � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð â ãðóïïå Gsc =

Sp2n(Fp). Òîãäà

(1) Åñëè õàðàêòåðèñòèêà ïîëÿ Fp íå÷åòíà, òî òîð T sc íå èìååò äîïîëíåíèÿ â

Gsc;

(2) Åñëè n ⩾ 3 è õàðàêòåðèñòèêà ïîëÿ Fp íå÷åòíà, òî òîð T ad íå èìååò äîïîë-

íåíèÿ â Nad.

Äîêàçàòåëüñòâî. (1) Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü Hsc � äîïîëíåíèå äëÿ T sc â

N sc è t � ïðîîáðàç ýëåìåíòà τ â Hsc. Òîãäà t
2 = I. Ñ äðóãîé ñòîðîíû, ýëåìåíò t èìååò

âèä

t = diag(ν1, . . . , νn−1, νn, ν
−1
1 , . . . , ν−1

n−1, ν
−1
n )τ0,

äëÿ íåêîòîðûõ íåíóëåâûõ äèàãîíàëüíûõ ýëåìåíòîâ νi. Ñëåäîâàòåëüíî,

t2 = diag(ν21 , . . . , ν
2
n−1,−1, ν−2

1 , . . . , ν−2
n−1,−1).

Ïðîòèâîðå÷èå ñ òåì, ÷òî t2 � åäèíè÷íàÿ ìàòðèöà.

(2) Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü Had � äîïîëíåíèå äëÿ T ad â Nad è sn−1, t �

ïðîîáðàçû ýëåìåíòîâ φn−1, τ â Had. Òîãäà (sn−1)
2 = t

2
= I è (sn−1t)

4 = I, ãäå I � åäè-

íè÷íûé ýëåìåíò â PSp2n(Fp). Ïóñòü Hsc � ïðîîáðàç Had â N sc è sn−1, t � ïðîîáðàçû

ýëåìåíòîâ sn−1, t â Hsc. Òîãäà

sn−1 = diag(µ1, µ2, . . . , µn, µ
−1
1 , µ−1

2 , . . . , µ−1
n )φn−1,

t = diag(ν1, ν2, . . . , νn, ν
−1
1 , ν−1

2 , . . . , ν−1
n )τ0,
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äëÿ íåêîòîðûõ íåíóëåâûõ äèàãîíàëüíûõ ýëåìåíòîâ µi, νi, à ìàòðèöû

(sn−1)
2, t2, (sn−1t)

4 ëåæàò â öåíòðå ãðóïïû Sp2n(Fp) è, â ÷àñòíîñòè, ÿâëÿþòñÿ

ñêàëÿðíûìè. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî

(sn−1)
2 = diag(µ2

1, . . . , µ
2
n−2, µn−1µn, µn−1µn, µ

−2
1 , . . . , µ−2

n−2, (µn−1µn)
−1, (µn−1µn)

−1),

t2 = diag(ν21 , . . . , ν
2
n−2, ν

2
n−1,−1, ν−2

1 , . . . , ν−2
n−2, ν

−2
n−1,−1),

îòêóäà, â ÷àñòíîñòè, µ2
1 = µ−2

1 è ν21 = ν−2
1 . Äàëåå,

(sn−1t)
4 = diag((µ1ν1)

4, . . . , (µn−2νn−2)
4,−1,−1, (µ1ν1)

−4, . . . , (µn−2νn−2)
−4,−1,−1),

îòêóäà (µ1ν1)
4 = −1. Ïðîòèâîðå÷èå ñ ðàâåíñòâàìè µ4

1 = ν41 = 1.

Òåîðåìà 2.2.1 ñëåäóåò èç çàìå÷àíèÿ 2.2.5, ëåììû 2.2.6 è ïóíêòà (2) ëåììû 2.2.7.

Ñëåäñòâèå 2.2.2 âûòåêàåò èç çàìå÷àíèÿ 2.2.5 è ïóíêòà (1) ëåììû 2.2.7.

Ïåðåéäåì ê ðàññìîòðåíèþ ñèìïëåêòè÷åñêèõ ãðóïï íàä êîíå÷íûì ïîëåì. Ïóñòü σ

îòîáðàæàåòGL2n(Fp) â ñåáÿ ïî ïðàâèëó (aij) 7→ (aqij), ãäå q � ñòåïåíü ïðîñòîãî ÷èñëà p.

Òîãäà G = Gσ = Sp2n(q) è G̃ = Op′(Gσ) = PSp2n(q). Îòìåòèì, ÷òî òàêèå îáîçíà÷åíèÿ

áóäóò óäîáíû ïðè äàëüíåéøåì èçëîæåíèè, íåñìîòðÿ íà òî, ÷òî â òåîðåìå 2.2.4 ãðóï-

ïà PSp2n(q) îáîçíà÷åíà ÷åðåç G. Îòîáðàæåíèå σ äåéñòâóåò íà W ≃ Sln òðèâèàëüíî,

ïîýòîìó êëàññû σ-ñîïðÿæåííîñòè ñîâïàäàþò ñ îáû÷íûìè êëàññàìè ñîïðÿæåííîñòè.

Îïóñòèâ çíàêè ïåðåä ýëåìåíòàìè èç {1, 2, . . . , n,−1,−2, . . . ,−n}, ïîëó÷èì ãîìîìîð-

ôèçì èç ãðóïïû Sln íà ãðóïïó Symn. Ïóñòü φ ∈ Sln îòîáðàæàåòñÿ â öèêë (i1i2 . . . ik)

è îñòàâëÿåò íà ìåñòå âñå ýëåìåíòû, îòëè÷íûå îò ±i1,±i2, . . . ,±ik. Åñëè φ(ik) = i1, òî

íàçîâåì φ ïîëîæèòåëüíûì öèêëîì äëèíû k; åñëè φ(ik) = −i1, òî íàçîâåì φ îòðè-

öàòåëüíûì öèêëîì äëèíû k. Îáðàç ïðîèçâîëüíîãî ýëåìåíòà φ èç Sln åäèíñòâåííûì

îáðàçîì ðàñêëàäûâàåòñÿ â ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ, è â ñîîòâåòñòâèè ñ

ýòèì ðàçëîæåíèåì φ åäèíñòâåííûì îáðàçîì ïðåäñòàâèì â âèäå ïðîèçâåäåíèÿ íåçà-

âèñèìûõ ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ öèêëîâ. Äëèíû ýòèõ öèêëîâ âìåñòå ñ èõ

çíàêàìè çàäàþò ìíîæåñòâî öåëûõ ÷èñåë, êîòîðîå íàçûâàåòñÿ öèêëè÷åñêèì òèïîì

ýëåìåíòà φ.

Äâà ýëåìåíòà èç Sln ñîïðÿæåíû òîãäà è òîëüêî òîãäà, êîãäà èõ öèêëè÷åñêèå òèïû

ñîâïàäàþò. Ïóñòü n = n′ + n′′, à {n1, . . . , nk} è {nk+1, . . . , nm} � ðàçáèåíèÿ ÷èñåë n′ è
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n′′, ñîîòâåòñòâåííî. Öèêëè÷åñêèé òèï {−n1, . . . ,−nk, nk+1, . . . , nm} áóäåò îáîçíà÷àòü-

ñÿ ÷åðåç (n1) . . . (nk)(nk+1) . . . (nm). Äëÿ îïèñàíèÿ CW (w) íàì ïîòðåáóþòñÿ ñëåäóþùèå

ýëåìåíòû:

σ1 = (1, 2, . . . , n1),

ω1 = (1, 2, . . . , n1)(−1,−2, . . . ,−n1);

ϖ1 = (1, 2, . . . , n1,−1,−2, . . . ,−n1);

τ1 = (1,−1)(2,−2) . . . (n1,−n1).

Ïóñòü t = n1 + . . .+ ni. Òîãäà àíàëîãè÷íî îïðåäåëÿþòñÿ ýëåìåíòû

σi+1 = (t+ 1, t+ 2, . . . , t+ ni+1);

ωi+1 = (t+ 1, . . . , t+ ni+1)(−(t+ 1), . . . ,−(t+ ni+1));

ϖi+1 = (t+ 1, . . . , t+ ni+1,−(t+ 1), . . . ,−(t+ ni+1));

τi+1 = (t+ 1,−(t+ 1)) . . . (t+ ni+1,−(t+ ni+1)).

Â êà÷åñòâå ñòàíäàðòíîãî ïðåäñòàâèòåëÿ ñ öèêëè÷åñêèì òèïîì

(n1) . . . (nk)(nk+1) . . . (nm) áóäåì èñïîëüçîâàòü ïîäñòàíîâêó ϖ1 . . . ϖkωk+1 . . . ωm.

Ñòðîåíèå ìàêñèìàëüíûõ òîðîâ â ãðóïïàõ Sp2n(q) õîðîøî èçâåñòíî. Âîñïîëüçóåìñÿ

ýòèì îïèñàíèåì èç ðàáîòû [2, Ïðåäëîëæåíèå 3.1].

Ïðåäëîæåíèå 2.2.8. Ïóñòü w � ñòàíäàðòíûé ïðåäñòàâèòåëü òèïà

(n1) . . . (nk)(nk+1) . . . (nm). Ïîëîæèì εi = −, åñëè i ⩽ k, è εi = + â ïðîòèâ-

íîì ñëó÷àå. Ïóñòü T � ïîäãðóïïà â Sp2n(Fp), ñîñòîÿùàÿ èç âñåõ äèàãîíàëüíûõ

ìàòðèö âèäà

bd(D1, D2, . . . , Dm, D
−1
1 , D−1

2 , . . . , D−1
m ),

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ), λq
ni−εi1
i = 1 äëÿ âñåõ i ∈ {1, 2, . . . ,m}. Òîãäà T σn = U .

Íàïîìíèì, ÷òî ñîãëàñíî ïðåäëîæåíèþ 1.3.2 âåðíî (T
g
)σ = (T σn)

g è (NG(T
g
))σ =

(N
g
)σ = (Nσn)

g. Ñëåäîâàòåëüíî, (T
g
)σ èìååò äîïîëíåíèå â ñâîåì àëãåáðàè÷åñêîì

íîðìàëèçàòîðå òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò äîïîëíåíèå ê ãðóïïå T σn â

Nσn.

Ïîñêîëüêó w èìååò âèä w = ϖ1 . . . ϖkωk+1 . . . ωm, òî ýëåìåíòû ϖ1, . . . , ϖk,

ωk+1, . . . , ωm, τk+1, . . . , τm ëåæàò â CW (w). Âûáåðåì ïðåäñòàâèòåëåé äëÿ ýòèõ ýëåìåí-

òîâ â àëãåáðàè÷åñêîì íîðìàëèçàòîðå N = N(G, T ). Ýëåìåíòû ωk+1, . . . , ωm ïðèíàäëå-

æàò Sp2n(q), à çíà÷èò è N . ×åðåç Ij = diag(1, . . . , 1, 1) è Cj = diag(1, . . . , 1,−1) áóäóò
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îáîçíà÷àòüñÿ åäèíè÷íàÿ è äèàãîíàëüíàÿ ìàòðèöû ðàçìåðíîñòè nj ñîîòâåòñòâåííî, à

÷åðåç I � åäèíè÷íàÿ ìàòðèöà âñåé ãðóïïû. Â êà÷åñòâå ïðåäñòàâèòåëåé ýëåìåíòîâ

ϖ1, . . . , ϖk è τk+1, . . . , τm â ãðóïïå N âîçüìåì ñëåäóþùèå:

bd(I1, . . . , Ij−1, Ij, Ij+1, . . . , Im, I1, . . . , Ij−1, Cj, Ij+1, . . . , Im)ϖj äëÿ 1 ⩽ j ⩽ k;

bd(I1, . . . , Ij−1, Ij, Ij+1, . . . , Im, I1, . . . , Ij−1,−Ij, Ij+1, . . . , Im)τj äëÿ k + 1 ⩽ j ⩽ m.

Íàïîìíèì, ÷òî ìû îòîæäåñòâëÿåì ñîîòâåòñòâóþùèå ýëåìåíòû ãðóïïû ïîäñòàíîâî÷-

íûõ ìàòðèö ðàçìåðíîñòè 2n è ãðóïïû ïîäñòàíîâîê Sym2n. Áîëåå òîãî, ñóùåñòâó-

åò åñòåñòâåííîå âëîæåíèå ãðóïïû GLni
(Fp) (ñîîòâåòñòâåííî, GL2ni

(Fp)) â ãðóïïó

GLn(Fp) (ñîîòâåòñòâåííî, GL2n(Fp)) è ìû áóäåì îòîæäåñòâëÿòü ñîîòâåòñòâóþùèå ýëå-

ìåíòû, èñïîëüçóÿ òå æå îáîçíà÷åíèÿ σi (ñîîòâåòñòâåííî, ωi, ϖi, τi).

Íàì ïîòðåáóþòñÿ ñëåäóþùèå âñïîìîãàòåëüíûå óòâåðæäåíèÿ 2.2.9�2.2.16.

Ëåììà 2.2.9. Ïóñòü {n1, n2} � ðàçáèåíèå íàòóðàëüíîãî ÷èñëà n. Ïóñòü s1 =

bd(T1, T2)σ1, s2 = bd(T ′
1, T

′
2)σ2, ãäå T1 = diag(λ1, λ2, . . . , λn1), T2 = diag(µ1, µ2, . . . , µn2),

T ′
1 = diag(λ′1, λ

′
2, . . . , λ

′
n1
), T ′

2 = diag(µ′
1, µ

′
2, . . . , µ

′
n2
). Òîãäà åñëè s1s2 = s2s1(zI)

äëÿ íåêîòîðîãî z ∈ Fp, òî λ′i+1 = λ′iz, µj = µj+1z, λ
′
1 = λ′n1

z, µn2 = µ1z, ãäå

i ∈ {1, 2, . . . , n1 − 1}, j ∈ {1, 2, . . . , n2 − 1}, à òàêæå zn1 = zn2 = 1.

Äîêàçàòåëüñòâî. Â ñèëó ðàâåíñòâà s1s2 = s2s1(zI) èìååì T1σ1T
′
1 = T ′

1T1σ1zI1 è

T2T
′
2σ2 = T ′

2σ2T2zI2. Ñëåäîâàòåëüíî,

T1(T
′
1)
σ−1
1 = T ′

1T1zI1 = T1T
′
1zI1 è T

′
1 = (T ′

1)
σ1zI1.

Îòñþäà ïîëó÷àåì, ÷òî λ′i+1 = λ′iz äëÿ âñåõ i ∈ {1, 2, . . . , n1 − 1} è λ′1 = λ′n1
z. Èç

ïîëó÷åííûõ ðàâåíñòâ èìååì λ′1 = λ′n1
z = λ′n1−1z

2 = . . . = λ′1z
n1 è zn1 = 1. Àíàëîãè÷íî

ïîëó÷àåì

T2T
′
2σ2 = T ′

2σ2T2zI2, T2T
′
2 = T ′

2(T2zI2)
σ−1
2 è (T2)

σ2 = (T2)zI2.

Òàêèì îáðàçîì, µj = µj+1z äëÿ âñåõ j ∈ {1, 2, . . . , n2 − 1}, µn2 = µ1z è êàê ñëåäñòâèå

ïîëó÷åííûõ ðàâåíñòâ èìååì zn2 = 1.

Ëåììà 2.2.10. Ïóñòü {n1, n2} � ðàçáèåíèå íàòóðàëüíîãî ÷èñëà n, q íå÷åòíî.

Ïóñòü t1 = bd(T1, D2, T3, D
−1
2 )ϖ1, t2 = bd(D′

1, T
′
2, (D

′
1)

−1, T ′
4)ϖ2, ãäå T1, T

′
2, T3, T

′
4 �
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ïðîèçâîëüíûå íåâûðîæäåííûå ìàòðèöû, D2 = diag(µ1, µ
q
1, . . . , µ

qn2−1

1 ), D′
1 =

diag(λ2, λ
q
2, . . . , λ

qn1−1

2 ). Òîãäà

(1) Åñëè t1t2 = t2t1, òî µ
2
1 = λ22 = 1;

(2) Åñëè t1t2 = −t2t1, òî µ2
1 = λ22 = −1 è n1, n2 íå÷åòíû. Áîëåå òîãî, µ

q−1
1 = −1,

åñëè n2 > 1 è λq−1
2 = −1, åñëè n1 > 1.

Äîêàçàòåëüñòâî. Ïóñòü D = bd(D2, (D2)
−1), D′ = bd(D′

1, (D
′
1)

−1).

(1) Àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2.2.9 ðàâåíñòâî t1t2 = t2t1 ðàâíîñèëüíî äâóì

ðàâåíñòâàì Dϖ2 = D è (D′)ϖ1 = D′. Èç ïåðâîãî ðàâåíñòâà ñëåäóåò, ÷òî âñå äèàãîíàëü-

íûå ýëåìåíòû ìàòðèö D2 è D
−1
2 ñîâïàäàþò. Â ÷àñòíîñòè, µ1 = µ−1

1 , îòêóäà µ2
1 = 1.

Àíàëîãè÷íî èç âòîðîãî ðàâåíñòâà ïîëó÷àåì λ22 = 1.

(2) Â äàííîì ñëó÷àå ðàâåíñòâî t1t2 = −t2t1 ðàâíîñèëüíî äâóì ðàâåíñòâàì Dϖ2 = −D

è (D′)ϖ1 = −D′. Èç ïåðâîãî ðàâåíñòâà ñëåäóåò:

µ1 = −µ−qn2−1

1

µq1 = −µ1

...

µq
n2−1

1 = −µq
n2−2

1

µ−1
1 = −µq

n2−1

1

µ−q
1 = −µ−1

1

...

µ−qn2−1

1 = −µ−qn2−2

1

Ñëåäîâàòåëüíî, ïðè n2 > 1 èìååì µq−1
1 = −1 è µ−1

1 = −µq
n2−1

1 = (−1)2µq
n2−2

1 = . . . =

(−1)n2µ1, îòêóäà µ
2
1 = (−1)n2 . Òàê êàê (q − 1) ÷åòíî, òî n2 äîëæíî áûòü íå÷åòíûì è

µ2
1 = −1. Â ñëó÷àå n2 = 1 ïîëó÷àåì, ÷òî µ−1

1 = −µ1, îòêóäà µ
2
1 = −1. Àíàëîãè÷íî èç

âòîðîãî ðàâåíñòâà ïîëó÷àåì, ÷òî n1 òàêæå äîëæíî áûòü íå÷åòíûì, λ
2
2 = −1 è åñëè

n1 > 1, òî λq−1
2 = −1.

Çàìå÷àíèå 2.2.11. Çàêëþ÷åíèå ëåììû 2.2.10 òàêæå ñïðàâåäëèâî äëÿ áëî÷íî-

äèàãîíàëüíûõ ìàòðèö ñ êîëè÷åñòâîì áëîêîâ áîëüøå äâóõ.
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Ñëåäñòâèå 2.2.12. Ïóñòü {n1, n2} � ðàçáèåíèå íàòóðàëüíîãî ÷èñëà n. Ïóñòü u1 =

bd(T1, D2, T3, D
−1
2 )τ1, u2 = bd(D′

1, T
′
2, (D

′
1)

−1, T ′
4)τ2, ãäå T1, T

′
2, T3, T

′
4 � ïðîèçâîëüíûå

íåâûðîæäåííûå ìàòðèöû, D2 = diag(µ1, µ
q
1, . . . , µ

qn2−1

1 ), D′
1 = diag(λ2, λ

q
2, . . . , λ

qn1−1

2 ).

Åñëè u1u2 = u2u1, òî µ
2
1 = λ22 = 1.

Äîêàçàòåëüñòâî. Ïóñòü D = bd(D2, (D2)
−1), D′ = bd(D′

1, (D
′
1)

−1). Àíàëîãè÷íî äîêà-

çàòåëüñòâó ëåììû 2.2.10 ðàâåíñòâî t1t2 = t2t1 ðàâíîñèëüíî äâóì ðàâåíñòâàì Dτ2 = D

è (D′)τ1 = D′, ÷òî â ñâîþ î÷åðåäü ðàâíîñèëüíî ðàâåíñòâàì D−1
2 = D2 è (D′

1)
−1 = D′

1.

Ñëåäîâàòåëüíî, µ1 = µ−1
1 è λ2 = λ−1

2 , îòêóäà µ2
1 = λ22 = 1.

Çàìå÷àíèå 2.2.13. Çàêëþ÷åíèå ñëåäñòâèÿ 2.2.12 òàêæå ñïðàâåäëèâî äëÿ áëî÷íî-

äèàãîíàëüíûõ ìàòðèö ñ êîëè÷åñòâîì áëîêîâ áîëüøå äâóõ.

Ëåììà 2.2.14. Ïóñòü {n1, n2} � ðàçáèåíèå íàòóðàëüíîãî ÷èñëà n, q íå÷åòíî.

Ïóñòü t1 = bd(T1, D2, T3, D
−1
2 )ϖ1, u2 = bd(D′

1, T
′
2, (D

′
1)

−1, T ′
4)τ2, ãäå T1, T

′
2, T3, T

′
4 �

ïðîèçâîëüíûå íåâûðîæäåííûå ìàòðèöû, D2 = diag(µ1, µ
q
1, . . . , µ

qn2−1

1 ), D′
1 =

diag(λ2, λ
q
2, . . . , λ

qn1−1

2 ). Òîãäà

(1) Åñëè t1u2 = u2t1, òî µ
2
1 = 1;

(2) Åñëè t1u2 = −u2t1, òî µ2
1 = λ22 = −1, n1 íå÷åòíî. Áîëåå òîãî, åñëè n1 > 1, òî

λq−1
2 = −1.

Äîêàçàòåëüñòâî. Ðàññóæäåíèÿ àíàëîãè÷íû äîêàçàòåëüñòâó ëåììû 2.2.10.

(1) Ïóñòü D = bd(D2, (D2)
−1), D′ = bd(D′

1, (D
′
1)

−1). Ðàâåíñòâî t1u2 = u2t1 âëå÷åò

Dτ2 = D. Ñëåäîâàòåëüíî, D2 è D
−1
2 ñîâïàäàþò, îòêóäà µ1 = µ−1

1 è µ2
1 = 1.

(2) Â äàííîì ñëó÷àå ðàâåíñòâî t1u2 = −u2t1 ðàâíîñèëüíî äâóì ðàâåíñòâàì Dτ2 = −D

è (D′)ϖ1 = −D′. Èç ïåðâîãî ðàâåíñòâà ñëåäóåò, ÷òîD−1
2 = −D2 è µ

2
1 = −1. Ðàñïèñûâàÿ

âòîðîå ðàâåíñòâî ïîýëåìåíòíî, ïîëó÷àåì:
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λ2 = −λ−q
n1−1

2

λq2 = −λ2
...

λq
n1−1

2 = −λq
n1−2

2

λ−1
2 = −λq

n1−1

2

λ−q2 = −λ−1
2

...

λ−q
n1−1

2 = −λ−q
n1−2

2

Ñëåäîâàòåëüíî, ïðè n1 > 1 èìååì λq−1
2 = −1 è λ−1

2 = −λq
n1−1

2 = (−1)2λq
n1−2

2 = . . . =

(−1)n1λ2, îòêóäà λ
2
2 = (−1)n1 . Òàê êàê (q − 1) ÷åòíî, òî n1 äîëæíî áûòü íå÷åòíûì è

λ22 = −1. Â ñëó÷àå n1 = 1 ïîëó÷àåì, ÷òî λ−1
2 = −λ2, îòêóäà λ22 = −1.

Ëåììà 2.2.15. Ïóñòü {n1, n2, . . . , nm} � ðàçáèåíèå íàòóðàëüíîãî ÷èñëà n, ãäå

m ⩾ 3. Ïóñòü s1 = bd(T1, T2, . . . , Tm)σ1, s2 = bd(T ′
1, T

′
2, . . . , T

′
m)σ2, ãäå T2 =

diag(µ1, µ2, . . . , µn2), T
′
1 = diag(λ′1, λ

′
2, . . . , λ

′
n1
). Òîãäà åñëè s1s2 = s2s1(zI), òî z = 1,

λ′1 = λ′2 = . . . = λ′n1
, µ1 = µ2 = . . . = µn2.

Äîêàçàòåëüñòâî. Â ñèëó ðàâåíñòâà s1s2 = s2s1(zI) èìååì TmT
′
m = T ′

mTmzIm, îòêóäà

ñëåäóåò, ÷òî z = 1. Îñòàëüíûå ðàâåíñòâà äîêàçûâàþòñÿ àíàëîãè÷íî ðàññóæäåíèÿì â

ëåììå 2.2.9.

Ëåììà 2.2.16. Ïóñòü {n1, n2} � ðàçáèåíèå íàòóðàëüíîãî ÷èñëà n. Ïóñòü s =

bd(T1, T2)σ1, ãäå T1 = diag(λ1, λ2, . . . , λn1), T2 = diag(µ1, µ2, . . . , µn2). Òîãäà s
n1 = zI â

òîì è òîëüêî â òîì ñëó÷àå, åñëè λ1λ2 . . . λn1 = µn1
1 = µn1

2 = . . . = µn1
n2

= z.

Äîêàçàòåëüñòâî. Ïîñêîëüêó σn1
1 = I1 ïîëó÷àåì, ÷òî

(T1σ1)
n1 = T1T

σ−1
1

1 T
σ−2
1

1 . . . T
σ
−(n1−1)
1

1 σn1 = T1T
σ
n1−1
1

1 T
σ
n2−2
1

1 . . . T σ11 = T1T
σ1
1 T

σ2
1

1 . . . T
σ
n1−1
1

1 .

Ïîëó÷åííàÿ ìàòðèöà áóäåò ñêàëÿðíîé ïîñêîëüêó ëþáîé åå äèàãîíàëüíûé ýëåìåíò áó-

äåò ðàâåí ïðîèçâåäåíèþ âñåõ äèàãîíàëüíûõ ýëåìåíòîâ ìàòðèöû T1, òî åñòü (T1σ1)
n1 =

αI1, ãäå α = λ1λ2 . . . λn1 . Îñòàëüíûå ðàâåíñòâà î÷åâèäíû.
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Ïåðåéäåì íåïîñðåäñòâåííî ê äîêàçàòåëüñòâó òåîðåìû 2.2.3.

Â ñëó÷àå ÷åòíîé õàðàêòåðèñòèêè ðåçóëüòàòû ñëåäóþò èç çàìå÷àíèÿ 1.4.1, ïîýòî-

ìó äàëåå â ýòîì ðàçäåëå ðàññìàòðèâàåòñÿ ñëó÷àé íå÷åòíîé õàðàêòåðèñòèêè ïîëÿ è

òîãäà öåíòð ãðóïïû Sp2n(q) ñîñòîèò èç ìàòðèö ±I. Ìàêñèìàëüíûé òîð èç ïðåäëî-

æåíèÿ 2.2.8 áóäåì íàçûâàòü ìàêñèìàëüíûì òîðîì, ñîîòâåòñòâóþùèì ýëåìåíòó

w, ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm). Ñëåäóþùàÿ ëåììà îãðàíè÷èâàåò

ðàññìîòðåíèå ñëó÷àåâ, â êîòîðûõ íîðìàëèçàòîð òîðà ìîæåò áûòü ðàñùåïëÿåì.

Ëåììà 2.2.17. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Sp2n(q), ñîîòâåòñòâó-

þùèé ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm). Ïóñòü T̃ è Ñ �

îáðàçû T è N = N(G, T ) â G̃ = PSp2n(q). Òîãäà

(1) Òîð T íå èìååò äîïîëíåíèÿ â N ;

(2) Åñëè m ⩾ 3, òî òîð T̃ íå èìååò äîïîëíåíèÿ â Ñ .

Äîêàçàòåëüñòâî. (1) Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü H � äîïîëíåíèå äëÿ T â N .

Ïîñêîëüêó (ϖi)
ni = τi, òî ýëåìåíò τ1 ëåæèò â CW (w). Ïóñòü u1 � ïðîîáðàç ýëåìåíòà

τ1 â ãðóïïå H. Òîãäà ýëåìåíò u1 èìååò âèä

u1 = bd(D1, D2, . . . , Dm, D
−1
1 (−I1), D−1

2 , . . . , D−1
m )τ1,

äëÿ íåêîòîðûõ äèàãîíàëüíûõ ìàòðèö D1, . . . , Dm. Òîãäà

u21 = bd(−I1, D2
2, . . . , D

2
m,−I1, D−2

2 , . . . , D−2
m ).

Ñ äðóãîé ñòîðîíû, åñëè H � äîïîëíåíèå äëÿ T â N , òî u21 = I. Ïðîòèâîðå÷èå.

(2) Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü H̃ � äîïîëíåíèå äëÿ T̃ â Ñ , H � ïðîîáðàç

H̃ â N . Ïîñêîëüêó (ϖi)
ni = τi, òî ýëåìåíòû τ1, τ2 ëåæàò â CW (w). Ïóñòü u1, u2 �

ïðîîáðàçû ýëåìåíòîâ τ1, τ2 â H. Òîãäà

u1 = bd(D1, D2, . . . , Dm, D
−1
1 (−I1), D−1

2 , . . . , D−1
m )τ1,

u2 = bd(D′
1, D

′
2, . . . , D

′
m, (D

′
1)

−1, (D′
2)

−1(−I2), . . . , (D′
m)

−1)τ2,

ãäå D2 = diag(µ1, µ
q
1, . . . , µ

qn2−1

1 ), D′
1 = diag(λ2, λ

q
2, . . . , λ

qn1−1

2 ). Ïîñêîëüêó H̃ � äîïîë-

íåíèå äëÿ T̃ â Ñ , òî u1u2 = εu2u1 u
2
1 = ε1I, u

2
2 = ε2I . Ïî óñëîâèþ m ⩾ 3, ïîýòîìó ïî

ëåììå 2.2.15 ïîëó÷àåì u1u2 = u2u1, è äàëåå â ñèëó çàìå÷àíèÿ 2.2.13 è ñëåäñòâèÿ 2.2.12
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èìååì µ2
1 = 1. Òàê êàê u21 = ε1I, òî ïî ëåììå 2.2.16 ïîëó÷àåì −1 = µ2

1. Ïðîòèâîðå÷èå

ñ µ2
1 = 1.

Ëåììà 2.2.18. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Sp2n(q), ñîîòâåòñòâó-

þùèé ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n) èëè (n). Ïóñòü T̃ è Ñ � îáðàçû T è

N = N(G, T ) â G̃ = PSp2n(q). Òîãäà òîð T̃ èìååò äîïîëíåíèå â Ñ .

Äîêàçàòåëüñòâî. Îïðåäåëèì t1 = bd(I1, C1)ϖ1, s1 = ω1, u1 = bd(I1,−I1)τ1. Òîãäà

t1, s1, u1 ïðèíàäëåæàò Sp2n(q), t
2n
1 = −I, sn1 = I, u21 = −I, s1u1 = u1s1. Äëÿ òîðà ñ

öèêëè÷åñêèì òèïîì (n) ïîëîæèì H = ⟨t1⟩, à äëÿ òîðà ñ öèêëè÷åñêèì òèïîì (n) ïî-

ëîæèì H = ⟨s1⟩×⟨u1⟩. Ïóñòü H̃ � îáðàç ãðóïïû H â PSp2n(q), òîãäà H̃ � äîïîëíåíèå

äëÿ òîðà T̃ â Ñ .

Ëåììà 2.2.19. Ïóñòü T � ìàêñèìàëüíûé òîð â ãðóïïå G = Sp4(q), T̃ è Ñ � îáðàçû

T è N â G̃ = PSp4(q). Òîãäà

(1) Åñëè òîð T èìååò öèêëè÷åñêèé òèï (1)(1), òî T̃ íå èìååò äîïîëíåíèÿ â Ñ ;

(2) Åñëè òîð T èìååò öèêëè÷åñêèé òèï (1)(1), òî T̃ èìååò äîïîëíåíèå â Ñ òîãäà

è òîëüêî òîãäà, êîãäà q ≡ 1 (mod 4);

(3) Åñëè òîð T èìååò öèêëè÷åñêèé òèï (1)(1), òî T̃ èìååò äîïîëíåíèå â Ñ òîãäà

è òîëüêî òîãäà, êîãäà q ≡ 3 (mod 4);

Äîêàçàòåëüñòâî. (1) Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü H̃ � äîïîëíåíèå äëÿ T̃ â Ñ ,

H � ïðîîáðàç H̃ â N . Ïóñòü t1, u2 � ïðîîáðàçû ýëåìåíòîâ ϖ1, τ2 â H. Òîãäà

t1 = diag(λ1, µ1,−λ−1
1 , µ−1

1 )ϖ1, u2 = diag(λ2, µ2, λ
−1
2 ,−µ−1

2 )τ2,

ãäå λq+1
1 = λq+1

2 = 1, µq−1
1 = µq−1

2 = 1. Ïîñêîëüêó H̃ � äîïîëíåíèå äëÿ T̃ â Ñ , òî t21 =

ε1I, u
2
2 = ε2I . Ñ äðóãîé ñòîðîíû, t21 = bd(−1, µ2

1,−1, µ−2
1 ) è u22 = bd(λ22,−1, λ−2

2 ,−1).

Ñëåäîâàòåëüíî, µ2
1 = λ22 = −1. Òàêèì îáðàçîì, µ2

1 = −1 è µq−1
1 = 1, ÷òî âîçìîæíî

òîëüêî ïðè q ≡ 1 (mod 4), à òàêæå λ22 = −1 è λq+1
2 = 1, ÷òî âîçìîæíî òîëüêî ïðè

q ≡ 3 (mod 4). Ïðîòèâîðå÷èå.
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(2),(3) Íåîáõîäèìîñòü óñëîâèé â ïóíêòàõ (2) è (3) äîêàçûâàåòñÿ àíàëîãè÷íî ïóíêòó

(1). Äîêàæåì äîñòàòî÷íîñòü. Ïîëîæèì

s1 = λ


0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 −1

 , s2 = λ


1 0 0 0

0 0 0 1

0 0 −1 0

0 1 0 0

 , w =


0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

 .

Â ñëó÷àå (2) âîçüìåì ýëåìåíò λ ∈ Fp, òàêîé ÷òî λ2 = −1 è λq−1 = 1, à â ñëó÷àå

(3) âîçüìåì ýëåìåíò λ ∈ Fp, òàêîé ÷òî λ2 = −1 è λq+1 = 1. Òîãäà s1, s2, w ∈ N, s21 =

s22 = −I, w2 = I. Êðîìå òîãî, s1s2 = −s2s1, sw1 = s2. Ïóñòü H = ⟨s1, s2, w⟩, H̃ � îáðàç

ãðóïïû H â PSp2n(q), òîãäà H̃ � äîïîëíåíèå äëÿ T̃ â Ñ .

Ëåììà 2.2.20. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Sp2n(q), ñîîòâåòñòâó-

þùèé ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2). Ïóñòü T̃ è Ñ � îáðàçû T è N â

G̃ = PSp2n(q). Òîãäà T̃ èìååò äîïîëíåíèå â Ñ â òîì è òîëüêî â òîì ñëó÷àå, åñëè

n1, n2 íå÷åòíû è q ≡ 3 (mod 4).

Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì íåîáõîäèìîñòü. Ïóñòü H̃ � äîïîëíåíèå äëÿ T̃ â

Ñ , H � ïðîîáðàç H̃ â N . Ïóñòü t1, t2 � ïðîîáðàçû ýëåìåíòîâ ϖ1, ϖ2 â H. Òîãäà

t1 = bd(D1, D2, D
−1
1 C1, D

−1
2 )ϖ1, t2 = bd(D′

1, D
′
2, (D

′
1)

−1, (D′
2)

−1C2)ϖ2,

ãäå D2 = diag(µ1, µ
q
1, . . . , µ

qn2−1

1 ), D′
1 = diag(λ2, λ

q
2, . . . , λ

qn1−1

2 ). Ïîñêîëüêó H̃ � äî-

ïîëíåíèå äëÿ T̃ â Ñ , òî t1t2 = εt2t1, (t1)
2n1 = ε1I, (t2)

2n2 = ε2I. Òîãäà èç ðàâåíñòâ

(t1)
2n1 = ε1I è (t2)

2n2 = ε2I â ñèëó ëåììû 2.2.16 èìååì µ2n1
1 = −1 è λ2n2

2 = −1

ñîîòâåòñòâåííî. Ñëó÷àé t1t2 = t2t1 íåâîçìîæåí â ñèëó ïóíêòà (1) ëåììû 2.2.10, ïî-

ýòîìó ïðèìåíÿÿ ïóíêò (2) ëåììû 2.2.10 ïîëó÷àåì, ÷òî n1, n2 íå÷åòíû. Áîëåå òîãî,

µq−1
1 = −1, åñëè n2 > 1 è λq−1

2 = −1, åñëè n1 > 1. Ñëó÷àé n1 = n2 = 1 ðàçîáðàí â

ëåììå 2.2.19, ïîýòîìó µq−1
1 = −1 èëè λq−1

2 = −1. Ïîñêîëüêó µ2n1
1 = −1 è λ2n2

2 = −1,

òî q ≡ 3 (mod 4). Íåîáõîäèìîñòü äîêàçàíà, ïîêàæåì äîñòàòî÷íîñòü.

Ïóñòü n1, n2 íå÷åòíû è q ≡ 3 (mod 4). Âîçüìåì ýëåìåíò λ ∈ Fp, òàêîé ÷òî λ2 = −1,

òîãäà λq = −λ. Ïîëîæèì

t1 = bd(I1, D2, C1, D
−1
2 )ϖ1, t2 = bd(D′

1, I2, (D
′
1)

−1, C2)ϖ2,
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ãäå D2 = diag(λ,−λ, . . . , λ,−λ, λ), D′
1 = diag(λ,−λ, . . . , λ,−λ, λ). Òîãäà t1, t2 ëåæàò

â Sp2n(q), t
2n1
1 = −I, t2n2

2 = −I (ñì. ëåììó 2.2.16) è t1t2 = −t2t1. Åñëè n1 ̸= n2, òî

CW (w) = ⟨ϖ1, ϖ2⟩ ≃ Z2n1 ×Z2n2 è â êà÷åñòâå H ìîæíî âçÿòü H = ⟨t1, t2⟩. Ïóñòü H̃ �

îáðàç ãðóïïû H â PSp2n(q), òîãäà H̃ � äîïîëíåíèå äëÿ T̃ â Ñ . Åñëè n1 = n2, òî

CW (w) ≃ (Zn × Zn)⋊ Z2. Â ýòîì ñëó÷àå ïóñòü

ω =


0 I1 0 0

I1 0 0 0

0 0 0 I1

0 0 I1 0

 .

Òîãäà ω ∈ Sp2n(q), ω
2 = I, tω1 = t2. Ïîëîæèì H = ⟨t1, t2, ω⟩, H̃ � îáðàç ãðóïïû H â

PSp2n(q). Òîãäà H̃ � äîïîëíåíèå äëÿ T̃ â Ñ .

Ëåììà 2.2.21. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Sp2n(q), ñîîòâåòñòâó-

þùèé ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2). Ïóñòü T̃ è Ñ � îáðàçû T è N

â G̃ = PSp2n(q). Òîãäà T̃ íå èìååò äîïîëíåíèÿ â Ñ â òîì è òîëüêî â òîì ñëó÷àå,

åñëè n1, n2 íå÷åòíû è q ≡ 3 (mod 4).

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà ñëó÷àé q ≡ 1 (mod 4). Ïóñòü λ ∈ Fp, òàêîé

÷òî λ2 = −1, λq−1 = 1. Îïðåäåëèì ñëåäóþùèå ýëåìåíòû

s1 = ω1, s2 = ω2, u1 = bd(I1, λI2,−I1, λ−1I2)τ1, u2 = bd(λI1, I2, λ
−1I1,−I2)τ2.

Òîãäà si, ui ∈ Sp2n(q), s
ni
i = I, u2i = −I, suii = si, s1s2 = s2s1, u1u2 = −u2u1, s1u2 =

u2s1, s2u1 = u1s2, ãäå i = 1, 2. Åñëè n1 ̸= n2, òî CW (w) = ⟨ω1, τ1, ω2, τ2⟩ ≃ (Zn1 × Z2)×

(Zn2 × Z2) è ïîëîæèì H = ⟨s1, u1, s2, u2⟩. Òîãäà îáðàç H̃ ãðóïïû H â PSp2n(q) áóäåò

äîïîëíåíèåì äëÿ T̃ â Ñ . Åñëè n1 = n2, òî CW (w) ≃ ((Zn1×Z2)×(Zn2×Z2))⋊Z2. Ïóñòü

ω � ýëåìåíò, îïðåäåëåííûé â äîêàçàòåëüñòâå ëåììû 2.2.20, òîãäà ω ∈ Sp2n(q), ω
2 =

I, sω1 = s2, u
ω
1 = u2. Ïîëîæèì H = ⟨s1, u1, s2, u2, ω⟩, H̃ � îáðàç H â PSp2n(q). Òîãäà

H̃ � äîïîëíåíèå äëÿ T̃ â Ñ .

Ïåðåéäåì ê ðàññìîòðåíèþ ñëó÷àÿ q ≡ 3 (mod 4). Ïóñòü H̃ � äîïîëíåíèå äëÿ T̃ â

Ñ , H � ïðîîáðàç H̃ â N . Ïîêàæåì, ÷òî â ýòîì ñëó÷àå n1, n2 îáÿçàíû áûòü ÷åòíûìè.

Ïóñòü s1, u1, s2, u2 � ïðîîáðàçû ýëåìåíòîâ ω1, τ1, ω2, τ2 â H. Òîãäà
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s1 = bd(D1, D2, D
−1
1 , D−1

2 )ω1, u1 = bd(B1, B2,−B−1
1 , B−1

2 )τ1,

s2 = bd(D′
1, D

′
2, (D

′
1)

−1, (D′
2)

−1)ω2, u2 = bd(B′
1, B

′
2, (B

′
1)

−1,−(B′
2)

−1)τ2,

ãäå D1 = diag(λ1, λ
q
1, . . . , λ

qn1−1

1 ), D2 = diag(µ1, µ
q
1, . . . , µ

qn2−1

1 ), D′
1 =

diag(λ2, λ
q
2, . . . , λ

qn1−1

2 ), D′
2 = diag(µ2, µ

q
2, . . . , µ

qn2−1

2 ), B1 = diag(α1, α
q
1, . . . , α

qn1−1

1 ),

B2 = diag(β1, β
q
1 , . . . , β

qn2−1

1 ), B′
1 = diag(α2, α

q
2, . . . , α

qn1−1

2 ), B′
2 = diag(β2, β

q
2 , . . . , β

qn2−1

2 ).

Ïîñêîëüêó H̃ � äîïîëíåíèå äëÿ T̃ â Ñ , òî, â ÷àñòíîñòè, äîëæíû âûïîëíÿòüñÿ

ðàâåíñòâà u21 = ε1I, u
2
2 = ε2I, s1u2 = ε3u2s1, s2u1 = ε4u1s2. Ïî ëåììå 2.2.16 èç ðàâåíñòâ

u21 = ε1I, u
2
2 = ε2I ïîëó÷àåì, ÷òî β2

1 = −1, α2
2 = −1. Äàëåå, èç ñîîòíîøåíèÿ s1u2 =

ε3u2s1, â ÷àñòíîñòè, ñëåäóþò ðàâåíñòâà

α2 = ε3α
qn1−1

2

αq2 = ε3α2

...

αq
n1−1

2 = ε3α
qn1−2

2

Åñëè ε3 = 1, òî αq−1
2 = ε3 = 1 è ïðè ýòîì α2

2 = −1, îòêóäà q ≡ 1 (mod 4). Ñëåäî-

âàòåëüíî, ε3 = −1 è α2 = −αq
n1−1

2 = (−1)2αq
n1−2

2 = . . . = (−1)n1α2, ÷òî âîçìîæíî

òîëüêî ïðè ÷åòíîì n1. Àíàëîãè÷íî èç ðàâåíñòâà s2u1 = ε4u1s2 ñëåäóåò, ÷òî ε4 = −1

è β1 = (−1)n2β1. Òàêèì îáðàçîì, ÷èñëà n1, n2 äîëæíû áûòü ÷åòíûìè.

Äàëåå ñ÷èòàåì, ÷òî n1, n2 ÷åòíû è q ≡ 3 (mod 4). Ïóñòü ýëåìåíò λ ∈ Fp, òàêîé ÷òî

λ2 = −1; ξ1, ξ2 � ïåðâîîáðàçíûå êîðíè èç 1 ñòåïåíè qn1 − 1, qn2 − 1 ñîîòâåòñòâåííî,

α1 = ξ−1
1 , λ1 = ξ

q−1
2

1 , β2 = ξ−1
2 , µ2 = ξ

q−1
2

2 . Òîãäà λq−1 = −1, λ
qn1−1
q−1

1 = −1, µ
qn2−1
q−1

2 = −1,

λ21 · α
q−1
1 = 1, µ2

2 · β
q−1
2 = 1. Îïðåäåëèì ñëåäóþùèå ýëåìåíòû

s1 = bd(D1, D2, D
−1
1 , D−1

2 )ω1, s2 = bd(D′
1, D

′
2, (D

′
1)

−1, (D′
2)

−1)ω2,

ãäå D2 = diag(λ,−λ, . . . , λ,−λ), D′
1 = diag(λ,−λ, . . . , λ,−λ),

D1 =

I1 åñëè n1 ≡ 0 (mod 4)

diag(λ1, λ
q
1, . . . , λ

qn1−1

1 ) åñëè n1 ≡ 2 (mod 4)

,

D′
2 =

I2 åñëè n2 ≡ 0 (mod 4)

diag(µ2, µ
q
2, . . . , µ

qn2−1

2 ) åñëè n2 ≡ 2 (mod 4).
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Ìàòðèöû D1 è D
′
2 âûáðàíû òàêèì îáðàçîì, ÷òîáû sn1

1 è sn2
2 ïîëó÷èëèñü ñêàëÿð-

íûìè. Äåéñòâèòåëüíî, åñëè n1 ≡ 0 (mod 4), òî λn1 = 1 è ïî ëåììå 2.2.16 ïîëó÷àåì

sn1
1 = I, à åñëè n1 ≡ 2 (mod 4), òî λ1λ

q
1 . . . λ

qn1−1

1 = λ
qn1−1
q−1

1 = −1, λn1 = −1 è ïî ëåì-

ìå 2.2.16 ïîëó÷àåì sn1
1 = −I. Àíàëîãè÷íî sn2

2 = I ïðè n2 ≡ 0 (mod 4) è sn2
2 = −I ïðè

n2 ≡ 2 (mod 4). Ïîëîæèì

u1 = bd(B1, B2,−B−1
1 , B−1

2 )τ1, u2 = bd(B′
1, B

′
2, (B

′
1)

−1,−(B′
2)

−1)τ2,

ãäå B2 = diag(λ,−λ, . . . , λ,−λ), B′
1 = diag(λ,−λ, . . . , λ,−λ),

B1 =

I1 åñëè n1 ≡ 0 (mod 4)

diag(α1, α
q
1, . . . , α

qn1−1

1 ) åñëè n1 ≡ 2 (mod 4)

,

B′
2 =

I2 åñëè n2 ≡ 0 (mod 4)

diag(β2, β
q
2 , . . . , β

qn2−1

2 ) åñëè n2 ≡ 2 (mod 4).

Ìàòðèöû B1 è B′
2 âûáðàíû òàêèì îáðàçîì, ÷òîáû s1u1 = u1s1 è s2u2 = u2s2.

Äåéñòâèòåëüíî, ïóñòü D = bd(D1, (D1)
−1), B = bd(B1,−(B1)

−1). Òîãäà ðàâåíñòâî

s1u1 = u1s1 ðàâíîñèëüíî ðàâåíñòâó Dω1Bτ1 = Bτ1Dω1, îòêóäà DB
ω−1
1 = BDτ1 . Â

ñëó÷àå n1 ≡ 0 (mod 4) ïîñëåäíåå ðàâåíñòâî òðèâèàëüíî. Â ñëó÷àå n1 ≡ 2 (mod 4)

ðàâåíñòâî DBω−1
1 = BDτ1 ðàâíîñèëüíî óñëîâèþ λ1α

q
1 = α1λ

−1
1 , êîòîðîå âûïîëíåíî

â ñèëó âûáîðà ýëåìåíòîâ λ1 è α1. Àíàëîãè÷íî â ñëó÷àå n2 ≡ 2 (mod 4) ðàâåíñòâî

s2u2 = u2s2 ðàâíîñèëüíî óñëîâèþ µ2β
q
2 = β2µ

−1
2 , êîòîðîå âûïîëíÿåòñÿ. Äàëåå, íåïî-

ñðåäñòâåííî ïðîâåðÿþòñÿ ñëåäóþùèå ðàâåíñòâà:

u21 = u22 = −I, s1u2 = −u2s1, s2u1 = −u1s2, u1u2 = −u2u1, s1s2 = −s2s1.

Åñëè n1 ̸= n2, òî CW (w) ≃ (Zn1 × Z2) × (Zn2 × Z2) è ïîëîæèì H = ⟨s1, u1, s2, u2⟩.

Ïóñòü H̃ � îáðàç ãðóïïû H â PSp2n(q), òîãäà H̃ � äîïîëíåíèå äëÿ T̃ â Ñ . Åñëè

n1 = n2, òî CW (w) ≃ ((Zn1 ×Z2)× (Zn2 ×Z2))⋊Z2. Ïóñòü ω � ýëåìåíò, îïðåäåëåííûé

â äîêàçàòåëüñòâå ëåììû 2.2.20, òîãäà ω ∈ Sp2n(q), ω
2 = I, tω1 = t2. Ïîëîæèì H =

⟨s1, u1, s2, u2, ω⟩, H̃ � îáðàç ãðóïïû H â PSp2n(q). Òîãäà H̃ � äîïîëíåíèå äëÿ T̃ â

Ñ .
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Ëåììà 2.2.22. Ïóñòü T � ìàêñèìàëüíûé òîð â ãðóïïå G = Sp2n(q), ñîîòâåòñòâó-

þùèé ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2). Ïóñòü T̃ è Ñ � îáðàçû T è N â

G̃ = PSp2n(q). Òîãäà T̃ èìååò äîïîëíåíèå â Ñ â òîì è òîëüêî â òîì ñëó÷àå, åñëè

n1 íå÷åòíî, n2 ÷åòíî è q ≡ 3 (mod 4).

Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì íåîáõîäèìîñòü. Ïóñòü H̃ � äîïîëíåíèå äëÿ T̃ â

Ñ , H � ïðîîáðàç H̃ â N . Ïóñòü t1, u2 � ïðîîáðàçû ýëåìåíòîâ ϖ1, τ2 â H. Òîãäà

t1 = bd(D1, D2, D
−1
1 C1, D

−1
2 )ϖ1, u2 = bd(D′

1, D
′
2, (D

′
1)

−1,−(D′
2)

−1)τ2,

ãäå D2 = diag(µ1, µ
q
1, . . . , µ

qn2−1

1 ), µq
n2−1

1 = 1, D′
1 = diag(λ2, λ

q
2, . . . , λ

qn1−1

2 ), λq
n1+1

2 = 1.

Ïîñêîëüêó H̃ � äîïîëíåíèå äëÿ T̃ â Ñ , òî t1u2 = εu2t1, (t1)
2n1 = ε1I, u

2
2 = ε2I. Òîãäà

èç ðàâåíñòâ (t1)
2n1 = ε1I è t

2
2 = ε2I â ñèëó ëåììû 2.2.16 èìååì µ2n1

1 = −1 è λ22 = −1

ñîîòâåòñòâåííî. Ñëó÷àé t1u2 = u2t1 íåâîçìîæåí â ñèëó ïóíêòà (1) ëåììû 2.2.14,

ïîýòîìó ïðèìåíÿÿ ïóíêò (2) ëåììû 2.2.14 ïîëó÷àåì, ÷òî n1 íå÷åòíî. Áîëåå òîãî,

åñëè n1 > 1, òî ïî ïóíêòó (2) ëåììû 2.2.14 èìååì λq−1
2 = −1, îòêóäà q ≡ 3 (mod 4).

Åñëè n1 = 1, òî äîëæíî âûïîëíÿòüñÿ λq+1
2 = 1, îòêóäà q ≡ 3 (mod 4). Òàêèì îáðàçîì,

â ëþáîì ñëó÷àå q ≡ 3 (mod 4).

Ïóñòü s2 � ïðîîáðàç ýëåìåíòà ω2 â H. Òîãäà äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî

t1s2 = ε3s2t1, îòêóäà, â ÷àñòíîñòè, D
ω2
2 = ε3D2. Ñëåäîâàòåëüíî,

µ1 = ε3µ
qn2−1

1

µq1 = ε3µ1

...

µq
n2−1

1 = ε3µ
qn2−2

1

Åñëè ε3 = 1, òî µq−1
1 = ε3 = 1 è ïðè ýòîì µ2

1 = −1, îòêóäà q ≡ 1 (mod 4), ÷òî

íåâîçìîæíî. Ñëåäîâàòåëüíî, ε3 = −1 è µ1 = −µq
n2−1

1 = (−1)2µq
n2−2

1 = . . . = (−1)n2µ1,

îòêóäà ñëåäóåò, ÷òî n2 îáÿçàíî áûòü ÷åòíûì. Íåîáõîäèìîñòü äîêàçàíà, ïîêàæåì äî-

ñòàòî÷íîñòü.

Äàëåå ñ÷èòàåì, ÷òî n1 íå÷åòíî, n2 ÷åòíî è q ≡ 3 (mod 4). Ïóñòü λ ∈ Fp, òàêîé ÷òî

λ2 = −1; ξ2 � ïåðâîîáðàçíûé êîðåíü èç 1 ñòåïåíè qn2 − 1, β2 = ξ−1
2 , µ2 = ξ

q−1
2

2 . Òîãäà

λq−1 = −1, µ
qn2−1
q−1

2 = −1, µ2
2 · β

q−1
2 = 1. Îïðåäåëèì ñëåäóþùèå ýëåìåíòû
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t1 = bd(I1, D2, C1, D
−1
2 )ϖ1, s2 = bd(D′

1, D
′
2, (D

′
1)

−1, (D′
2)

−1)ω2,

ãäå D2 = diag(λ,−λ, . . . , λ,−λ), D′
1 = diag(λ,−λ, . . . , λ,−λ, λ),

D′
2 =

I2 åñëè n2 ≡ 0 (mod 4)

diag(µ2, µ
q
2, . . . , µ

qn2−1

2 ) åñëè n2 ≡ 2 (mod 4).

Ìàòðèöà D′
2 âûáðàíà òàêèì îáðàçîì, ÷òîáû ìàòðèöà sn2

2 ïîëó÷èëàñü ñêàëÿðíîé. Äåé-

ñòâèòåëüíî, åñëè n2 ≡ 0 (mod 4), òî λn2 = 1 è ïî ëåììå 2.2.16 ïîëó÷àåì sn2
2 = I, à

åñëè n2 ≡ 2 (mod 4), òî µ2µ
q
2 . . . µ

qn2−1

2 = µ
qn2−1
q−1

2 = −1, λn1 = −1 è ïî ëåììå 2.2.16

ïîëó÷àåì sn1
1 = −I. Íàêîíåö, îïðåäåëèì ýëåìåíò

u2 = bd(B1, B2, (B1)
−1,−(B2)

−1)τ2, ãäå B1 = diag(λ,−λ, . . . , λ,−λ, λ),

B2 =

I2 åñëè n2 ≡ 0 (mod 4)

diag(β2, β
q
2 , . . . , β

qn1−1

2 ) åñëè n2 ≡ 2 (mod 4)

,

Ìàòðèöà B2 âûáðàíà òàêèì îáðàçîì, ÷òîáû s2u2 = u2s2. Äåéñòâèòåëüíî, ïóñòü

D = bd(D′
2, (D

′
2)

−1), B = bd(B2,−(B2)
−1). Òîãäà ðàâåíñòâî s2u2 = u2s2 ðàâíîñèëüíî

ðàâåíñòâó Dω2Bτ2 = Bτ2Dω2, îòêóäà DB
ω−1
2 = BDτ2 . Â ñëó÷àå n2 ≡ 0 (mod 4) ïî-

ñëåäíåå ðàâåíñòâî òðèâèàëüíî. Â ñëó÷àå n2 ≡ 2 (mod 4) ðàâåíñòâî DBω−1
2 = BDτ2

ðàâíîñèëüíî óñëîâèþ µ2β
q
2 = β2µ

−1
2 , êîòîðîå âûïîëíåíî â ñèëó âûáîðà ýëåìåíòîâ µ2

è β2. Äàëåå, íåïîñðåäñòâåííî ïðîâåðÿþòñÿ ñëåäóþùèå ðàâåíñòâà:

t2n1
1 = u22 = −I, t1u2 = −u2t1, t1s2 = −s2t1.

Ïîñêîëüêó n1 ̸= n2, òî CW (w) ≃ Z2n1 × (Zn2 × Z2). Ïîëîæèì H = ⟨t1, s2, u2⟩, H̃ �

îáðàç ãðóïïû H â PSp2n(q). Òîãäà H̃ � äîïîëíåíèå äëÿ T̃ â Ñ .

Â ëåììàõ 2.2.17�2.2.22 ðàññìîòðåíû âñå öèêëè÷åñêèå òèïû ìàêñèìàëüíûõ òîðîâ

â ãðóïïå PSp2n(q), îòêóäà ñëåäóåò òåîðåìà 2.2.3. Ñëåäñòâèå 2.2.4 âûòåêàåò èç ïóíêòà

(1) ëåììû 2.2.17.
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2.3 Ëèíåéíûå ãðóïïû è óíèòàðíûå ãðóïïû

Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ ïðîñòûå ñâÿçíûå ëèíåéíûå àëãåáðàè÷åñêèå

ãðóïïû G òèïà An. Îòâåò íà ïðîáëåìó 1 äàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.3.1. Ïóñòü T � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð ãðóïïû G =

SLn(Fp), T̃ � îáðàç òîðà T â G̃ = PSLn(Fp). Òîãäà

(1) T̃ èìååò äîïîëíåíèå â NG̃(T̃ );

(2) T èìååò äîïîëíåíèå â NG(T ) òîãäà è òîëüêî òîãäà, êîãäà p = 2 èëè n íå÷åòíî.

Íàïîìíèì, ÷òî ñîãëàñíî ïðåäëîæåíèþ 1.3.1 ïðè ïåðåõîäå ê êîíå÷íûì ãðóï-

ïàì G ëèåâà òèïà ñóùåñòâóåò âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó êëàññà-

ìè G-ñîïðÿæåííûõ ìàêñèìàëüíûõ σ-èíâàðèàíòíûõ òîðîâ ãðóïïû G è êëàññàìè σ-

ñîïðÿæåííîñòè ãðóïïû Âåéëÿ W . Ãðóïïà Âåéëÿ ëèåâà òèïà An èçîìîðôíà ñèì-

ìåòðè÷åñêîé ãðóïïå Symn. Õîðîøî èçâåñòíî, ÷òî êëàññû ñîïðÿæåííîñòè â Symn

îäíîçíà÷íî îïðåäåëÿþòñÿ çàïèñüþ ïðåäñòàâèòåëÿ â âèäå ïðîèçâåäåíèÿ íåçàâèñè-

ìûõ öèêëîâ, è ïîýòîìó íàõîäÿòñÿ âî âçàèìíî îäíîçíà÷íîì ñîîòâåòñòâèè ñ ðàçáè-

åíèÿìè ÷èñëà n, òî åñòü ïðåäñòàâëåíèÿìè n â âèäå ñóììû ïîëîæèòåëüíûõ öåëûõ

÷èñåë. Åñëè n = n1 + n2 + . . . + nm � êàêîå-òî ðàçáèåíèå, òî âûðàæåíèå âèäà

(n1)(n2) . . . (nm) íàçûâàåòñÿ öèêëè÷åñêèì òèïîì ñîîòâåòñòâóþùåãî êëàññà ñîïðÿæåí-

íîñòè. Ìû îòîæäåñòâëÿåì ðàçáèåíèÿ, îòëè÷àþùèåñÿ ïåðåñòàíîâêîé ñëàãàåìûõ. Äëÿ

ðàçáèåíèÿ n = n1+n2+ . . .+nm îáîçíà÷èì ÷åðåç bi êîëè÷åñòâî ýëåìåíòîâ ðàçáèåíèÿ,

ðàâíûõ ni è ïîëîæèì ai = nibi äëÿ 1 ⩽ i ⩽ m.

Îòâåò íà ïðîáëåìó 2 äëÿ ñïåöèàëüíûõ ëèíåéíûõ è óíèòàðíûõ ãðóïï SLεn(q) ïî-

ëó÷åí â ñëåäóþùåé òåîðåìå.

Òåîðåìà 2.3.2. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLεn(q), ñîîòâåòñòâóþ-

ùèé ýëåìåíòó ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm). Òîãäà T èìååò

äîïîëíåíèå â N(G, T ) òîãäà è òîëüêî òîãäà, êîãäà q ÷åòíî èëè ai íå÷åòíî äëÿ

íåêîòîðîãî 1 ⩽ i ⩽ m.

Îòâåò íà ïðîáëåìó 2 äëÿ ïðîñòûõ ëèíåéíûõ è óíèòàðíûõ ãðóïï PSLεn(q) äàåò

ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 2.3.3. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLεn(q), ñîîòâåòñòâó-

þùèé ýëåìåíòó ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm). Ïóñòü T̃ è

Ñ � îáðàçû T è N(G, T ) â ãðóïïå G̃ = PSLεn(q). Òîãäà T̃ èìååò äîïîëíåíèå â Ñ â

òîì è òîëüêî â òîì ñëó÷àå, åñëè âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:

(1) q ÷åòíî;

(2) ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ m;

(3) (n)2 < (εq − 1)2;

(4) m = 4, n1, n2, n3, n4 íå÷åòíû;

(5) m = 3, n1 = n2 íå÷åòíî, n3 ÷åòíî, (n3)2 > 2, (n)2 ⩽ (εq − 1)2;

(6) m = 3, n1 = n2 íå÷åòíî, n3 ÷åòíî, (n3)2 = 2, (εq − 1)2 ̸= (n)2;

(7) m = 2, n1, n2 íå÷åòíû;

(8) m = 2, n1, n2 ÷åòíû, n1 ̸= n2, (n)2 < d(εq − 1)2, ãäå d = ((n1

2
)2, (

n2

2
)2, (εq − 1)2);

(9) m = 2, n1, n2 ÷åòíû, n1 ̸= n2, (n1)2 = (n2)2 ⩽ (εq − 1)2, (εq − 1)2(n1)2 ⩽ (n)2;

(10) m = 2, n1 = n2 ÷åòíî, (n1)2 > 2, (n)2 ⩽ (εq − 1)2;

(11) m = 2, n1 = n2 ÷åòíî, (n1)2 = 2, (n)2 ̸= (εq − 1)2;

(12) m = 1.

Ñëåäñòâèå 2.3.4. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLεn(q), ñîîòâåò-

ñòâóþùèé ýëåìåíòó ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm), m > 4.

Ïóñòü T̃ è Ñ � îáðàçû ãðóïï T è N(G, T ) â G̃ = PSLεn(q). Òîãäà T̃ èìååò äîïîëíåíèå

â Ñ â òîì è òîëüêî â òîì ñëó÷àå, åñëè âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:

(1) q ÷åòíî;

(2) ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ m;

(3) (n)2 < (εq − 1)2.
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Íàïîìíèì íåêîòîðûå ñâåäåíèÿ î ëèíåéíûõ è óíèòàðíûõ ãðóïïàõ. Ïóñòü G �

ïðîñòàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà òèïà An. Åñëè G îäíîñâÿçíà, òî

ìû áóäåì îáîçíà÷àòü åå ÷åðåç Gsc, à åñëè G èìååò ïðèñîåäèíåííûé òèï � òî ÷åðåç

Gad. Ïðè ýòîì Gsc ≃ SLn(Fp) è Gad ≃ PGLn(Fp). Ïîäãðóïïà T sc ãðóïïû Gsc, ñî-

ñòîÿùàÿ èç âñåõ äèàãîíàëüíûõ ìàòðèö ñ îïðåäåëèòåëåì 1, ÿâëÿåòñÿ ìàêñèìàëüíûì

òîðîì â Gsc. Â ýòîì ñëó÷àå N sc = NGsc
(T sc) ñîñòîèò èç âñåõ ìîíîìèàëüíûõ ìàòðèö

ñ îïðåäåëèòåëåì 1 è ñóùåñòâóåò êàíîíè÷åñêèé èçîìîðôèçì èç ãðóïïû Âåéëÿ W íà

ñèììåòðè÷åñêóþ ãðóïïó Symn. ×åðåç T ad è Nad ìû îáîçíà÷àåì îáðàçû ãðóïï T sc è

N sc â Gad. Îïðåäåëèì

φ1 = (1, 2), φ2 = (2, 3), . . . , φn−1 = (n− 1, n),

òîãäà Symn = ⟨φ1, φ2, . . . , φn−1⟩. Ïîñêîëüêó ñóùåñòâóåò êàíîíè÷åñêîå âëîæåíèå ãðóï-

ïû Symn â ãðóïïó ìîíîìèàëüíûõ ìàòðèö ðàçìåðíîñòè n, òî ìû îòîæäåñòâëÿåì ýëå-

ìåíòû ýòèõ ãðóïï. Òîãäà φ1, φ2, . . . , φn−1 ∈ GLn(Fp). Ïîëîæèì H = ⟨φ1, φ2, . . . , φn−1⟩

è Had � îáðàç ãðóïïû H â PGLn(Fp). Òîãäà Had ÿâëÿåòñÿ äîïîëíåíèåì äëÿ òîðà

T ad â Nad. Â ñèëó èçîìîðôèçìà PGLn(Fp) ≃ PSLn(Fp) ìû ïîëó÷àåì ïóíêò (1) òåîðå-

ìû 2.3.1. Ñëåäóþùàÿ ëåììà çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 2.3.1.

Ëåììà 2.3.5. Ïóñòü T sc � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð ãðóïïû Gsc =

SLn(Fp). Òîãäà T sc èìååò äîïîëíåíèå â N sc, åñëè è òîëüêî åñëè p = 2 èëè n íå÷åòíî.

Äîêàçàòåëüñòâî. Åñëè p = 2, òî ⟨φ1, φ2, . . . , φn−1⟩ ⩽ SLn(F2) è Hsc =

⟨φ1, φ2, . . . , φn−1⟩ � äîïîëíåíèå äëÿ òîðà T sc â N sc. Îòìåòèì, ÷òî â ñëó÷àå ÷åòíîé

õàðàêòåðèñòèêè ìû òàêæå ìîãëè âîñïîëüçîâàòüñÿ îáùèì óòâåðæäåíèåì 1.4.1.

Äàëåå ìû ïðåäïîëàãàåì, ÷òî p íå÷åòíî è ïîëîæèì n = 2m+ 1. Ïóñòü z = −I è

si = zφi äëÿ 1 ⩽ i ⩽ n− 1.

Òîãäà det(si) = det(z) det(φi) = (−1)2m+1(−1) = 1 è si ∈ SLn(Fp). Ïîñêîëüêó z ∈

Z(SLn(Fp)), òî s2i = I è (sisi+1)
3 = (zφizφi+1)

3 = (φiφi+1)
3 = 1. Òàêèì îáðàçîì,

⟨s1, s2, . . . , sn−1⟩ ≃ Symn è ãðóïïà Hsc = ⟨s1, s2, . . . , sn−1⟩ ÿâëÿåòñÿ äîïîëíåíèåì äëÿ

òîðà T sc â N sc.
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Ïðåäïîëîæèì, ÷òî òîð T sc èìååò äîïîëíåíèå Hsc â N sc, ãäå n = 2m ÷åòíî. Ïóñòü

ω = (3, 4, . . . , n) ∈ Symn è s1, t � ïðîîáðàçû ýëåìåíòîâ φ1, ω â Hsc (â ñëó÷àå m = 1

íàì ïîòðåáóåòñÿ òîëüêî ýëåìåíò s1). Òîãäà ýëåìåíò s1 èìååò âèä

s1 = diag(λ1, λ2, λ3, . . . , λ2m)φ1.

Ïîñêîëüêó Hsc ÿâëÿåòñÿ äîïîëíåíèåì äëÿ òîðà T sc, òî

s1t = ts1, s21 = I.

Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ïåðâîå ðàâåíñòâî âëå÷åò λ3 = . . . = λ2m. Òàê

êàê s21 = diag(λ1λ2, λ1λ2, λ
2
3, . . . , λ

2
3), òî ïîëó÷àåì λ1λ2 = λ23 = 1. Íàêîíåö, det(s1) =

λ1λ2λ
2m−2
3 sgn(φ1) = −1; ïðîòèâîðå÷èå.

Ïåðåéäåì ê ðàññìîòðåíèþ ëèíåéíûõ è óíèòàðíûõ ãðóïï íàä êîíå÷íûì ïîëåì.

Ïóñòü ρ � êîìïîçèöèÿ òðàíñïîíèðîâàíèÿ è âçÿòèÿ îáðàòíîãî â ãðóïïå Gsc ≃ SLn(Fp).

Îïðåäåëèì σ ñëåäóþùèì îáðàçîì. Åñëè ε = +, òî σ � îòîáðàæåíèå Ôðîáåíèóñà, òî

åñòü σ : (ai,j) 7→ (aqi,j). Åñëè ε = −, òî σ � êîìïîçèöèÿ îòîáðàæåíèÿ Ôðîáåíèóñà è

àâòîìîðôèçìà ρ. Òîãäà G = (Gsc)σ ≃ SLεn(q). Ïîñêîëüêó îòîáðàæåíèå σ äåéñòâóåò

òðèâèàëüíî íà ãðóïïåW , òî êëàññû σ-ñîïðÿæåííîñòè ñîâïàäàþò ñ îáû÷íûìè êëàññà-

ìè ñîïðÿæåííîñòè. Êàæäûé ýëåìåíò èç ãðóïïû Symn ïðåäñòàâëÿåòñÿ åäèíñòâåííûì

îáðàçîì â âèäå ïðîèçâåäåíèÿ íåçàâèñèìûõ öèêëîâ. Äëèíû ýòèõ öèêëîâ çàäàþò ìíî-

æåñòâî öåëûõ ÷èñåë, êîòîðîå íàçûâàåòñÿ öèêëè÷åñêèì òèïîì ýòîãî ýëåìåíòà. Äâà

ýëåìåíòà ñîïðÿæåíû òîãäà è òîëüêî òîãäà, êîãäà îíè èìåþò îäèíàêîâûé öèêëè÷åñêèé

òèï. Åñëè {n1, n2, . . . , nm}� ðàçáèåíèå ÷èñëà n, òî ñîîòâåòñòâóþùèé öèêëè÷åñêèé òèï

îáîçíà÷àåòñÿ ÷åðåç (n1)(n2) . . . (nm). Íàçîâåì ñòàíäàðòíûì ïðåäñòàâèòåëåì ýòîãî

òèïà ïîäñòàíîâêó

w = σ1σ2 . . . σm, ãäå

σ1 = (1, 2, . . . , n1),

σi+1 = (n1 + . . .+ ni + 1, n1 + . . .+ ni + 2, . . . , n1 + . . .+ ni + ni+1).

Ñòðîåíèå ìàêñèìàëüíûõ òîðîâ â ëèíåéíûõ è óíèòàðíûõ ãðóïïàõ õîðîøî èçâåñò-

íî. Äëÿ íàøèõ öåëåé áóäåì èñïîëüçîâàòü îïèñàíèå èç ðàáîòû [2, Ïðåäëîæåíèå 2.1].
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Ïðåäëîæåíèå 2.3.6. Ïóñòü w � ñòàíäàðòíûé ïðåäñòàâèòåëü òèïà

(n1)(n2) . . . (nm). Ïóñòü T � ïîäãðóïïà â SLn(Fp), ñîñòîÿùàÿ èç âñåõ äèàãî-

íàëüíûõ ìàòðèö âèäà bd(D1, D2, . . . , Dm), ãäå Di = diag(λi, λ
εq
i , . . . , λ

(εq)ni−1

i ),

λ
(εq)ni−1
i = 1 äëÿ âñåõ i ∈ {1, 2, . . . ,m}. Òîãäà T σn = U .

Äëÿ îïèñàíèÿ CW (w) íàì ïîòðåáóþòñÿ ñëåäóþùèå ýëåìåíòû:

σ1 = (1, 2, . . . , n1),

χ1 = (1, n1 + 1)(2, n1 + 2) . . . (n1, 2n1).

Ïóñòü t = n1 + . . .+ ni. Òîãäà àíàëîãè÷íî îïðåäåëÿþòñÿ ýëåìåíòû

σi+1 = (t+ 1, t+ 2, . . . , t+ ni+1),

χi+1 = (t+ 1, t+ ni+1 + 1) . . . (t+ ni+1, t+ 2ni+1).

Ïóñòü w � ñòàíäàðòíûé ïðåäñòàâèòåëü ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm).

Òîãäà σ1, . . . , σm ∈ CW (w). Ïîñêîëüêó ìû îòîæäåñòâëÿåì ðàçáèåíèÿ, îòëè÷àþùèå-

ñÿ ïåðåñòàíîâêîé ñëàãàåìûõ, òî ìîæíî ñ÷èòàòü ðàçáèåíèå n = n1 + n2 + . . . + nm

óïîðÿäî÷åííûì ïî íåóáûâàíèþ:

n1 = . . . = nl1 < nl1+1 = . . . = nl1+l2 < . . . < nl1+...+lr−1+1 = . . . = nl1+...+lr .

Îïðåäåëèì ìíîæåñòâî

Π = {1, . . . , l1 − 1; l1 + 1, . . . , l1 + l2 − 1; . . . ; l1 + . . .+ lr−1 + 1, . . . , l1 + . . .+ lr − 1}.

Òîãäà χj ∈ CW (w) äëÿ âñåõ j ∈ Π è CW (w) = ⟨σ1, σ2, . . . , σm, χj|j ∈ Π⟩. Ñëåäîâàòåëüíî,

CW (w) ≃ (Znl1
≀ Syml1)× (Znl1+l2

≀ Syml2)× . . .× (Znl1+...+lr
≀ Symlr).

Çàôèêñèðóåì îáîçíà÷åíèÿ a1 = nl1l1, a2 = nl1+l2l2, . . . , ar = nl1+...+lr lr. Îòìåòèì,

÷òî ìíîæåñòâî ÷èñåë {a1, . . . , ar} ñîâïàäàåò ñ ìíîæåñòâîì ÷èñåë {a1, . . . , am}, ïðè-

ñóòñòâóþùèõ â òåîðåìàõ 2.3.2 è 2.3.3. Ìû îòîæäåñòâëÿåì ýëåìåíòû ãðóïïû Symk

è ñîîòâåòñòâóþùèå èì ïîäñòàíîâî÷íûå ìàòðèöû ãðóïïû GLk(q). Òàêèì îáðàçîì,

Zn1 ≃ ⟨σ1⟩ ⩽ GLn1(Fp) è ìû èìååì âëîæåíèå

(Znl1
≀ Syml1) ↪→ GLa1(Fp),

ãäå

(σ1, σ2, . . . , σl1) 7→ bd(σ1, σ2, . . . , σl1) ∈ GLa1(Fp),
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äëÿ ýëåìåíòîâ (σ1, . . . , σl1) áàçîâîé ãðóïïû Zn1 × . . .× Zn1 ñïëåòåíèÿ Znl1
≀ Syml1 .

Íàì ïîòðåáóþòñÿ ñëåäóþùèå âñïîìîãàòåëüíûå óòâåðæäåíèÿ 2.3.7�2.3.12.

Ëåììà 2.3.7. Ïóñòü q íå÷åòíî è {n1, n2} � ðàçáèåíèå ÷èñëà n. Ïóñòü s1 = Dσ1 =

bd(D1, D2)σ1, s2 = D′σ2 = bd(D′
1, D

′
2)σ2, ãäå Di = diag(λi, λ

εq
i , . . . , λ

(εq)ni−1

i ), D′
i =

diag(µi, µ
εq
i , . . . , µ

(εq)ni−1

i ). Åñëè s1s2 = (zI)s2s1 äëÿ íåêîòîðîãî z ∈ F∗
q, òî µ

εq
1 = µ1z,

λ2 = λεq2 z è z
n1 = zn2 = 1.

Äîêàçàòåëüñòâî. Ïîñêîëüêó s1s2 = (zI)s2s1, òî ïîëó÷àåì

Dσ1D
′σ2 = (zI)D′σ2Dσ1, Dσ1D

′ = (zI)D′(Dσ1)
σ−1
2 = (zI)D′Dσ−1

2 σ1,

D(D′)σ
−1
1 = (zI)D′Dσ−1

2 .

Ñëåäîâàòåëüíî,

D1(D
′
1)
σ−1
1 = (zI1)D

′
1D1 = D1D

′
1(zI1) è D

′
1 = (D′

1)
σ1zI1.

Îòñþäà ïîëó÷àåì µ
(εq)i+1

1 = µ
(εq)i

1 z äëÿ âñåõ i ∈ {0, 1, . . . , n1 − 2} è µ1 = µ
(εq)n1−1

1 z.

Òàêèì îáðàçîì, µ1 = µ
(εq)n1−1

1 z = µ
(εq)n1−2

1 z2 = . . . = µ1z
n1 è zn1 = 1. Àíàëîãè÷íî

ïîëó÷àåì

D2D
′
2 = (zI2)D

′
2D

σ−1
2

2 = D
σ−1
2

2 (zI2)D
′
2 è D

σ2
2 = D2(zI2).

Ñëåäîâàòåëüíî, λ
(εq)j

2 = λ
(εq)j+1

2 z äëÿ âñåõ j ∈ {0, 1, . . . , n2 − 2}, λ(εq)
n2−1

2 = λ2z. Êàê

ñëåäñòâèå ïîëó÷àåì, ÷òî zn2 = 1.

Ëåììà 2.3.8. Ïóñòü {n1, n2, . . . , nm} � ðàçáèåíèå ÷èñëà n, m ⩾ 3. Ïóñòü s1 =

bd(D1, D2, . . . , Dm)σ1, s2 = bd(D′
1, D

′
2, . . . , D

′
m)σ2, ãäå Di = diag(λi, λ

εq
i , . . . , λ

(εq)ni−1

i ),

D′
i = diag(µi, µ

εq
i , . . . , µ

(εq)ni−1

i ). Åñëè s1s2 = (zI)s2s1, òî z = 1, µεq2 = µ2 è λ
εq
1 = λ1. Â

÷àñòíîñòè, D2, D
′
1 � ñêàëÿðíûå ìàòðèöû.

Äîêàçàòåëüñòâî. Ïîñêîëüêó s1s2 = (zI)s2s1 è m ⩾ 3, òî DmD
′
m = (zIm)D

′
mDm è,

ñëåäîâàòåëüíî, z = 1. Îñòàëüíîå äîêàçûâàåòñÿ êàê â ëåììå 2.3.7.

Äëÿ êðàòêîñòè â ýòîì ðàçäåëå ìû áóäåì ÷àñòî ïèñàòü z âìåñòî ñêàëÿðíîé ìàòðèöû

zI èëè zIj.
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Ëåììà 2.3.9. Ïóñòü {n1, n2, . . . , nm} � ðàçáèåíèå ÷èñëà n, m ⩾ 3, n2 = n3.

Ïóñòü s1 = Dσ1 = bd(D1, D2, . . . , Dm)σ1, v2 = D′χ2 = bd(D′
1, D

′
2, . . . , D

′
m)χ2, ãäå

Di = diag(λi, λ
εq
i , . . . , λ

(εq)ni−1

i ), D′
i = diag(µi, µ

εq
i , . . . , µ

(εq)ni−1

i ).

(1) Åñëè s1v2 = zv2s1, òî D2 = zD3, µ
εq
1 = µ1z, z

n1 = z2 = 1.

(2) Åñëè s1v2 = zv2s1, m ⩾ 4, òî D2 = D3, µ
εq
1 = µ1. Â ÷àñòíîñòè, D′

1 � ñêàëÿðíàÿ

ìàòðèöà.

Äîêàçàòåëüñòâî. (1) Ïóñòü D2,3 = bd(D2, D3),D′
2,3 = bd(D′

2, D
′
3). Ïðèìåíÿÿ ðàññóæ-

äåíèÿ êàê â ëåììå 2.3.7, ïîëó÷àåì ðàâåíñòâà

Dσ1D
′χ2 = zD′χ2Dσ1, Dσ1D

′ = zD′(Dσ1)
χ−1
2 = zD′Dχ−1

2 σ1, D(D′)σ
−1
1 = zD′Dχ−1

2 .

Òàêèì îáðàçîì, D2,3D′
2,3 = zD′

2,3D
χ−1
2

2,3 = zDχ−1
2

2,3 D′
2,3. Ñëåäîâàòåëüíî, D

χ2

2,3 = zD2,3, òî

åñòü D3 = zD2 è D2 = zD3. Òîãäà D3 = zD2 = z2D3 è z
2 = 1. Òàêæå êàê â äîêàçà-

òåëüñòâå ëåììû 2.3.7 ðàâåíñòâî D1(D
′
1)
σ−1
1 = zD′

1D1 âëå÷åò µ
εq
1 = µ1z è z

n1 = 1.

(2) Ïîñêîëüêó m ⩾ 4, òî DmD
′
m = zD′

mDm è z = 1.

Ëåììà 2.3.10. Ïóñòü {n1, n2, . . . , nm} � ðàçáèåíèå ÷èñëà n, m ⩾ 4, n1 = n2, n3 = n4.

Ïóñòü v1 = Dχ1 = bd(D1, D2, . . . , Dm)χ1, v3 = D′χ3 = bd(D′
1, D

′
2, . . . , D

′
m)χ3, ãäå

Di = diag(λi, λ
εq
i , . . . , λ

(εq)ni−1

i ), D′
i = diag(µi, µ

εq
i , . . . , µ

(εq)ni−1

i ).

(1) Åñëè v1v3 = zv3v1, òî D
′
1 = zD′

2, D3 = zD4, z
2 = 1.

(2) Åñëè v1v3 = zv3v1, m ⩾ 5, òî D′
1 = D′

2, D3 = D4.

Äîêàçàòåëüñòâî. (1) Ñëåäóåò èç äîêàçàòåëüñòâà ëåììû 2.3.9.

(2) Ïîñêîëüêó m ⩾ 5, òî DmD
′
m = zD′

mDm è z = 1.

Ëåììà 2.3.11. Ïóñòü {n1, n2} � ðàçáèåíèå ÷èñëà n. Ïóñòü s = Dσ1 = bd(D1, D2)σ1,

ãäå D1 = diag(λ1, λ
εq
1 , . . . , λ

(εq)n1−1

1 ), D2 = diag(µ1, µ2, . . . , µn2). Òîãäà s
n1 = zI, åñëè è

òîëüêî åñëè λ
(εq)n1−1

εq−1

1 = µn1
1 = µn1

2 = . . . = µn1
n2

= z.

Äîêàçàòåëüñòâî. Òàê êàê σn1
1 = I, òî

(D1σ1)
n1 = D1D

σ−1
1

1 D
σ−2
1

1 . . . D
σ
−(n1−1)
1

1 σn1 = D1D
σ
n1−1
1

1 D
σ
n1−2
1

1 . . . Dσ1
1 = D1D

σ1
1 D

σ2
1

1 . . . D
σ
n1−1
1

1 .
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Òàêèì îáðàçîì, ïîñêîëüêó λ1λ
εq
1 . . . λ

(εq)n1−1

1 = λ
(εq)n1−1

εq−1

1 , òî ïîëó÷àåì ðàâåíñòâî

sn1 = (Dσ1)
n1 = bd(λ

(εq)n1−1
εq−1

1 I1, D
n1
2 ).

Ñëåäîâàòåëüíî, sn1 = zI òîãäà è òîëüêî òîãäà, êîãäà λ
(εq)n1−1

εq−1

1 = µn1
1 = µn1

2 = . . . =

µn1
n2

= z.

Ëåììà 2.3.12. Ïóñòü {n1, n2, n3} � ðàçáèåíèå ÷èñëà n, n1 = n2. Ïóñòü

v = Dχ1 = bd(D1, D2, D3)χ1, ãäå Di = diag(λi, λ
εq
i , . . . , λ

(εq)ni−1

i ), i ∈ {1, 2}, D3 =

diag(µ1, µ2, . . . , µn3). Òîãäà v
2 = zI, åñëè è òîëüêî åñëè D1D2 = zI1, µ

2
1 = µ2

2 = . . . =

µ2
n3

= z.

Äîêàçàòåëüñòâî. v2 = (Dχ1)
2 = DDχ1 = bd(D1D2, D1D2, D

2
3) = zI.

Ïåðåéäåì íåïîñðåäñòâåííî ê äîêàçàòåëüñòâó òåîðåì 2.3.2 è 2.3.3. Â ñëó÷àå ÷åò-

íîé õàðàêòåðèñòèêè ðåçóëüòàòû ñëåäóþò èç çàìå÷àíèÿ 1.4.1, ïîýòîìó äàëåå â ýòîì

ðàçäåëå ðàññìàòðèâàåòñÿ ñëó÷àé íå÷åòíîé õàðàêòåðèñòèêè ïîëÿ.

Çàìå÷àíèå 2.3.13. Äîêàçàòåëüñòâî òåîðåì 2.3.2 è 2.3.3 äëÿ ëèíåéíûõ è óíèòàð-

íûõ ãðóïï îòëè÷àåòñÿ òîëüêî çàìåíîé q íà −q è ìîæåò áûòü óíèôèöèðîâàíî

çàïèñüþ εq êàê ýòî ñäåëàíî â ëåììàõ 2.3.7�2.3.12. Îäíàêî òàêàÿ çàïèñü óâåëè÷èò

è áåç òîãî ãðîìîçäêèå òåõíè÷åñêèå âûêëàäêè â íåêîòîðûõ ëåììàõ, ïîýòîìó äàëåå

ìû áóäåì äîêàçûâàòü óòâåðæäåíèÿ òîëüêî äëÿ ëèíåéíûõ ãðóïï.

Ìàêñèìàëüíûé òîð èç ïðåäëîæåíèÿ 2.3.6 áóäåì íàçûâàòü ìàêñèìàëüíûì òîðîì,

ñîîòâåòñòâóþùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nm). Íàïîìíèì, ÷òî

ðàçáèåíèå n = n1 + n2 + . . .+ nm óïîðÿäî÷åíî ïî íåóáûâàíèþ:

n1 = . . . = nl1 < nl1+1 = . . . = nl1+l2 < . . . < nl1+...+lr−1+1 = . . . = nl1+...+lr ,

Π = {1, . . . , l1 − 1; l1 + 1, . . . , l1 + l2 − 1; . . . ; l1 + . . .+ lr−1 + 1, . . . , l1 + . . .+ lr − 1}

è a1 = nl1l1, a2 = nl1+l2l2, . . . , ar = nl1+...+lr lr.

Ëåììà 2.3.14. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâóþ-

ùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm). Åñëè ai íå÷åòíî äëÿ íåêî-

òîðîãî 1 ⩽ i ⩽ r, òî òîð T èìååò äîïîëíåíèå â N = N(G, T ).
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Äîêàçàòåëüñòâî. Ïîëîæèì H = ⟨σ1, σ2, . . . , σm, χj|j ∈ Π⟩, òîãäà H ≃ CW (w). Áåç

îãðàíè÷åíèÿ îáùíîñòè ìîæíî ïðåäïîëàãàòü, ÷òî i = 1, òî åñòü a1 = n1l1 íå÷åòíî.

Îïðåäåëèì v0 = bd(−I, I), ãäå −I � ìàòðèöà ðàçìåðíîñòè n1l1, à I � ìàòðèöà ðàç-

ìåðíîñòè (n− n1l1). Òîãäà det(v0) = −1 è ëåãêî âèäåòü, ÷òî v0 öåíòðàëèçóåò H. Äëÿ

âñåõ 1 ⩽ i ⩽ m îïðåäåëèì

si =

σi åñëè ni íå÷åòíî

v0σi åñëè ni ÷åòíî

Ïîñêîëüêó det(σi) = (−1)ni−1 è v20 = I, òî ïîëó÷àåì si ∈ SLn(q) è s
ni
i = I. Äëÿ âñåõ

j ∈ Π îïðåäåëèì

vj =

χj åñëè nj ÷åòíî

v0χj åñëè nj íå÷åòíî

Òàê êàê det(χj) = (−1)nj , òî vj ∈ SLn(q) è v2j = I. Áîëåå òîãî, ëèáî (vjvj+1)
3 =

(χjχj+1)
3 = I, ëèáî (vjvj+1)

3 = (v0χjv0χj+1)
3 = (χjχj+1)

3 = I. Ñëåäîâàòåëüíî,

⟨v1, . . . , vl1⟩ ≃ Syml1 . Ïîñêîëüêó v0 öåíòðàëèçóåò H, òî H̃ = ⟨si, vj|1 ⩽ i ⩽ m, j ∈

Π⟩ ≃ H. Òàêèì îáðàçîì, H̃ � äîïîëíåíèå äëÿ òîðà T â N .

Ëåììà 2.3.15. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm). Ïóñòü ai ÷åòíî äëÿ âñåõ

1 ⩽ i ⩽ r. Åñëè íàéäåòñÿ íå÷åòíîå ÷èñëî nj äëÿ íåêîòîðîãî 1 ⩽ j ⩽ r, òî òîð T íå

èìååò äîïîëíåíèÿ â N .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî T èìååò äîïîëíåíèå H â N . Áåç îãðàíè÷åíèÿ

îáùíîñòè ìîæåì ñ÷èòàòü, ÷òî j = 1. Ïîñêîëüêó n1 íå÷åòíî, òî l1 > 1 è χ1 ∈ CW (w).

Ïóñòü si, vi � ïðîîáðàçû ýëåìåíòîâ σi, χi â H. Òîãäà ýëåìåíò v1 èìååò âèä

v1 = bd(D1, . . . , Dl1 , Dl1+1, . . . , Dl1+l2 , . . . , Dl1+...+lr−1+1, . . . , Dl1+...+lr)χ1,

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ). Òàê êàê H ÿâëÿåòñÿ äîïîëíåíèåì äëÿ T â N , òî

v1vi = viv1 äëÿ i ∈ Π, i ⩾ 3. Òîãäà â ñèëó ëåììû 2.3.10 èìååì

D3 = . . . = Dl1 , Dl1+1 = Dl1+2 = . . . = Dl1+l2 , . . . , Dl1+...+lr−1+1 = . . . = Dl1+...+lr .
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Äàëåå, äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà v1sj = sjv1 äëÿ âñåõ 3 ⩽ j ⩽ m. Ïî ëåììå 2.3.9

ïîëó÷àåì, ÷òî Dj � ñêàëÿðíàÿ ìàòðèöà äëÿ 3 ⩽ j ⩽ m. Ñëåäîâàòåëüíî,

bd(D3, . . . , Dl1) = µ1I, bd(Dl1+1, . . . , Dl1+l2) = µ2I, . . . , bd(Dl1+...+lr−1+1, . . . , Dl1+...+lr) = µrI,

äëÿ íåêîòîðîãî µi ∈ F∗
q. Ïîñêîëüêó v

2
1 = I, òî ëåììà 2.3.12 âëå÷åò ðàâåíñòâà D1D2 =

I1, µ
2
1 = . . . = µ2

r = 1. Òàê êàê ai ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ r, òî

det(v1) = det(D1D2)µ
n1(l1−2)
1 µa22 . . . µarr sgn(χ1) = −1,

ïðîòèâîðå÷èå ñ v1 ∈ G.

Ëåììà 2.3.16. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm). Åñëè ni ÷åòíî äëÿ âñåõ

1 ⩽ i ⩽ m, òî T íå èìååò äîïîëíåíèÿ â N .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî T èìååò äîïîëíåíèå H â N . Ìû ìîæåì ïåðå-

íóìåðîâàòü ni òàê, ÷òî (n1)2 ⩽ (n2)2 ⩽ . . . ⩽ (nm)2. Ïóñòü si � ïðîîáðàç ýëåìåíòà σi

â H äëÿ 1 ⩽ i ⩽ m. Òîãäà ýëåìåíò s1 èìååò âèä

s1 = bd(D1, D2, . . . , Dm)σ1,

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ). Ïîñêîëüêó H ÿâëÿåòñÿ äîïîëíåíèåì äëÿ T â N , òî

s1sj = sjs1 äëÿ âñåõ 2 ⩽ j ⩽ m. Ïî ëåììå 2.3.7 ïîëó÷àåì, ÷òî Dj = λjIj, λj ∈ F∗
q äëÿ

âñåõ 2 ⩽ j ⩽ m. Òàê êàê sn1
1 = I, òî ëåììà 2.3.11 âëå÷åò ðàâåíñòâà λ

qn1−1
q−1

1 = λn1
2 =

. . . = λn1
m = 1. Ñ äðóãîé ñòîðîíû,

1 = det(s1) = λ
qn1−1
q−1

1 λn2
2 . . . λnm

m sgn(σ1) = −λn2
2 . . . λnm

m .

Ïóñòü ñ1 = n1/(n1)2 � íå÷åòíàÿ ÷àñòü ÷èñëà n1. Ïîñêîëüêó (n1)2 ⩽ (nj)2, òî λ
nj ñ1

j = 1

äëÿ âñåõ 2 ⩽ j ⩽ m. Âîçâîäÿ ðàâåíñòâî λn2
2 . . . λnm

m = −1 â ñòåïåíü ñ1, ïîëó÷àåì, ÷òî

1 = λn2ñ1
2 . . . λnmñ1

m = (−1)ñ1 = −1,

ïðîòèâîðå÷èå.

Òåîðåìà 2.3.2 ñëåäóåò èç ëåìì 2.3.14-2.3.16. Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðå-

ìû 2.3.3.
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Ëåììà 2.3.17. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm), T̃ � îáðàç òîðà T â

G̃ = PSLn(q). Åñëè ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ r, òî T̃ èìååò äîïîëíå-

íèå â Ñ .

Äîêàçàòåëüñòâî. Ñëåäóåò èç ëåììû 2.3.14.

Ëåììà 2.3.18. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n), T̃ � îáðàç òîðà T â G̃ = PSLn(q).

Òîãäà T̃ èìååò äîïîëíåíèå â Ñ .

Äîêàçàòåëüñòâî. Â äàííîì ñëó÷àå CW (w) = ⟨σ1⟩ ≃ Zn. Åñëè n íå÷åòíî, òî ìû ìîæåì

ïðèìåíèòü ëåììó 2.3.17.

Ïðåäïîëîæèì, ÷òî n ÷åòíî. Ïóñòü ξ � ïðèìèòèâíûé êîðåíü èç åäèíèöû ñòåïåíè

(qn − 1) â ïîëå Fp. Îïðåäåëèì λ = ξ
q−1
2 è s = diag(λ, λq, . . . , λq

n−1
)σ1. Òîãäà λ

qn−1
q−1 =

ξ
qn−1

2 = −1 è det(s) = λ
qn−1
q−1 sgn(σ1) = (−1)(−1)n−1 = 1. Ïî ëåììå 2.3.11 ïîëó÷àåì,

÷òî sn = −I. Ïóñòü H = ⟨s⟩ è H̃ � îáðàç ãðóïïû H â G̃. Òîãäà H̃ � äîïîëíåíèå äëÿ

òîðà T̃ â Ñ .

Ëåììà 2.3.19. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâóþ-

ùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2), T̃ � îáðàç òîðà T â G̃ = PSLn(q).

Åñëè n1 = n2 íå÷åòíî, òî T̃ èìååò äîïîëíåíèå â Ñ .

Äîêàçàòåëüñòâî. Â ýòîì ñëó÷àå CW (w) = ⟨σ1, σ2, χ1⟩ ≃ Zn1 ≀ Sym2. Ïîñêîëüêó

n1 íå÷åòíî, òî det(σi) = (−1)n1−1 = 1 è σi ∈ G äëÿ i ∈ {1, 2}. Îïðåäåëèì

v1 = bd(−I1, I1)χ1. Òîãäà det(v1) = (−1)n1 sgn(χ1) = 1 è ïî ëåììå 2.3.12 èìååì

v21 = −I. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî σv11 = σ2, σ
v1
2 = σ1.

Ïóñòü H = ⟨σ1, σ2, v1⟩ è H̃ � îáðàç ãðóïïû H â G̃. Òîãäà H̃ ≃ CW (w) è H̃ �

äîïîëíåíèå äëÿ òîðà T̃ â Ñ .

Ëåììà 2.3.20. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2)(n3)(n4), T̃ � îáðàç òîðà T â

G̃ = PSLn(q). Ïóñòü n1 = n2, n3 = n4 íå÷åòíû. Òîãäà T̃ èìååò äîïîëíåíèå â Ñ .
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Äîêàçàòåëüñòâî. Ñíà÷àëà ðàññìîòðèì ñëó÷àé n2 = n3. Ïóñòü H =

⟨σ1, σ2, σ3, σ4, χ1, χ2, χ3⟩, òîãäà H ≃ CW (w) ≃ Zn1 ≀ Sym4. Ïîñêîëüêó n1 íå÷åò-

íî, òî det(σi) = (−1)n1−1 = 1 è σi ∈ G äëÿ âñåõ 1 ⩽ i ⩽ 4. Îïðåäåëèì

v1 = bd(I1, I1,−I1, I1)χ1, v2 = bd(−I1, I1, I1, I1)χ2, v3 = bd(−I1, I1, I1, I1)χ3.

Òîãäà det(vj) = (−1)n1 sgn(χj) = 1 äëÿ 1 ⩽ j ⩽ 3 è â ñèëó ëåììû 2.3.12 èìååì

v21 = v22 = v23 = I. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî

v1v3 = −v3v1, vv21 = vv12 , v
v3
2 = vv23 .

Ñëåäîâàòåëüíî, îáðàç ãðóïïû ⟨v1, v2, v3⟩ â PSLn(q) èçîìîðôåí ãðóïïå Sym4. Ïóñòü

D1 = bd(I1, I1,−I1, I1), D2 = bd(−I1, I1, I1, I1), òîãäà σi öåíòðàëèçóåò D1, D2 äëÿ âñåõ

1 ⩽ i ⩽ 4. Òàêèì îáðàçîì, äåéñòâèÿ ýëåìåíòîâ σi íà χj è íà vj ñîâïàäàþò. Ïóñòü H̃ �

îáðàç ãðóïïû ⟨σ1, σ2, σ3, σ4, v1, v2, v3⟩ â PSLn(q), òîãäà H̃ ≃ H è H̃ � äîïîëíåíèå äëÿ

òîðà T̃ â Ñ .

Â ñëó÷àå n2 ̸= n3 èìååì CW (w) ≃ (Zn1 ≀ Sym2) × (Zn3 ≀ Sym2). Ïóñòü K =

⟨σ1, σ2, σ3, σ4, χ1, χ3⟩, òîãäà K ≃ CW (w). Îïðåäåëèì

v1 = bd(I1, I1,−I3, I3)χ1, v3 = bd(−I1, I1, I3, I3)χ3.

Òîãäà det(v1) = det(v3) = 1 è v21 = v23 = I. Àíàëîãè÷íî ïîëó÷àåì, ÷òî σv11 = σ2, σ
v3
3 =

σ4 è v1v3 = −v3v1.

Ïóñòü K̃ � îáðàç ãðóïïû ⟨σ1, σ2, σ3, σ4, v1, v3⟩ â PSLn(q). Òîãäà K̃ ≃ K è K̃ ÿâëÿ-

åòñÿ äîïîëíåíèåì äëÿ òîðà T̃ â Ñ .

Ëåììà 2.3.21. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm), T̃ � îáðàç òîðà T â

G̃ = PSLn(q). Åñëè (n)2 < (q − 1)2, òî T̃ èìååò äîïîëíåíèå â Ñ .

Äîêàçàòåëüñòâî. Ïóñòü H = ⟨σ1, σ2, . . . , σm, χj|j ∈ Π⟩, òîãäà H ≃ CW (w). Óðàâíåíèå

xn = −1 èìååò ðåøåíèå â F∗
q òîãäà è òîëüêî òîãäà, êîãäà (n)2 < (q − 1)2. Ïóñòü γ �

ðåøåíèå ýòîãî óðàâíåíèÿ è v0 = γI. Òîãäà det(v0) = γn = −1 è v0 ∈ Z(G). Äëÿ âñåõ

1 ⩽ i ⩽ m îïðåäåëèì

si =

σi åñëè ni íå÷åòíî

v0σi åñëè ni ÷åòíî
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Ïîñêîëüêó det(σi) = (−1)ni−1, òî si ∈ SLn(q) è s
ni
i = I èëè sni

i = γniI ≡ I (mod Z(G)).

Äëÿ âñåõ j ∈ Π îïðåäåëèì

vj =

χj åñëè nj ÷åòíî

v0χj åñëè nj íå÷åòíî

Òàê êàê det(χj) = (−1)nj , òî vj ∈ SLn(q) è v
2
j = I èëè v2j = γ2I ≡ I (mod Z(G)). Áîëåå

òîãî, ëèáî (vjvj+1)
3 = (χjχj+1)

3 = I, ëèáî (vjvj+1)
3 = (v0χjv0χj+1)

3 = (v20χjχj+1)
3 =

γ6I ≡ I (mod Z(G)). Ñëåäîâàòåëüíî, îáðàç ãðóïïû ⟨v1, . . . , vl1⟩ â PSLn(q) èçîìîðôåí

ãðóïïå Syml1 . Ïóñòü H̃ � îáðàç ãðóïïû ⟨si, vj|1 ⩽ i ⩽ m, j ∈ Π⟩ â PSLn(q), òîãäà

H̃ ≃ H. Òàêèì îáðàçîì, H̃ � äîïîëíåíèå äëÿ òîðà T̃ â Ñ .

Ëåììà 2.3.22. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm), T̃ � îáðàç òîðà T â

G̃ = PSLn(q), m ⩾ 5. Ïóñòü ai ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ r è nk íå÷åòíî äëÿ íåêîòîðîãî

1 ⩽ k ⩽ m. Òîãäà T̃ èìååò äîïîëíåíèå â Ñ , åñëè è òîëüêî åñëè (n)2 < (q − 1)2.

Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå äîïîëíåíèÿ ñëåäóåò èç ëåììû 2.3.21.

Ïðåäïîëîæèì, ÷òî T̃ èìååò íåêîòîðîå äîïîëíåíèå H̃ â Ñ . Ïóñòü H � ïðîîáðàç

ãðóïïû H̃ â N . Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî k = 1. Ïîñêîëüêó n1

íå÷åòíî è a1 ÷åòíî, òî χ1 ∈ CW (w). Ïóñòü si, vj � ïðîîáðàçû ýëåìåíòîâ σi, χj â H

äëÿ âñåõ 1 ⩽ i ⩽ m, j ∈ Π. Òîãäà ýëåìåíò v1 èìååò âèä

v1 = bd(D1, . . . , Dl1 , Dl1+1, . . . , Dl1+l2 , . . . , Dl1+...+lr−1+1, . . . , Dl1+...+lr)χ1,

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ). Òàê êàê H̃ � äîïîëíåíèå äëÿ T̃ â Ñ , òî v1vj = zjvjv1

äëÿ j ∈ Π, j ⩾ 3, z ∈ F∗
q. Ïîñêîëüêó m ⩾ 5, òî â ñèëó ïóíêòà (2) ëåììû 2.3.10 èìååì

zj = 1 è

D3 = . . . = Dl1 , Dl1+1 = Dl1+2 = . . . = Dl1+l2 , . . . , Dl1+...+lr−1+1 = . . . = Dl1+...+lr .

Äàëåå, ðàâåíñòâà v1si = zisiv1 äîëæíû âûïîëíÿòüñÿ äëÿ âñåõ 3 ⩽ i ⩽ m. Òîãäà ïî

ïóíêòó (2) ëåììû 2.3.9 ïîëó÷àåì, ÷òî Di � ñêàëÿðíàÿ ìàòðèöà äëÿ âñåõ 3 ⩽ i ⩽ m.

Ñëåäîâàòåëüíî,

bd(D3, . . . , Dl1) = µ1I, bd(Dl1+1, . . . , Dl1+l2) = µ2I, . . . , bd(Dl1+...+lr−1+1, . . . , Dl1+...+lr) = µrI,
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ãäå µi ∈ F∗
q. Ïîñêîëüêó v

2
1 = zI äëÿ íåêîòîðîãî z ∈ F∗

q, òî ïî ëåììå 2.3.12 èìååì

D1D2 = zI1, µ
2
1 = µ2

2 = . . . = µ2
r = z. Äàëåå, èç ÷åòíîñòè ai äëÿ âñåõ 1 ⩽ i ⩽ r

ïîëó÷àåì

1 = det(v1) = det(D1D2)µ
n1(l1−2)
1 µa22 . . . µarr sgn(χ1) = −zn1µ

n1(l1−2)
1 µa21 . . . µar1 = −µn1 .

Òàêèì îáðàçîì, óðàâíåíèå xn = −1 äîëæíî èìåòü ðåøåíèå â F∗
q, ÷òî ðàâíîñèëüíî

íåðàâåíñòâó (n)2 < (q − 1)2.

Ëåììà 2.3.23. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2)(n3)(n4), T̃ � îáðàç òîðà T â

G̃ = PSLn(q). Ïóñòü n1 = n2 íå÷åòíî è n3, n4 ÷åòíû. Òîãäà T̃ èìååò äîïîëíåíèå

â Ñ , åñëè è òîëüêî åñëè (n)2 < (q − 1)2.

Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå äîïîëíåíèÿ ñëåäóåò èç ëåììû 2.3.20.

Ïðåäïîëîæèì, ÷òî T̃ èìååò íåêîòîðîå äîïîëíåíèå H̃ â Ñ . Ïóñòü H � ïðîîáðàç

ãðóïïû H̃ â N . Òàê êàê n1 = n2, òî χ1 ∈ CW (w). Ïóñòü si, v1 � ïðîîáðàçû ýëåìåíòîâ

σi, χ1 â H. Òîãäà ýëåìåíò v1 èìååò âèä

v1 = bd(D1, D2, D3, D4)χ1,

ãäåDi = diag(λi, λ
q
i , . . . , λ

qni−1

i ). Ïîñêîëüêó H̃ � äîïîëíåíèå äëÿ T̃ â Ñ , òî v1si = zisiv1

ïðè i = 3, 4. Â ñèëó ïóíêòà (2) ëåììû 2.3.9 ïîëó÷àåì, ÷òî D3 = λ3I3, D4 = λ4I4, ãäå

λ3, λ4 ∈ F∗
q.

Òàê êàê v21 = zI äëÿ íåêîòîðîãî z ∈ F∗
q, òî ïî ëåììå 2.3.12 èìååì D1D2 = zI1,

λ23 = λ24 = z. Èç ÷åòíîñòè n3, n4 ïîëó÷àåì, ÷òî

1 = det(v1) = det(D1D2)λ
n3
3 λ

n4
4 sgn(χ1) = −zn1λn3

3 λ
n4
3 = −λ2n1

3 λn3
3 λ

n4
3 = −λn3 .

Òàêèì îáðàçîì, óðàâíåíèå xn = −1 äîëæíî èìåòü ðåøåíèå â F∗
q,÷òî ðàâíîñèëüíî

íåðàâåíñòâó (n)2 < (q − 1)2.

Ëåììà 2.3.24. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåò-

ñòâóþùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2)(n3), T̃ � îáðàç òîðà T â

G̃ = PSLn(q). Ïóñòü n1 = n2 íå÷åòíî è n3 ÷åòíî. Òîãäà T̃ èìååò äîïîëíåíèå â Ñ ,

åñëè è òîëüêî åñëè âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:
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(1) (n3)2 > 2, (n)2 ⩽ (q − 1)2;

(2) (n3)2 = 2, (q − 1)2 ̸= (n)2.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî T̃ èìååò äîïîëíåíèå H̃ â Ñ . Òîãäà H̃ ≃

CW (w) = ⟨σ1, σ2, σ3, χ1⟩. Ïóñòü H � ïðîîáðàç ãðóïïû H̃ â N . Ïóñòü si, v � ïðîîáðàçû

ýëåìåíòîâ σi, χ1 â H. Òîãäà ýëåìåíòû s3, v èìåþò âèä

s3 = bd(D1, D2, D3)σ3, v = bd(D′
1, D

′
2, D

′
3)χ1,

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ), D′
i = diag(µi, µ

q
i , . . . , µ

qni−1

i ).

Ïîñêîëüêó H̃ ÿâëÿåòñÿ äîïîëíåíèåì äëÿ òîðà T̃ â Ñ , òî vs3 = zs3v. Â ñèëó (1)

ëåììû 2.3.9 ïîëó÷àåì, ÷òî

D1 = zD2, z2 = 1, è µq−1
3 = z.

Äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà s3sj = zjsjs3 ïðè j = 1, 2. Òîãäà ïî ëåììå 2.3.7

èìååì zj = 1 è Dj = λjIj, λj ∈ F∗
q. Ñëåäîâàòåëüíî, D1 = λ1I1, D2 = zλ1I1.

Òàê êàê sn3
3 = z3I, òî ëåììà 2.3.11 âëå÷åò λ

qn3−1
q−1

3 = λn3
2 = λn3

1 = z3. Òàêèì îáðàçîì,

1 = det(s3) = λn1
1 λ

n1
2 λ

qn3−1
q−1

3 sgn(σ3) = −λ2n1
1 zn1λn3

1 = −zλn1 .

Åñëè z = 1, òî λn1 = −1 è λq−1
1 = 1, ÷òî âëå÷åò íåðàâåíñòâî (n)2 < (q − 1)2.

Ñóùåñòâîâàíèå äîïîëíåíèÿ ïðè ýòèõ óñëîâèÿõ ñëåäóåò èç ëåììû 2.3.20.

Ïóñòü z = −1, òîãäà µq−1
3 = −1. Ñëåäîâàòåëüíî,

D′
3 = bd(µ3,−µ3, . . . , µ3,−µ3).

Ïîñêîëüêó v2 = αI äëÿ íåêîòîðîãî α ∈ F∗
q, òî ïî ëåììå 2.3.12 ïîëó÷àåì D′

1D
′
2 = αI1,

µ2
3 = α. Òàêèì îáðàçîì,

1 = det(v) = αn1µn3
3 (−1)

n3
2 sgn(χ1) = −µ2n1

3 µn3
3 (−1)

n3
2 = −µn3 (−1)

n3
2 .

(1) Åñëè (n3)2 > 2, òî (−1)
n3
2 = 1 è µn3 = µq−1

3 = −1, ÷òî âëå÷åò (n)2 = (q − 1)2.

Ïóñòü µ ∈ Fp òàêîé, ÷òî µq−1 = µn = −1. Îïðåäåëèì D′
3 = (µ,−µ, . . . , µ,−µ) è

s1 = σ1, s2 = σ2, s3 = bd(−I1, I1, I3)σ3, v = bd(µ2I1, I1, D
′
3)χ1.
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Òîãäà

sn1
1 = sn1

2 = sn3
3 = I, sisj = sjsi, v2 = µ2I, sv1 = s2, sv3 = −s3,

è

det(s1) = det(s2) = 1, det(s3) = (−1)n1(−1)n3−1 = 1, det(v) = µn(−1)
n3
2 (−1)n1 = 1.

Îïðåäåëèì H = ⟨s1, s2, s3, v⟩ è H̃ � îáðàç ãðóïïû H â G̃. Òîãäà H̃ � äîïîëíåíèå äëÿ

òîðà T̃ â Ñ .

(2) Åñëè (n3)2 = 2, òî (−1)
n3
2 = −1 è µn3 = 1. Ïîñêîëüêó µq−1

3 = −1, òî (n)2 > (q −

1)2. Ïóñòü µ ∈ Fp òàêîé, ÷òî µq−1 = −1, µn = 1. Îïðåäåëèì D′
3 = (µ,−µ, . . . , µ,−µ),

s1 = σ1, s2 = σ2, s3 = bd(−I1, I1, I3)σ3, v = bd(µ2I1, I1, D
′
3)χ1.

Òîãäà

sn1
1 = sn1

2 = sn3
3 = I, sisj = sjsi, v2 = µ2I, sv1 = s2, sv3 = −s3,

è

det(si) = 1, det(v) = µn(−1)
n3
2 (−1)n1 = 1.

Îïðåäåëèì H = ⟨s1, s2, s3, v⟩ è H̃ � îáðàç ãðóïïû H â G̃. Òîãäà H̃ � äîïîëíåíèå äëÿ

òîðà T̃ â Ñ .

Ëåììà 2.3.25. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2) . . . (nm), T̃ � îáðàç òîðà T â

G̃ = PSLn(q), m ⩾ 3. Ïóñòü ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ m. Òîãäà T̃ èìååò äîïîëíåíèå

â Ñ , åñëè è òîëüêî åñëè (n)2 < (q − 1)2.

Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå äîïîëíåíèÿ ñëåäóåò èç ëåììû 2.3.20.

Ïðåäïîëîæèì, ÷òî T̃ èìååò äîïîëíåíèå H̃ â Ñ . Ïóñòü H � ïðîîáðàç ãðóïïû H̃

â N . Ïåðåíóìåðóåì ni òàê, ÷òî (n1)2 ⩽ (n2)2 ⩽ . . . ⩽ (nm)2. Ïóñòü si � ïðîîáðàç

ýëåìåíòà σi â H äëÿ âñåõ 1 ⩽ i ⩽ m. Òîãäà ýëåìåíò s1 èìååò âèä

s1 = bd(D1, D2, . . . , Dm)σ1,
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ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ). Ïîñêîëüêó H̃ � äîïîëíåíèå äëÿ T̃ â Ñ , òî s1sj =

zjsjs1 äëÿ âñåõ 2 ⩽ j ⩽ m. Òàê êàê m ⩾ 3, òî ïî ëåììå 2.3.7 ïîëó÷àåì, ÷òî zj = 1 è

Dj = λjIj, ãäå λj ∈ F∗
q, 2 ⩽ j ⩽ m. Èç ðàâåíñòâà sn1

1 = zI èç ëåììû 2.3.11 ïîëó÷àåì,

÷òî λ
qn1−1
q−1

1 = λn1
2 = . . . = λn1

m = z. Òàêèì îáðàçîì,

1 = det(s1) = λ
qn1−1
q−1

1 λn2
2 . . . λnm

m sgn(σ1) = −λn1
2 λ

n2
2 . . . λnm

m .

Ïóñòü ξ � ïðèìèòèâíûé êîðåíü èç åäèíèöû ñòåïåíè (q − 1) â Fp, òîãäà λi = ξαi äëÿ

íåêîòîðîãî ÷èñëà αi. Ïîñêîëüêó ξ
αin1 = ξα2n1 äëÿ âñåõ i > 1, òî αin1 = α2n1+(q−1)βi

äëÿ íåêîòîðûõ öåëûõ βi. Ñ äðóãîé ñòîðîíû, ïîñêîëüêó ξα2n1ξα2n2ξα3n3 . . . ξαmnm =

λn1
2 λ

n2
2 λ

n3
3 . . . λnm

m = −1, òî

α2n1 + α2n2 + α3n3 + . . .+ αmnm =
(q − 1)

2
+ (q − 1)k,

äëÿ íåêîòîðîãî öåëîãî k. Óìíîæàÿ ýòî ðàâåíñòâî íà 2n1, ïîëó÷àåì

n1(q − 1) + 2n1(q − 1)k = 2n1(α2n1 + α2n2 + α3n3 + . . .+ αmnm) =

2(α2n
2
1 + α2n1n2 + α3n1n3 + . . .+ αmn1nm) =

2(α2n
2
1 + α2n1n2 + α2n1n3 + (q − 1)β3n3 + . . .+ α2n1nm + (q − 1)βmnm) =

2α2n1(n1 + n2 + n3 + . . .+ nm) + 2(q − 1)(β3n3 + . . .+ βmnm) =

2α2n1n+ 2(q − 1)(β3n3 + . . .+ βmnm).

Íàêîíåö, ïîëó÷àåì

n1(q − 1) = 2α2n1n+ 2(q − 1)(β3n3 + . . .+ βmnm − n1k).

Â ñèëó âûáîðà (n1)2 èìååì

(2(q−1)(β3n3+. . .+βmnm−n1k))2 = 2(q−1)2(β3n3+. . .+βmnm−n1k)2 ⩾ 2(q−1)2(n1)2.

Ïîýòîìó åñëè (n)2 ⩾ (q − 1)2, òî (2α2n1n)2 = 2(α2)2(n1)2(n)2 ⩾ 2(n1)2(q − 1)2 è

(n1)2(q−1)2 = (2α2n1n+2(q−1)(β3n3+. . .+βmnm−n1k))2 ⩾ 2(n1)2(q−1)2 > (n1)2(q−1)2.

Ïîëó÷åííîå ïðîòèâîðå÷èå çàâåðøàåò äîêàçàòåëüñòâî.
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Ëåììà 2.3.26. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâóþ-

ùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2), T̃ � îáðàç òîðà T â G̃ = PSLn(q).

Ïóñòü n1, n2 ÷åòíû, n1 ̸= n2, d = gcd{(n1

2
)2, (

n2

2
)2, (q − 1)2}. Òîãäà T̃ èìååò äîïîëíå-

íèå â Ñ , åñëè è òîëüêî åñëè âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

(1) (n)2 < d(q − 1)2;

(2) (n1)2 = (n2)2 ⩽ (q − 1)2, (q − 1)2(n1)2 ⩽ (n)2.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî T̃ èìååò äîïîëíåíèå H̃ â Ñ , òîãäà H̃ ≃

CW (w) = ⟨σ1, σ2⟩. Ïóñòü H � ïðîîáðàç ãðóïïû H̃ â N . Ïóñòü s1, s2 � ïðîîáðàçû

ýëåìåíòîâ σ1, σ2 â H. Òîãäà ýëåìåíòû s1, s2 èìåþò âèä

s1 = bd(D1, D2)σ1 = diag(λ1, λ
q
1, . . . , λ

qn1−1

1 , λ2, λ
q
2, . . . , λ

qn2−1

2 )σ1,

s2 = bd(D′
1, D

′
2)σ2 = diag(µ1, µ

q
1, . . . , µ

qn1−1

1 , µ2, µ
q
2, . . . , µ

qn2−1

2 )σ2.

ãäå λq
n1−1

1 = µq
n1−1

1 = 1 è λq
n2−1

2 = µq
n2−1

2 = 1.

Ïîñêîëüêó H̃ ≃ CW (w), òî s1s2 = zs2s1 äëÿ íåêîòîðîãî z ∈ F∗
q. Â ñèëó ëåììû 2.3.7

èìååì

µq−1
1 = z, λq−1

2 = z−1 è zn1 = zn2 = 1.

Òîãäà

s1 = diag(λ1, λ
q
1, . . . , λ

qn1−1

1 , λ2, z
−1λ2, z

−2λ2 . . . , z
−(n2−1)λ2)σ1,

s2 = diag(µ1, zµ1, z
2µ1, . . . , z

n1−1µ1, µ2, µ
q
2, . . . , µ

qn2−1

2 )σ2.

Èç ëåììû 2.3.11 ñëåäóåò, ÷òî sn1
1 = z1I òîãäà è òîëüêî òîãäà, êîãäà λ

qn1−1
q−1

1 = λn1
2 = z1.

Àíàëîãè÷íî sn2
2 = z2I òîãäà è òîëüêî òîãäà, êîãäà µ

qn2−1
q−1

2 = µn2
1 = z2. Ñëåäîâàòåëüíî,

1 = det(s1) = λ
qn1−1
q−1

1 λn2
2 z

− (n2−1)n2
2 sgn(σ1) = λn1

2 λ
n2
2 z

− (n2−1)n2
2 (−1)n1−1 = −λn2z−

(n2−1)n2
2 .

Àíàëîãè÷íî ïîëó÷àåì

1 = det(s2) = µ
qn2−1
q−1

2 µn1
1 z

(n1−1)n1
2 sgn(σ2) = µn2

1 µ
n1
1 z

(n1−1)n1
2 (−1)n2−1 = −µn1z

(n1−1)n1
2 .

Ïîñêîëüêó zn1 = zn2 = 1, òî z
(n1−1)n1

2 = ±1, z−
(n2−1)n2

2 = ±1 è ìû ïîñëåäîâàòåëüíî

ðàññìîòðèì âñå ýòè ñëó÷àè.
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(à) Ïðåäïîëîæèì, ÷òî z
n1
2 = z−

n2
2 = 1. Òîãäà λn2 = µn1 = −1 è ìû ïîëó÷àåì

ñëåäóþùèå ðàâåíñòâà:

λn2 = µn1 = −1

z
n1
2 = µ

(q−1)n1
2

1 = λ
− (q−1)n1

2
2 = 1

z
n2
2 = µ

(q−1)n2
2

1 = λ
− (q−1)n2

2
2 = 1

zq−1 = µ
(q−1)(q−1)
1 = λ

−(q−1)(q−1)
2 = 1

λq
n2−1

2 = 1

µq
n1−1

1 = 1

Ïîëó÷åííûå ðàâåíñòâà ðàâíîñèëüíû ñëåäóþùèì óñëîâèÿì:

(n)2 < (q − 1)2(
n1

2
)2

(n)2 < (q − 1)2(
n2

2
)2

(n)2 < (q − 1)2(q − 1)2

(n)2 < (qn2 − 1)2

(n)2 < (qn1 − 1)2

Ïóñòü n1 = 2kl äëÿ íåêîòîðîãî íàòóðàëüíîãî k è íå÷åòíîãî l, è ïóñòü r = ql. Òîãäà

qn1−1 = r2
k−1 = (r−1)(1+r+r2+. . .+r2

k−1) = (r−1)(r+1)(r2+1)(r4+1) . . . (r2
k−1

+1).

Ïîñêîëüêó 2 äåëèò (r2
i
+ 1), òî (qn1 − 1)2 ⩾ 2k(r − 1)2 ⩾ 2k(q − 1)2 = (n1)2(q − 1)2.

Àíàëîãè÷íî ïîëó÷àåì (qn2 − 1)2 ⩾ (n2)2(q − 1)2. Òàêèì îáðàçîì, ìû ìîæåì óäàëèòü

ïîñëåäíèå äâà íåðàâåíñòâà. Ïåðâûå òðè íåðàâåíñòâà ðàâíîñèëüíû (n)2 < d(q − 1)2 è

ïîëó÷àåì óñëîâèå (1).

(á) Ïðåäïîëîæèì, ÷òî z
n1
2 = z−

n2
2 = −1. Òîãäà λn2 = µn1 = 1 è ìû ïîëó÷àåì

ñëåäóþùèå ðàâåíñòâà:

z
n1
2 = µ

(q−1)n1
2

1 = λ
− (q−1)n1

2
2 = −1

z
n2
2 = µ

(q−1)n2
2

1 = λ
− (q−1)n2

2
2 = −1

λn2 = µn1 = 1

zq−1 = µ
(q−1)(q−1)
1 = λ

−(q−1)(q−1)
2 = 1

λq
n2−1

2 = 1

µq
n1−1

1 = 1
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Ïîñêîëüêó µ
(q−1)n1

2
1 = µ

(q−1)n2
2

1 = −1, òî (n1

2
)2 = (n2

2
)2. Âûøå áûëî ïîêàçàíî, ÷òî (qn1 −

1)2 ⩾ (n1)2(q − 1)2 > (n1

2
)2(q − 1)2 è (qn2 − 1)2 > (n2

2
)2(q − 1)2. Ñëåäîâàòåëüíî, ïåðâûå

äâà ðàâåíñòâà µ
(q−1)n1

2
1 = λ

(q−1)n2
2

2 = −1 âëåêóò ïîñëåäíèå äâà µq
n1−1

1 = λq
n2−1

2 = 1.

Òàêèì îáðàçîì, íàøè ðàâåíñòâà ðàâíîñèëüíû ñëåäóþùèì óñëîâèÿì:
(n1

2
)2 = (n2

2
)2

(q − 1)2(
n1

2
)2 < (n)2

(q − 1)2(
n1

2
)2 < (q − 1)2(q − 1)2

⇔


(n1)2 = (n2)2

(q − 1)2(n1)2 ⩽ (n)2

(n1)2 ⩽ (q − 1)2

,

è ïîëó÷àåì (2).

(â) Íàêîíåö, ïðåäïîëîæèì, ÷òî z
n1
2 = 1 è z−

n2
2 = −1 (ñëó÷àé z

n1
2 = −1, z−

n2
2 = 1

àíàëîãè÷åí). Òîãäà µn1 = −1 è λn2 = 1. Òàê êàê zn2 = µ
(q−1)n2

1 = 1 è µn1 = −1, òî

(n)2 < (q − 1)2(n2)2.

Ñ äðóãîé ñòîðîíû, ïîñêîëüêó z−
n2
2 = λ

(q−1)
n2
2

2 = −1 è λn2 = 1, òî (n)2 > (q−1)2(
n2

2
)2,

òî åñòü (n)2 ⩾ (q − 1)2(n2)2, ÷òî ïðèâîäèò ê ïðîòèâîðå÷èþ.

Ëåììà 2.3.27. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = SLn(q), ñîîòâåòñòâóþ-

ùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2), T̃ � îáðàç òîðà T â G̃ = PSLn(q).

Ïóñòü n1 = n2 ÷åòíî. Òîãäà T̃ èìååò äîïîëíåíèå â Ñ , åñëè è òîëüêî åñëè âûïîëíåíî

îäíî èç ñëåäóþùèõ óñëîâèé:

(1) (n1)2 > 2, (n)2 ⩽ (q − 1)2;

(2) (n1)2 = 2, (n)2 ̸= (q − 1)2.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî T̃ èìååò äîïîëíåíèå H̃ â Ñ , òîãäà H̃ ≃

CW (w) = ⟨σ1, σ2, χ1⟩. Ïóñòü H � ïðîîáðàç ãðóïïû H̃ â N . Ïóñòü s1, s2, v � ïðî-

îáðàçû ýëåìåíòîâ σ1, σ2, χ1 â H. Ìû áóäåì èñïîëüçîâàòü èíôîðìàöèþ îá ýëåìåíòàõ

s1, s2 èç äîêàçàòåëüñòâà ëåììû 2.3.26. Â ÷àñòíîñòè, s1, s2 èìåþò âèä

s1 = bd(D1, D2)σ1 = diag(λ1, λ
q
1, . . . , λ

qn1−1

1 , λ2, z
−1λ2, z

−2λ2 . . . , z
−(n2−1)λ2)σ1,

s2 = bd(D′
1, D

′
2)σ2 = diag(µ1, zµ1, z

2µ1, . . . , z
n1−1µ1, µ2, µ

q
2, . . . , µ

qn2−1

2 )σ2,

ãäå

µq−1
1 = z, λq−1

2 = z−1, λq
n1−1

1 = µq
n1−1

1 = λq
n2−1

2 = µq
n2−1

2 = 1.
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Ýëåìåíò v èìååò âèä

v1 = bd(T1, T2)χ1,

ãäå Ti = diag(νi, ν
q
i , . . . , ν

qni−1

i ). Ïîñêîëüêó σχ1

1 = σ2, òî sv1 = αs2 äëÿ íåêîòîðîãî

α ∈ F∗
q. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ïîñëåäíåå ðàâåíñòâî ðàâíîñèëüíî D2 = αD′

1

D1(T1)
σ−1
1 = αT1D

′
2

Ïåðâîå ðàâåíñòâî âëå÷åò λ2 = αµ1, z
−1λ2 = αzµ1. Ñëåäîâàòåëüíî, z

−1λ2 = αzµ1 = zλ2

è z2 = 1. Èç äîêàçàòåëüñòâà ëåììû 2.3.26 ïîëó÷àåì, ÷òî

1 = det(s1) = −λn2z−
n2
2 , 1 = det(s2) = −µn1z

n1
2 .

Ïðåäïîëîæèì, ÷òî z = 1. Òîãäà λn2 = µn1 = −1 è z = µq−1
1 = λq−1

2 = 1. Ñëå-

äîâàòåëüíî, (n)2 < (q − 1)2. Ñóùåñòâîâàíèå äîïîëíåíèÿ â ýòîì ñëó÷àå ñëåäóåò èç

ëåììû 2.3.20.

Ïðåäïîëîæèì, ÷òî z = −1. Òîãäà

1 = −λn2 (−1)−
n2
2 , 1 = −µn1 (−1)

n1
2 .

Äàëåå ðàññìîòðèì âîçìîæíûå ñëó÷àè àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2.3.26.

(à) Ïóñòü (−1)−
n2
2 = (−1)

n1
2 = 1. Òîãäà (n1)2 > 2, λn2 = µn1 = −1 è z2 = µ

2(q−1)
1 =

λ
−2(q−1)
2 = 1. Ñëåäîâàòåëüíî, äîëæíî âûïîëíÿòüñÿ íåðàâåíñòâî (n)2 ⩽ (q − 1)2.

Ïðåäïîëîæèì, ÷òî (n)2 = (q − 1)2. Ïóñòü λ2 ∈ Fp òàêîé, ÷òî λq−1
2 = λn2 = −1 è

λ1 ∈ Fp òàêîé, ÷òî λ
qn1−1
q−1

1 = λn1
2 . Îïðåäåëèì

D1 = (λ1, λ
q
1, . . . , λ

qn1−1
1 ), D2 = (λ2,−λ2, . . . , λ2,−λ2)

è s1 = bd(D1, D2)σ1, s2 = bd(D2, D1)σ2, v = χ1. Òîãäà

sn1
1 = sn1

2 = λn1
2 I, s1s2 = −s2s1, sv1 = s2

è

det(si) = λ
qn1−1
q−1

1 λn2
2 (−1)

n1
2 sgn(σi) = λn2 (−1) = 1.

Îïðåäåëèì H = ⟨s1, s2, v⟩ è H̃ � îáðàç ãðóïïû H â PSLn(q). Òîãäà H̃ � äîïîëíåíèå

äëÿ òîðà T̃ â Ñ .
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(á) Ïóñòü (−1)−
n2
2 = (−1)

n1
2 = −1. Òîãäà (n1)2 = 2, λn2 = µn1 = 1 è z = µq−1

1 =

λq−1
2 = −1. Ñëåäîâàòåëüíî, äîëæíî âûïîëíÿòüñÿ íåðàâåíñòâî (n)2 > (q − 1)2.

Ïðåäïîëîæèì, ÷òî (n)2 > (q − 1)2. Ïóñòü λ2 ∈ Fp òàêîé, ÷òî λq−1
2 = −1, λn2 = 1 è

λ1 ∈ Fp òàêîé, ÷òî λ
qn1−1
q−1

1 = λn1
2 . Îïðåäåëèì

D1 = (λ1, λ
q
1, . . . , λ

qn1−1
1 ), D2 = (λ2,−λ2, . . . , λ2,−λ2)

è s1 = bd(D1, D2)σ1, s2 = bd(D2, D1)σ2, v = χ1. Òîãäà

sn1
1 = sn1

2 = λn1
2 I, s1s2 = −s2s1, sv1 = s2

è

det(si) = λ
qn1−1
q−1

1 λn2
2 (−1)

n1
2 sgn(σi) = λn2 (−1)(−1) = 1.

Îïðåäåëèì H = ⟨s1, s2, v⟩ è H̃ � îáðàç ãðóïïû H â PSLn(q). Òîãäà H̃ � äîïîëíåíèå

äëÿ òîðà T̃ â Ñ .

(â) Ñëó÷àé (−1)
n1
2 = 1, (−1)−

n2
2 = −1 (òàêæå êàê è ñëó÷àé (−1)

n1
2 = −1,

(−1)−
n2
2 = 1) íåâîçìîæåí â ñèëó ïóíêòà (â) äîêàçàòåëüñòâà ëåììû 2.3.26.

Òåîðåìà 2.3.3 ñëåäóåò èç ëåìì 2.3.14-2.3.27.

Äåéñòâèòåëüíî, åñëè q ÷åòíî èëè ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ r, òî òåîðåìà

ñëåäóåò èç ëåììû 2.3.14. Ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî q íå÷åòíî è ai ÷åòíî äëÿ âñåõ

1 ⩽ i ⩽ r. Åñëè m ⩾ 5, òî òåîðåìà ñëåäóåò èç ëåìì 2.3.22 è 2.3.25.

Ïóñòü m = 4. Åñëè ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ 4, òî çàêëþ÷åíèå ñëåäóåò èç

ëåììû 2.3.25. Ïðåäïîëîæèì, ÷òî nj íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ j ⩽ 4. Ïîñêîëüêó

ai ÷åòíû, òî ëèáî n1 = n2, n3 = n4 íå÷åòíû (ëåììà 2.3.20), ëèáî n1 = n2 íå÷åòíî è

n3, n4 ÷åòíû (ëåììà 2.3.23).

Ïóñòü m = 3. Åñëè ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ 3, òî çàêëþ÷åíèå ñëåäóåò èç

ëåììû 2.3.25. Òàê êàê ai ÷åòíû, òî n1 = n2 íå÷åòíî, n3 ÷åòíî è ìû ìîæåì ïðèìåíèòü

ëåììó 2.3.24.

Åñëè m = 2, òî çàêëþ÷åíèå ñëåäóåò èç ëåìì 2.3.19, 2.3.26 è 2.3.27.

Íàêîíåö, ìû ìîæåì ïðèìåíèòü ëåììó 2.3.18 â ñëó÷àå m = 1.
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2.4 Îðòîãîíàëüíûå ãðóïïû

Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ ïðîñòûå ñâÿçíûå ëèíåéíûå àëãåáðàè÷åñêèå

ãðóïïû G òèïà Bn èëè Dn. Îòâåò íà ïðîáëåìó 1 äàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.4.1. Ïóñòü T � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð ãðóïïû G, ãäå

G = SO2n+1(Fp) èëè G = SO2n(Fp). Òîãäà T èìååò äîïîëíåíèå â NG(T ).

Ïóñòü n = n′+n′′, à n′ = n1+. . .+nk è n
′′ = nk+1+. . .+nm � ðàçáèåíèÿ ÷èñåë n′ è n′′

ñîîòâåòñòâåííî. Âñåâîçìîæíûå òàêèå ïðåäñòàâëåíèÿ ÷èñëà n â âèäå ñóììû n = n1 +

. . .+nk+nk+1+ . . .+nm íàõîäÿòñÿ âî âçàèìíî îäíîçíà÷íîì ñîîòâåòñòâèè ñ êëàññàìè

ñîïðÿæåííîñòè ãðóïïû Âåéëÿ òèïà Bn. Êàê è ðàíåå, ìû îòîæäåñòâëÿåì ðàçáèåíèÿ,

îòëè÷àþùèåñÿ ïåðåñòàíîâêîé ñëàãàåìûõ âíóòðè êàæäîãî èç ðàçáèåíèé n′ è n′′. Åñëè

êëàññ ñîïðÿæåííîñòè ñîîòâåòñòâóåò ïðåäñòàâëåíèþ n = n1 + . . . + nk + nk+1 + . . . +

nm, òî âûðàæåíèå (n1) . . . (nk)(nk+1) . . . (nm) íàçûâàåòñÿ öèêëè÷åñêèì òèïîì ýòîãî

êëàññà. Äëÿ öèêëè÷åñêîãî òèïà (n1) . . . (nk)(nk+1) . . . (nm) ÷åðåç bi îáîçíà÷èì ÷èñëî

ýëåìåíòîâ, ðàâíûõ ni â ðàçáèåíèè n
′, åñëè 1 ⩽ i ⩽ k, è â ðàçáèåíèè n′′, åñëè k + 1 ⩽

i ⩽ m. Îïðåäåëèì ai = nibi äëÿ 1 ⩽ i ⩽ m.

Îòâåò íà ïðîáëåìó 2 äëÿ ãðóïï ëèåâà òèïà Bn ïîëó÷åí â ñëåäóþùåé òåîðåìå.

Òåîðåìà 2.4.2. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω2n+1(q), ñîîòâåò-

ñòâóþùèé ýëåìåíòó ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm).

Òîãäà òîð T èìååò äîïîëíåíèå â N(G, T ), åñëè è òîëüêî åñëè âûïîëíåíî îäíî èç ñëå-

äóþùèõ óòâåðæäåíèé:

(1) q ̸≡ 3 (mod 4);

(2) ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ m;

(3) k = m, ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ k.

Äëÿ ãðóïï ëèåâà òèïà Dn ñóùåñòâóåò áèåêöèÿ ìåæäó êëàññàìè ñîïðÿæåííîñòè

ãðóïïû Âåéëÿ W è öèêëè÷åñêèìè òèïàìè (n1) . . . (nk)(nk+1) . . . (nm), ãäå k ÷åòíî (çà

èñêëþ÷åíèåì îäíîãî ñëó÷àÿ, êîãäà èìåþòñÿ äâà êëàññà ñîïðÿæåííîñòè äëÿ îäíîãî

öèêëè÷åñêîãî òèïà, îäíàêî ýòî íå âëèÿåò íà óòâåðæäåíèå). Îòâåò íà ïðîáëåìó 2 äëÿ

ãðóïï ëèåâà òèïà Dn ïîëó÷åí â ñëåäóþùåé òåîðåìå.
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Òåîðåìà 2.4.3. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = PΩ+
2n(q), ñîîòâåòñòâó-

þùèé ýëåìåíòó ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm), ãäå

k ÷åòíî, n ⩾ 4. Òîãäà òîð T èìååò äîïîëíåíèå â N(G, T ), åñëè è òîëüêî åñëè

âûïîëíåíî îäíî èç ñëåäóþùèõ óòâåðæäåíèé:

(1) q ̸≡ 3 (mod 4);

(2) ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ m;

(3) k = m è ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ k;

(4) m = 4, n1, n2, n3, n4 íå÷åòíû;

(5) m = 2, k = 0 è n1 = n2 íå÷åòíî;

(6) m = 2, k = 2 è n1 = n2 íå÷åòíî.

Â ñëó÷àå ñêðó÷åííûõ ãðóïï ëèåâà òèïà 2Dn ñóùåñòâóåò áèåêöèÿ ìåæäó êëàññàìè

ñîïðÿæåííîñòè ãðóïïû Âåéëÿ W è öèêëè÷åñêèìè òèïàìè (n1) . . . (nk)(nk+1) . . . (nm),

ãäå k íå÷åòíî. Îòâåò íà ïðîáëåìó 2 äëÿ ãðóïï ëèåâà òèïà Dn ïîëó÷åí â ñëåäóþùåé

òåîðåìå.

Òåîðåìà 2.4.4. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = PΩ−
2n(q), ñîîòâåòñòâó-

þùèé ýëåìåíòó ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm), ãäå

k íå÷åòíî, n ⩾ 4. Òîãäà T èìååò äîïîëíåíèå â N(G, T ), åñëè è òîëüêî åñëè âûïîë-

íÿåòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:

(1) q ̸≡ 3 (mod 4);

(2) ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ m;

(3) k = m, ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ k.

Â ñëó÷àå ÷åòíîé õàðàêòåðèñòèêè ïîëÿ ðåçóëüòàòû ñëåäóþò èç çàìå÷àíèÿ 1.4.1.

Ïîñêîëüêó îïðåäåëåíèÿ îðòîãîíàëüíûõ ãðóïï â ñëó÷àå ÷åòíîé è íå÷åòíîé õàðàêòå-

ðèñòèê îòëè÷àþòñÿ, òî âñþäó äàëåå â ýòîì ðàçäåëå ìû ïðåäïîëàãàåì, ÷òî õàðàêòå-

ðèñòèêà ïîëÿ íå÷åòíà.
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Îðòîãîíàëüíûå ãðóïïû íå÷åòíîé ðàçìåðíîñòè.

Íàïîìíèì íåîáõîäèìûå ñâåäåíèÿ îá îðòîãîíàëüíûõ ãðóïïàõ. Ãðóïïà

GOn(Fp, Q) � îðòîãîíàëüíàÿ ãðóïïà ðàçìåðíîñòè n íàä ïîëåì Fp, àññîöèèðî-

âàííàÿ ñ íåâûðîæäåííîé êâàäðàòè÷íîé ôîðìîé Q, à SOn(F, Q) � ïîäãðóïïà ãðóïïû

GOn(F, Q), ñîñòîÿùàÿ èç ìàòðèö ñ åäèíè÷íûì îïðåäåëèòåëåì. Â ñëó÷àå íå÷åòíîé

ðàçìåðíîñòè 2n + 1 âñå íåâûðîæäåííûå êâàäðàòè÷íûå ôîðìû ýêâèâàëåíòíû, è ìû

ôèêñèðóåì ñëåäóþùóþ ôîðìó Q(v) = x20 + x1x−1 + . . . + xnx−n. Çàôèêñèðóåì áàçèñ

{x, e1, . . . , en, f1, . . . , fn} ïðîñòðàíñòâà V , ñîîòâåòñòâóþùèé ôîðìå Q. Çàíóìåðóåì

ñòðîêè è ñòîëáöû ìàòðèö èç GO2n+1(Fp) â ïîðÿäêå 0, 1, 2, . . . , n,−1,−2, . . . ,−n.

Ïîäãðóïïà T â ãðóïïå G = SO2n+1(Fp), ñîñòîÿùàÿ èç âñåõ äèàãîíàëüíûõ ìàò-

ðèö âèäà bd(1, D,D−1), ÿâëÿåòñÿ ìàêñèìàëüíûì òîðîì ãðóïïû G. Â ýòîì ñëó-

÷àå N = NG(T ) ÿâëÿåòñÿ ïîäãðóïïîé â ãðóïïå âñåõ ìîíîìèàëüíûõ ìàòðèö,

è ñóùåñòâóåò âëîæåíèå ãðóïïû Âåéëÿ W â ãðóïïó ïîäñòàíîâîê íà ìíîæåñòâå

{1, 2, . . . , n,−1,−2, . . . ,−n}. Êàê è â ñëó÷àå ñèìïëåêòè÷åñêèõ ãðóïï îáðàç ãðóïïû

W îòíîñèòåëüíî ýòîãî âëîæåíèÿ ñîâïàäàåò ñ ãðóïïîé Sln âñåõ ïîäñòàíîâîê φ òàêèõ,

÷òî φ(−i) = −φ(i). Îïðåäåëèì ñëåäóþùèå ýëåìåíòû ãðóïïû Sln:

φ1 = (1, 2)(−1,−2), φ2 = (2, 3)(−2,−3), . . . , φn−1 = (n−1, n)(−(n−1),−n), τ = (n,−n).

Òîãäà Sln = ⟨φ1, φ2, . . . , φn−1, τ⟩. Ýëåìåíòû φ1, φ2, . . . , φn−1, τ ñîîòâåòñòâóþò ãðàôó

Êîêñòåðà òèïà Bn:

u u p p p pp pp ppp ppp pp pp pp p u uφ1 φ2 τφn−1 4

Ïóñòü In � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè n,

Q =


1 0 0

0 0 In

0 In 0

 ,

òîãäà O2n+1(Fp) = {A ∈ GL2n+1(Fp)|AtrQA = Q}. Ïîñêîëüêó èìååòñÿ êàíîíè÷åñêîå

âëîæåíèå ãðóïïû Sym2n â ãðóïïó ïîäñòàíîâî÷íûõ ìàòðèö ðàçìåðíîñòè 2n, ìû áó-

äåì îòîæäåñòâëÿòü ýòè ãðóïïû. Â ýòîì ñëó÷àå φ1, φ2, . . . , φn−1 ∈ N , è â êà÷åñòâå

ïðåäñòàâèòåëÿ ñìåæíîãî êëàññà, ñîîòâåòñòâóþùåãî ýëåìåíòó τ , âûáåðåì ýëåìåíò
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τ0 =



−1 0 0 0 0

0 In−1 0 0 0

0 0 0 0 1

0 0 0 In−1 0

0 0 1 0 0


.

Çàìå÷àíèå 2.4.5. Ïóñòü T � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð ãðóïïû G =

SO2n+1(Fp). Òîãäà T èìååò äîïîëíåíèå â NG(T ).

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî τ 20 = I è ýëåìåíòû τ0, τ äåéñòâóþò íà ýëåìåíòàõ

φ1, φ2, . . . , φn−1 îäèíàêîâî. Òàêèì îáðàçîì, H = ⟨φ1, φ2, . . . , φn−1, τ0⟩ ≃ Sln è H áóäåò

äîïîëíåíèåì äëÿ òîðà T â N .

Ïóñòü σ � îòîáðàæåíèå Ôðîáåíèóñà ãðóïïû G, σ : (ai,j) 7→ (aqi,j). Òîãäà G = Gσ

èçîìîðôíà ãðóïïå SO2n+1(q). Ãðóïïà SO2n+1(q) ñîäåðæèò åäèíñòâåííóþ ïîäãðóïïó

èíäåêñà 2 (ñì. [15, 22.9]), êîòîðàÿ îáîçíà÷àåòñÿ ÷åðåç Ω2n+1(q). Íàïîìíèì îïðåäåëå-

íèå ãðóïïû Ω2n+1(q) â òåðìèíàõ ñïèíîðíîé íîðìû (ñì. [36, �2.5]). Äëÿ áàçèñíûõ ýëå-

ìåíòîâ {x, e1, . . . , en, f1, . . . , fn} èìåþò ìåñòî ðàâåíñòâàQ(ei) = Q(fi) = 0, (ei, fj) = δij,

(ei, x) = (fi, x) = 0 äëÿ âñåõ i, j ∈ {1, . . . , n} è Q(x) ̸= 0. Äëÿ âñåõ íåâûðîæäåííûõ

âåêòîðîâ v ∈ V îòðàæåíèå rv çàäàåòñÿ ïî ôîðìóëå

yrv = y − (y, v)

Q(v)
v (y ∈ V ).

Ëþáîé ýëåìåíò g ∈ SO2n+1(q) ðàñêëàäûâàåòñÿ â ïðîèçâåäåíèå ÷åòíîãî ÷èñëà îòðà-

æåíèé g = rv1 . . . rvk , äëÿ íåêîòîðûõ íåâûðîæäåííûõ âåêòîðîâ v1, . . . , vk. Ñïèíîðíàÿ

íîðìà ýëåìåíòà g çàäàåòñÿ ñëåäóþùèì îáðàçîì:

θ(g) ≡
k∏
i=1

(vi, vi)(mod(F∗
q)

2) ∈ F∗/(F∗)2.

Òîãäà Ω2n+1(q) = ker(θ).

Ñëåäóþùèå äâà óòâåðæäåíèÿ äàþò êðèòåðèé ïðèíàäëåæíîñòè ýëåìåíòà ãðóïïå

Ω2n+1(q).
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Ïðåäëîæåíèå 2.4.6. [44, Ëåììà 8.4(i)] Ïðåäïîëîæèì, ÷òî q íå÷åòíî è g ∈ SO(V )

ñòàáèëèçèðóåò ìàêñèìàëüíîå âïîëíå ñèíãóëÿðíîå ïîäïðîñòðàíñòâî V0 ïðîñòðàí-

ñòâà V . Ïðåäïîëîæèì, ÷òî ëèáî n ÷åòíî è V èìååò òèï +, ëèáî n íå÷åòíî.

Òîãäà g ∈ Ω(V ), åñëè è òîëüêî åñëè det(g|V0) ∈ (F∗
q)

2.

Äàëåå, â ýòîì ðàçäåëå ÷åðåç V0 áóäåì îáîçíà÷àòü ìàêñèìàëüíîå âïîëíå ñèíãóëÿð-

íîå ïîäïðîñòðàíñòâî V0 = ⟨e1, . . . , en⟩.

Ïðåäëîæåíèå 2.4.7. Ïóñòü g ∈ SO2n+1(q) òàêîé, ÷òî

g(ej) = αfj, g(fj) = α−1ej, g(x) = −x, g(ei) = ei, g(fi) = fi,

äëÿ 1 ⩽ i ⩽ n, i ̸= j, α ∈ F∗
q. Òîãäà g ∈ Ω2n+1(q) åñëè, è òîëüêî åñëè (−α) ∈ (F∗

q)
2.

Äîêàçàòåëüñòâî. Íåïîñðåäñòâåííàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî g = rej−αfjrx. Òîãäà

θ(g) = (ej − αfj, ej − αfj)(x, x) = −2α2Q(x) = −4α ≡ −α (mod (F∗
q)

2).

Íàïîìíèì (ñì. ðàçäåë 2.2), ÷òî îòîáðàæåíèå σ äåéñòâóåò òðèâèàëüíî íà ãðóïïå

W ≃ Sln, ñëåäîâàòåëüíî, êëàññû σ-ñîïðÿæåííîñòè ñîâïàäàþò ñ îáû÷íûìè êëàññà-

ìè ñîïðÿæåííîñòè. Äâà ýëåìåíòà èç ãðóïïû Sln ñîïðÿæåíû òîãäà è òîëüêî òîãäà,

êîãäà îíè èìåþò îäèíàêîâûé öèêëè÷åñêèé òèï. Êàê è â ñëó÷àå ñèìïëåêòè÷åñêèõ

ãðóïï èìååì n = n′ + n′′, à {n1, . . . , nk} è {nk+1, . . . , nm} � ðàçáèåíèÿ ÷èñåë n′ è

n′′ ñîîòâåòñòâåííî. Öèêëè÷åñêèé òèï {−n1, . . . ,−nk, nk+1, . . . , nm} îáîçíà÷àåì ÷åðåç

(n1) . . . (nk)(nk+1) . . . (nm). Â êà÷åñòâå ñòàíäàðòíîãî ïðåäñòàâèòåëÿ ñ òàêèì öèêëè÷å-

ñêèì òèïîì âûáèðàåì ïîäñòàíîâêó

w = ϖ1 . . . ϖkωk+1 . . . ωm.

Ïðåäëîæåíèå 2.4.8. [2, Ïðåäëîæåíèå 4.1] Ïóñòü w � ñòàíäàðòíûé ïðåäñòàâè-

òåëü c öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm). Ïîëîæèì εi = −, åñëè i ⩽ k

è εi = + â ïðîòèâíîì ñëó÷àå. Ïóñòü T � ïîäãðóïïà ãðóïïû SO2n+1(Fp), ñîñòîÿùàÿ

èç âñåõ äèàãîíàëüíûõ ìàòðèö âèäà

bd(1, D1, D2, . . . , Dm, D
−1
1 , D−1

2 , . . . , D−1
m ),

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ) è λq
ni−εi1
i = 1. Òîãäà T σw = T .
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Ïóñòü 1 ⩽ i ⩽ m è ξi � ïðèìèòèâíûé êîðåíü èç åäèíèöû ñòåïåíè (qni − εi1) â Fp.

Îïðåäåëèì

zi = bd(1, I1, . . . , Ii−1, Di, Ii+1, . . . , Im, I1, . . . , Ii−1, D
−1
i , Ii+1, . . . , Im),

ãäå Di = diag(ξi, ξ
q
i , . . . , ξ

qni−1

i ). Ïîðÿäîê ýëåìåíòà zi ðàâåí q
ni − εi1 è T = ⟨z1⟩× ⟨z2⟩×

. . .× ⟨zm⟩.

Ïðåäëîæåíèå 2.4.9. [2, Ïðåäëîæåíèå 4.3] T ∩Op′(G) = {zk11 zk22 . . . zkmm |k1+k2+ . . .+

km ÷åòíî}g.

Íàïîìíèì òàêæå, ÷òî äëÿ îïèñàíèÿ ãðóïïû CW (w) ìû èñïîëüçóåì ñëåäóþùèå

ýëåìåíòû:

ω1 = (1, 2, . . . , n1)(−1,−2, . . . ,−n1);

ϖ1 = (1, 2, . . . , n1,−1,−2, . . . ,−n1);

τ1 = (1,−1)(2,−2) . . . (n1,−n1),

χ1 = (1, n1 + 1)(2, n1 + 2) . . . (n1, 2n1)(−1,−(n1 + 1))(−2,−(n1 + 2)) . . . (−n1,−2n1).

Ïóñòü t = n1 + . . .+ ni. Òîãäà àíàëîãè÷íî îïðåäåëÿþòñÿ ýëåìåíòû

ωi+1 = (t+ 1, . . . , t+ ni+1)(−(t+ 1), . . . ,−(t+ ni+1));

ϖi+1 = (t+ 1, . . . , t+ ni+1,−(t+ 1), . . . ,−(t+ ni+1));

τi+1 = (t+ 1,−(t+ 1)) . . . (t+ ni+1,−(t+ ni+1));

χi+1 = (t + 1, t + ni+1 + 1) . . . (t + ni+1, t + 2ni+1)(−(t + 1),−(t + ni+1 + 1)) . . . (−(t +

ni+1),−(t+ 2ni+1)).

(i) Ïóñòü w � ñòàíäàðòíûé ïðåäñòàâèòåëü c öèêëè÷åñêèì òèïîì (n1) . . . (nk) è

n1 = n2 = . . . = nk. Òîãäà

CW (w) = ⟨ϖi, χj|1 ⩽ i ⩽ k, 1 ⩽ j ⩽ k − 1⟩, CW (w) ≃ Z2n1 ≀ Symk .

(ii) Ïóñòü w � ñòàíäàðòíûé ïðåäñòàâèòåëü c öèêëè÷åñêèì òèïîì (n1) . . . (nk) è

n1 = n2 = . . . = nk. Òîãäà

CW (w) = ⟨ωi, τi, χj|1 ⩽ i ⩽ k, 1 ⩽ j ⩽ k − 1⟩, CW (w) ≃ (Zn1 × Z2) ≀ Symk .

(iii) Â îáùåì ñëó÷àå CW (w) èçîìîðôåí ïðÿìîìó ïðîèçâåäåíèþ ãðóïï èç (i)

è (ii). À èìåííî, ïóñòü w � ñòàíäàðòíûé ïðåäñòàâèòåëü c öèêëè÷åñêèì òèïîì
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(n1) . . . (nk)(nk+1) . . . (nm). Ìîæíî ñ÷èòàòü, ÷òî

n1 = . . . = nl1 < nl1+1 = . . . = nl1+l2 < . . .

Åñëè nk = nk+1 è k = l1 + . . . + ld−1 + j, òî ìû ïîëàãàåì ld = j, ÷òîáû ðàçëè÷àòü

ïîëîæèòåëüíûå è îòðèöàòåëüíûå öèêëû îäèíàêîâîé äëèíû. Òàêèì îáðàçîì, èìååì

n1 = . . . = nl1 < nl1+1 = . . . = nl1+l2 < . . . < nl1+...+lr−1+1 = . . . = nl1+...+lr ,

è CW (w) ≃ H−H+, ãäå

H− ≃ (Z2nl1
≀ Syml1)× . . .× (Z2nl1+...+ld

≀ Symld
),

H+ ≃ ((Znl1+...+ld+1
× Z2) ≀ Symld+1

)× . . .× ((Znl1+...+lr
× Z2) ≀ Symlr).

Äîêàæåì òåõíè÷åñêèå ëåììû, êîòîðûå ïîíàäîáÿòñÿ äëÿ äàëüíåéøèõ äîêàçà-

òåëüñòâ. Íà ïðîòÿæåíèè ýòîãî ðàçäåëà πi ∈ {ωi, ϖi, τi}.

Ëåììà 2.4.10. Ïóñòü {n1, n2} � ðàçáèåíèå ÷èñëà n è q íå÷åòíî. Ïóñòü x1 = Dπ1 =

bd(D1, D2, D
−1
1 , D−1

2 )π1, x2 = D′π2 = bd(D′
1, D

′
2, (D

′
1)

−1, (D′
2)

−1)π2, ãäå

Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ), D′
i = diag(µi, µ

q
i , . . . , µ

qni−1

i ), i ∈ {1, 2}. Ïóñòü Di =

bd(Di, D
−1
i ), D′

i = bd(D′
i, (D

′
i)
−1). Åñëè x1x2 = εx2x1, òî Dπ2

2 = εD2, (D′
1)
π1 = εD′

1.

Äîêàçàòåëüñòâî. Ïîñêîëüêó x1x2 = εx2x1, èìååì

Dπ1D
′π2 = εD′π2Dπ1, Dπ1D

′ = εD′(Dπ1)
π−1
2 = εD′Dπ−1

2 π1, D(D′)π
−1
1 = εD′Dπ−1

2 .

Ñëåäîâàòåëüíî,  D1(D′
1)
π−1
1 = εD′

1D1 = D1εD′
1

D2D′
2 = εD′

2D
π−1
2

2 = εDπ−1
2

2 D′
2

Ïîëó÷àåì, ÷òî (D′
1)
π1 = εD′

1 è Dπ2
2 = εD2.

Ëåììà 2.4.11. Ïðåäïîëîæèì, ÷òî π2 = ω2 â óñëîâèÿõ ëåììû 2.4.10.

(1) Åñëè x1x2 = x2x1, òî λ2 = λq2, òî åñòü D2 � ñêàëÿðíàÿ ìàòðèöà.

(2) Åñëè x1x2 = −x2x1, òî λq−1
2 = −1 è n2 ÷åòíî.
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Äîêàçàòåëüñòâî. (1) Èç ëåììû 2.4.10 ïîëó÷àåì ðàâåíñòâî Dω2
2 = D2, êîòîðîå ðàâíî-

ñèëüíî Dω2
2 = D2.

(2) Èç ëåììû 2.4.10 ïîëó÷àåì ðàâåíñòâî Dω2
2 = −D2, êîòîðîå ðàâíîñèëüíî D

ω2
2 =

−D2. Èç ïîñëåäíåãî ðàâåíñòâà èìååì

λ2 = −λq
n1−1

2

λq2 = −λ2
...

λq
n2−1

2 = −λq
n2−2

2

Ñëåäîâàòåëüíî, λq−1
2 = −1 è λ2 = −λq

n2−1

2 = (−1)2λq
n2−2

2 = . . . = (−1)n2λ2. Òîãäà

ïîëó÷àåì 1 = (−1)n2 è n2 äîëæíî áûòü ÷åòíûì.

Ëåììà 2.4.12. Ïðåäïîëîæèì, ÷òî π2 = ϖ2 â óñëîâèÿõ ëåììû 2.4.10.

(1) Åñëè x1x2 = x2x1, òî λ
2
2 = 1. Â ÷àñòíîñòè, D2 � ñêàëÿðíàÿ ìàòðèöà.

(2) Åñëè x1x2 = −x2x1, òî λ22 = −1 è n2 íå÷åòíî. Áîëåå òîãî, åñëè n2 > 1, òî

λq−1
2 = −1.

Äîêàçàòåëüñòâî. (1) Èç ëåììû 2.4.10 ñëåäóåò, ÷òî Dϖ2
2 = D2. Òîãäà âñå äèàãîíàëü-

íûå ýëåìåíòû ìàòðèöû D2, D
−1
2 ñîâïàäàþò. Â ÷àñòíîñòè, λ2 = λ−1

2 è λ22 = 1.

(2) Èç ëåììû 2.4.10 ñëåäóåò ðàâåíñòâî D2 = −Dϖ2
2 , êîòîðîå ðàâíîñèëüíî

λ2 = −λ−q
n2−1

2

λq2 = −λ2
...

λq
n2−1

2 = −λq
n2−2

2

λ−1
2 = −λq

n2−1

2

λ−q2 = −λ−1
2

...

λ−q
n2−1

2 = −λ−q
n2−2

2

Ñëåäîâàòåëüíî, åñëè n2 > 1, òî λq−1
2 = −1, λ−1

2 = −λq
n2−1

2 = (−1)2λq
n2−2

2 = . . . =

(−1)n2λ2 è ïîëó÷àåì, ÷òî λ22 = (−1)n2 . Ïîñêîëüêó (q − 1) ÷åòíî, òî n2 äîëæíî áûòü

íå÷åòíûì è λ22 = −1.
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Åñëè n2 = 1, òî èìååì λ−1
2 = −λ2 è λ22 = −1.

Ëåììà 2.4.13. Ïðåäïîëîæèì, ÷òî π2 = τ2 â óñëîâèÿõ ëåììû 2.4.10.

(1) Åñëè x1x2 = x2x1, òî λ
2
2 = 1,. Â ÷àñòíîñòè, D2 � ñêàëÿðíàÿ ìàòðèöà.

(2) Åñëè x1x2 = −x2x1, òî λ22 = −1.

Äîêàçàòåëüñòâî. (1) Èç ëåììû 2.4.10 ñëåäóåò ðàâåíñòâî Dτ2
2 = D2, êîòîðîå ýêâèâà-

ëåíòíî D−1
2 = D2. Ñëåäîâàòåëüíî, λ

−1
2 = λ2 è λ

2
2 = 1.

(2) Èç ëåììû 2.4.10 ñëåäóåò ðàâåíñòâî Dτ2
2 = −D2, êîòîðîå ðàâíîñèëüíî D

−1
2 = −D2.

Ñëåäîâàòåëüíî, λ−1
2 = −λ2 è λ22 = −1.

Ëåììà 2.4.14. Ïóñòü {n1, n2, . . . , nm} � ðàçáèåíèå ÷èñëà n, m ⩾ 3, n2 =

n3. Ïóñòü x1 = Dπ1 = bd(D1, . . . , Dm, D
−1
1 , . . . , D−1

m )π1, x2 = D′χ2 =

bd(D′
1, . . . , D

′
m, (D

′
1)

−1, . . . , (D′
m)

−1)χ2, ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ), D′
i =

diag(µi, µ
q
i , . . . , µ

qni−1

i ). Åñëè x1x2 = εx2x1, òî D2 = εD3.

Äîêàçàòåëüñòâî. Ïóñòü D1 = bd(D1, D
−1
1 ), D′

1 = bd(D′
1, (D

′
1)

−1), D2,3 =

bd(D2, D3),D′
2,3 = bd(D′

2, D
′
3). Ïðèìåíÿÿ òå æå àðãóìåíòû, ÷òî è â ëåììå 2.4.10,

ïîëó÷àåì, ÷òî

D(D′)π
−1
1 = εD′Dχ−1

2 .

Â ÷àñòíîñòè, èìååì D2,3D′
2,3 = εD′

2,3D
χ−1
2

2,3 = εDχ−1
2

2,3 D′
2,3. Ñëåäîâàòåëüíî, D

χ2

2,3 = εD2,3,

òî åñòü D2 = εD3.

Ëåììà 2.4.15. Ïóñòü {n1, n2, . . . , nm} � ðàçáèåíèå ÷èñëà n, m ⩾ 3. Ïóñòü x1 =

bd(D1, . . . , Dm, D
−1
1 , . . . , D−1

m )π1, s2 = bd(D′
1, . . . , D

′
m, (D

′
1)

−1, . . . , (D′
m)

−1)π2, ãäå Di =

diag(λi, λ
q
i , . . . , λ

qni−1

i ), D′
i = diag(µi, µ

q
i , . . . , µ

qni−1

i ). Åñëè x1x2 = εx2x1, òî ε = 1,

Dπ2
2 = D2, (D′

1)
π1 = D′

1.

Äîêàçàòåëüñòâî. Ïîñêîëüêó x1x2 = εx2x1 è m ⩾ 3, òî èìååì DmD
′
m = εD′

mDm è ε =

1. Îñòàâøèåñÿ ðàâåíñòâà ïîëó÷àþòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2.4.10.

Ëåììà 2.4.16. Ïóñòü {n1, n2} � ðàçáèåíèå ÷èñëà n. Ïóñòü D =

bd(D1, D2, D
−1
1 , D−1

2 ), ãäå D1 = diag(λ1, λ
q
1, . . . , λ

qn1−1

1 ), D2 = diag(µ1, µ2, . . . , µn2).
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(1) Ïóñòü s = Dω1. Òîãäà s
n1 = εI, åñëè è òîëüêî åñëè λ

qn1−1
q−1

1 = µn1
1 = µn1

2 = . . . =

µn1
n2

= ε.

(2) Ïóñòü t = Dϖ1. Òîãäà t
2n1 = εI, åñëè è òîëüêî åñëè µ2n1

1 = µ2n1
2 = . . . = µ2n1

n2
=

ε = 1.

(3) Ïóñòü u = Dτ1. Òîãäà u
2 = εI, åñëè è òîëüêî åñëè µ2

1 = µ2
2 = . . . = µ2

n2
= ε = 1.

Äîêàçàòåëüñòâî. Ïóñòü πl1 = I, òîãäà

(Dπ1)
l = DDπ−1

1 Dπ−2
1 . . . Dπ

−(l−1)
1 πl1 = DDπl−1

1 Dπl−2
1 . . . Dπ1 = DDπ1Dπ2

1 . . . Dπl−1
1 (2.1)

(1) Ïîñêîëüêó ωn1
1 = I è λ1λ

q
1 . . . λ

qn1−1

1 = λ
qn1−1
q−1

1 , òî èç ðàâåíñòâà 2.1 ïîëó÷àåì, ÷òî

sn1 = (Dω1)
n1 = bd(λ

qn1−1
q−1

1 I1, D
n1
2 , λ

− qn1−1
q−1

1 I1, D
−n1
2 ).

Ñëåäîâàòåëüíî, sn1 = εI òîãäà è òîëüêî òîãäà, êîãäà λ
qn1−1
q−1

1 = µn1
1 = µn1

2 = . . . = µn1
n2

=

ε.

(2) Ïîñêîëüêó ϖ2n1
1 = I, òî èç ðàâåíñòâà 2.1 ïîëó÷àåì

t2n1 = (Dϖ1)
2n1 = bd(I1, D

2n1
2 , I1, D

−2n1
2 ),

÷òî äîêàçûâàåò (2).

(3) Ïîñêîëüêó τ 21 = I, òî

u2 = (Dτ1)
2 = DDτ1 = bd(I1, D

2
2, I1, D

−2
2 )

è ïîëó÷àåì (3).

Ëåììà 2.4.17. Ïóñòü {n1, n2, n3} � ðàçáèåíèå ÷èñëà n, n1 = n2. Ïóñòü

v = Dχ1 = bd(D1, D2, D3, D
−1
1 , D−1

2 , D−1
3 )χ1, ãäå Di = diag(λi, λ

q
i , . . . , λ

qni−1

i ), i ∈ {1, 2},

D3 = diag(µ1, µ2, . . . , µn3). Òîãäà v
2 = εI, åñëè è òîëüêî åñëè D1D2 = εI1, µ

2
1 = µ2

2 =

. . . = µ2
n3

= ε.

Äîêàçàòåëüñòâî. v2 = (Dχ1)
2 = DDχ1 = bd(D1D2, D1D2, D

2
3, (D1D2)

−1, (D1D2)
−1, D−2

3 )

è ïîëó÷àåì òðåáóåìîå.

Ëåììà 2.4.18. Ïóñòü n ÷åòíî è q ≡ 3(mod 4). Ïóñòü λ, µ ∈ Fp, λq
n−1 = µq

n−1 = 1.
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(1) Åñëè λµq = εµλ−1 è µ
qn−1
q−1 ∈ (F∗

q)
2, òî λ

qn−1
q−1 = 1.

(2) Åñëè λµq = µλ−1 è µ
qn−1
q−1 /∈ (F∗

q)
2, òî λ

qn−1
q−1 = −1.

Äîêàçàòåëüñòâî. (1) Ïóñòü ξ � ïðèìèòèâíûé êîðåíü ñòåïåíè (qn − 1) èç åäèíèöû â

Fp, òîãäà µ = ξ2k äëÿ íåêîòîðîãî öåëîãî k è λ2 = εµ1−q = εξ2k(1−q). Òàê êàê q ≡ −1

(mod 4), òî

qn − 1

q − 1
= 1+q+. . .+qn−1 = 1+q1+. . .+q2l−2+q2l−1 ≡ 1+(−1)+. . .+1+(−1) ≡ 0 (mod 4)

Ñëåäîâàòåëüíî,

λ
qn−1
q−1 = (εξ2k(1−q))

qn−1
2(q−1) = ε

qn−1
2(q−1) ξ−k(q

n−1) = 1.

(2) Ïóñòü ξ � ïðèìèòèâíûé êîðåíü ñòåïåíè (qn− 1)èç åäèíèöû â Fp, òîãäà µ = ξ2k+1

äëÿ íåêîòîðîãî öåëîãî k è λ2 = µ1−q = ξ(2k+1)(1−q). Ñëåäîâàòåëüíî,

λ
qn−1
q−1 = (ξ(2k+1)(1−q))

qn−1
2(q−1) = ξ−

qn−1
2

(2k+1) = (−1)−(2k+1) = −1.

Ïåðåéäåì íåïîñðåäñòâåííî ê äîêàçàòåëüñòâó òåîðåìû 2.4.2. Ìàêñèìàëüíûé òîð

T èç ïðåäëîæåíèÿ 2.4.8 íàçûâàåòñÿ ìàêñèìàëüíûì òîðîì, ñîîòâåòñòâóþùèì ýëå-

ìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm). Íàïîìíèì, ÷òî ðàçáèåíèå

÷èñëà n, óïîðÿäî÷åíî ñëåäóþùèì îáðàçîì

n1 = . . . = nl1 < nl1+1 = . . . = nl1+l2 < . . . < nl1+...+lr−1+1 = . . . = nl1+...+lr .

×åðåç Π êàê è ðàíåå îáîçíà÷àåòñÿ ìíîæåñòâî

Π = {1, . . . , l1 − 1; l1 + 1, . . . , l1 + l2 − 1; . . . ; l1 + . . .+ lr−1 + 1, . . . , l1 + . . .+ lr − 1}.

Ëåììà 2.4.19. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω2n+1(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm). Ïóñòü q ≡ 3

(mod 4) è ai ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ r. Åñëè ñóùåñòâóåò íå÷åòíîå ÷èñëî nf äëÿ

íåêîòîðîãî 1 ⩽ f ⩽ m, òî T íå èìååò äîïîëíåíèÿ â N .
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Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå è ïóñòü H � äîïîëíåíèå äëÿ òîðà T â

N . Ìîæíî ñ÷èòàòü, ÷òî f = 1. Ïîñêîëüêó n1 íå÷åòíî, òî l1 > 1 è χ1 ∈ CW (w).

Òàê êàê (ϖi)
ni = τi, òî τi ∈ CW (w) äëÿ âñåõ 1 ⩽ i ⩽ m. Ïóñòü vi, uj � ïðîîáðàçû

ýëåìåíòîâ χi, τj â ãðóïïå H, ãäå i ∈ Π, 1 ⩽ j ⩽ m. Òîãäà ýëåìåíò v1 èìååò âèä

v1 = bd(1, D,D−1)χ1, ãäå

D = bd(D1, . . . , Dl1 , Dl1+1, . . . , Dl1+l2 , . . . , Dl1+...+lr−1+1, . . . , Dl1+...+lr),

äëÿ íåêîòîðûõ äèàãîíàëüíûõ ìàòðèö Di. Ïîñêîëüêó H ÿâëÿåòñÿ äîïîëíåíèåì äëÿ

T , òî äîëæíû âûïîëíÿòüñÿ ñîîòíîøåíèÿ v1vi = viv1 äëÿ âñåõ i ∈ Π, i > 2. Ïî ëåì-

ìå 2.4.14 èìååì

D3 = . . . = Dl1 , Dl1+1 = Dl1+2 = . . . = Dl1+l2 , . . . , Dl1+...+lr−1+1 = . . . = Dl1+...+lr .

Äàëåå, ðàâåíñòâà v1uj = ujv1 äîëæíû âûïîëíÿòüñÿ äëÿ âñåõ 3 ⩽ j ⩽ m. Ïî ïóíêòó

(1) ëåììû 2.4.13 ïîëó÷àåì, ÷òî Dj ÿâëÿåòñÿ ñêàëÿðíîé ìàòðèöåé äëÿ âñåõ 3 ⩽ j ⩽ m.

Ñëåäîâàòåëüíî,

bd(D3, . . . , Dl1) = λ1I, . . . , bd(Dl1+...+lr−1+1, . . . , Dl1+...+lr) = λrI.

Òàê êàê v21 = I, òî èç ëåììû 2.4.17 ïîëó÷àåì ðàâåíñòâà D1D2 = I1, λ
2
1 = . . . = λ2r = 1.

Òàêèì îáðàçîì,

det(v1|V0) = det(D) det(χ1|V0) = det(D1D2)λ
n1(l1−2)
1 λn2l2

2 . . . λnrlr
r (−1)n1 = −1.

Ïîñêîëüêó q ≡ 3 (mod 4), òî det(v1|V0) /∈ (F∗
q)

2 è â ñèëó ïóíêòà (i) ïðåäëîæåíèÿ 2.4.6

ïîëó÷àåì v1 /∈ Ω2n+1(q), ÷òî ïðèâîäèò ê ïðîòèâîðå÷èþ.

Ëåììà 2.4.20. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω2n+1(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm). Ïóñòü q ≡ 3

(mod 4), ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ m è m > k. Òîãäà òîð T íå èìååò äîïîëíåíèÿ â

N .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå è ïóñòü H � äîïîëíåíèå äëÿ òîðà T â

N . Ïîñêîëüêó (ϖi)
ni = τi, òî τi ∈ CW (w) äëÿ âñåõ 1 ⩽ i ⩽ m. Ïóñòü sk+1 � ïðîîáðàç
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ýëåìåíòà ωk+1 â H è ui � ïðîîáðàç ýëåìåíòà τi â H, ãäå 1 ⩽ i ⩽ m. Òîãäà ýëåìåíò

sk+1 èìååò âèä

sk+1 = bd(1, D1, . . . , Dm, D
−1
1 , . . . , D−1

m )ωk+1,

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ). Òàê êàê H ÿâëÿåòñÿ äîïîëíåíèåì äëÿ T , òî äîëæíû

âûïîëíÿòüñÿ ñëåäóþùèå ñîîòíîøåíèÿ

s
nk+1

k+1 = I, sk+1ui = uisk+1, äëÿ âñåõ 1 ⩽ i ⩽ m.

Èç ïóíêòà (1) ëåììû 2.4.13 ñëåäóåò, ÷òî Di = λiI, λ
2
i = 1 äëÿ 1 ⩽ i ⩽ m, i ̸= k + 1.

Ïîñêîëüêó s
nk+1

k+1 = I, òî ïóíêò (1) ëåììû 2.4.16 âëå÷åò det(Dk+1) = 1. Òàêèì îáðàçîì,

det(sk+1|V0) = det(D1) det(D2) . . . det(Dm) det(ωk+1|V0) =

λn1
1 . . . λ

nk−1

k−1 λ
nk+1

k+1 . . . λ
nm
m (−1)nk+1−1 = −1.

Òàê êàê q ≡ 3 (mod 4), òî det(sk+1|V0) /∈ (F∗
q)

2 è â ñèëó ïóíêòà (i) ïðåäëîæåíèÿ 2.4.6

ïîëó÷àåì sk+1 /∈ Ω2n+1(q), ÷òî ïðèâîäèò ê ïðîòèâîðå÷èþ.

Ëåììà 2.4.21. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω2n+1(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk).

(1) Åñëè q ≡ 1 (mod 4), òî òîð T èìååò äîïîëíåíèå â N .

(2) Åñëè ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ r, òî òîð T èìååò äîïîëíåíèå â N .

(3) Åñëè q ≡ 3 (mod 4) è ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ k, òî òîð T èìååò äîïîëíåíèå

â N .

Äîêàçàòåëüñòâî. Äëÿ âñåõ 1 ⩽ i ⩽ k îïðåäåëèì

ti =

bd(−1, In, In)ϖi åñëè bd(−1, In, In)ϖi ∈ Ω2n+1(q)

zi bd(−1, In, In)ϖi åñëè bd(−1, In, In)ϖi /∈ Ω2n+1(q)

,

ãäå zi /∈ Ω2n+1(q) ñîãëàñíî ïðåäëîæåíèþ 2.4.9.Òîãäà ti ∈ Ω2n+1(q) è â ñèëó ïóíêòà (2)

ëåììû 2.4.16 ïîëó÷àåì, ÷òî t2ni
i = I. Î÷åâèäíî, ÷òî titj = tjti äëÿ âñåõ 1 ⩽ i, j ⩽ k.

Òàêèì îáðàçîì, ⟨t1, t2 . . . , tk⟩ ≃ Z2n1 ×Z2n2 × . . .×Z2nk
. Ïóñòü vi = χi, ãäå i ∈ Π. Òîãäà

det(vi|V0) = sgn(χi) = (−1)ni . Ñëåäîâàòåëüíî, åñëè q ≡ 1 (mod 4) èëè ni ÷åòíû, òî ïî

ïóíêòó (i) ïðåäëîæåíèÿ 2.4.6 èìååì vi ∈ Ω2n+1(q).
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Ëåãêî ïðîâåðèòü, ÷òî tvii = ti+1 äëÿ âñåõ i ∈ Π. Òàêèì îáðàçîì, H−
1 =

⟨t1, . . . , tl1 , v1, . . . , vl1−1⟩ ≃ (Z2nl1
≀ Syml1). Àíàëîãè÷íî, ïîëó÷àåì

H−
j = ⟨tl1+...+lj−1+1, . . . , tl1+...+lj , vl1+...+lj−1+1, . . . , vl1+...+lj−1⟩ ≃ (Z2nl1+...+lj

≀ Symlj
)

äëÿ âñåõ 2 ⩽ j ⩽ r. Î÷åâèäíî, ÷òî ãðóïïû H−
i , H

−
j öåíòðàëèçóþò äðóã äðóãà ïðè

i ̸= j. Ñëåäîâàòåëüíî, H− = H−
1 × . . .×H−

r ≃ CW (w).

(1), (3) Êàê áûëî îòìå÷åíî âûøå, åñëè q ≡ 1 (mod 4) èëè âñå ni ÷åòíû, òî vi ∈

Ω2n+1(q) è H
− ⩽ Ω2n+1(q). Ñëåäîâàòåëüíî, ãðóïïà H

− ÿâëÿåòñÿ äîïîëíåíèåì äëÿ T

â N .

(2) Ìîæíî ñ÷èòàòü, ÷òî q ≡ 3 (mod 4) è i = 1, òî åñòü n1l1 íå÷åòíî. Ïóñòü

v0 = bd(1,−I, I,−I, I),

ãäå −I � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè n1l1 è I � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè

n− n1l1. Òîãäà det(v0|V0) = −1 /∈ (F∗
q)

2 è v0 /∈ Ω2n+1(q). Äëÿ âñåõ j ∈ Π îïðåäåëèì

ṽj =

vj if vj ∈ Ω2n+1(q)

v0vj if vj /∈ Ω2n+1(q)

.

Òîãäà ṽj ∈ Ω2n+1(q) è ṽ2j = I. Áîëåå òîãî, ëèáî (ṽj ṽj+1)
3 = (χjχj+1)

3 = I, ëèáî

(ṽj ṽj+1)
3 = (v0χjv0χj+1)

3 = (χjχj+1)
3 = I. Ñëåäîâàòåëüíî, ⟨v1, . . . , vl1−1⟩ ≃ Syml1 , è

ïîñêîëüêó v0 öåíòðàëèçóåò H−, òî ïîëó÷àåì H̃− = ⟨t1, . . . , tk, ṽj|j ∈ Π⟩ ≃ CW (w).

Òàêèì îáðàçîì, H̃− � äîïîëíåíèå äëÿ òîðà T â N .

Ëåììà 2.4.22. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω2n+1(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk).

(1) Åñëè q ≡ 1 (mod 4), òî T èìååò äîïîëíåíèå â N .

(2) Åñëè ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ r, òî T èìååò äîïîëíåíèå â N .

Äîêàçàòåëüñòâî. (1) Îïðåäåëèì si = ωi, ui = bd((−1)ni , In, In)τi äëÿ 1 ⩽ i ⩽ k è

vj = χj äëÿ j ∈ Π. Ïîñêîëüêó q ≡ 1 (mod 4), òî

det(si|V0) = sgn(ωi) = (−1)ni−1 ∈ (F∗
q)

2, det(vj|V0) = sgn(χj) = (−1)nj ∈ (F∗
q)

2.
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Ïîýòîìó si, vj ∈ Ω2n+1(q) è ui ∈ Ω2n+1(q) â ñèëó ïðåäëîæåíèÿ 2.4.6. Òàêèì îáðàçîì,

ïîëó÷àåì H+ = ⟨si, ui, vj|1 ⩽ i ⩽ k, j ∈ Π⟩ ≃ CW (w), òî åñòü H+ ÿâëÿåòñÿ äîïîëíåíè-

åì äëÿ T â N .

(2) Ìîæíî ñ÷èòàòü, ÷òî q ≡ 3 (mod 4) è i = 1, òî åñòü n1l1 íå÷åòíî. Îïðåäåëèì

v0 = bd(1,−I, I,−I, I),

ãäå −I � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè n1l1 è I � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè

n − n1l1. Òîãäà det(v0|V0) = −1 /∈ (F∗
q)

2 è v0 /∈ Ω2n+1(q). Îïðåäåëèì ãðóïïó H+ =

⟨si, ui, vj|1 ⩽ i ⩽ k, j ∈ Π⟩ ≃ CW (w) òàêæå êàê â ïóíêòå (1). ßñíî, ÷òî v0 öåíòðàëèçóåò

ãðóïïó H+. Äëÿ âñåõ 1 ⩽ i ⩽ k ïîëîæèì

s̃i =

si åñëè ni íå÷åòíî

v0si åñëè ni ÷åòíî

Òàê êàê det(si|V0) = (−1)ni−1, òî s̃i ∈ Ω2n+1(q), è ïîñêîëüêó v20 = I, òî èìååì s̃ni
i = I.

Äëÿ j ∈ Π ïîëîæèì

ṽj =

vj åñëè vj ∈ Ω2n+1(q)

v0vj åñëè vj /∈ Ω2n+1(q)

.

Òîãäà ṽj ∈ Ω2n+1(q), ṽ
2
j = I. Íàêîíåö, îïðåäåëèì

ũi =

bd((−1)ni , In, In)τi åñëè ni ÷åòíî

v0 bd((−1)ni , In, In)τi åñëè ni íå÷åòíî

Â ñèëó ïðåäëîæåíèÿ 2.4.6 ñïèíîðíàÿ íîðìà θ(bd((−1)ni , In, In)τi) = (−1)ni , ïîýòîìó

θ(ũi) = 1 è ũi ∈ Ω2n+1(q). Òàê êàê v0 öåíòðàëèçóåò ãðóïïó H
+, ïîëó÷àåì, ÷òî H̃+ =

⟨s̃i, ui, ṽj|1 ⩽ i ⩽ k, j ∈ Π⟩ ≃ H+. Òàêèì îáðàçîì, H̃+ áóäåò äîïîëíåíèåì äëÿ T â

N .

Ëåììà 2.4.23. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω2n+1(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm).

(1) Åñëè q ≡ 1 (mod 4), òî T èìååò äîïîëíåíèå â N .

(2) Åñëè ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ r, òî T èìååò äîïîëíåíèå â N .
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Äîêàçàòåëüñòâî. (1) Ïðèìåíÿÿ ðàññóæäåíèÿ èç ïóíêòà (1) ëåìì 2.4.21 è 2.4.22, ìû

ïîñòðîèì ãðóïïó H = H−H+, êîòîðàÿ ÿâëÿåòñÿ äîïîëíåíèåì äëÿ òîðà T â N .

(2) Ïðèìåíÿÿ ðàññóæäåíèÿ èç ïóíêòà (2) ëåìì 2.4.21 è 2.4.22, ìû ïîñòðîèì ãðóïïó

H̃ = H̃−H̃+, êîòîðàÿ ÿâëÿåòñÿ äîïîëíåíèåì äëÿ òîðà T â N .

Òåîðåìà 2.4.2 ñëåäóåò èç ëåìì 2.4.19-2.4.23.

Îðòîãîíàëüíûå ãðóïïû ÷åòíîé ðàçìåðíîñòè.

Äëÿ íàñ áóäåò óäîáíî ðàññìàòðèâàòü ãðóïïó SO2n(Fp) êàê ïîäãðóïïó â ãðóïïå

SO2n+1(Fp). Êàê è ðàíåå, G = SO2n+1(Fp, Q), Q(v) = x20 + x1x−1 + . . . + xnx−n è

{x, e1, . . . , en, f1, . . . , fn}� áàçèñ ïðîñòðàíñòâà V , ñîîòâåòñòâóþùèé ôîðìåQ. Íóìåðó-

åì ñòðîêè è ñòîëáöû ìàòðèö èç G â ïîðÿäêå 0, 1, 2, . . . , n,−1,−2, . . . ,−n. Îïðåäåëèì

ãðóïïó H êàê ïîäãðóïïó â G = SO2n+1(Fp), ñîñòîÿùóþ èç âñåõ ìàòðèö âèäà bd(1, A),

ãäå A � ìàòðèöà ðàçìåðà 2n× 2n. Òîãäà H ≃ SO2n(Fp).

Ïîäãðóïïà T â ãðóïïå G, ñîñòîÿùàÿ èç âñåõ äèàãîíàëüíûõ ìàòðèö âèäà

bd(1, D,D−1), ÿâëÿåòñÿ ìàêñèìàëüíûì òîðîì ãðóïï G è H. Ãðóïïà Âåéëÿ WG ãðóï-

ïû G èçîìîðôíà ãðóïïå Sln, à ãðóïïà Âåéëÿ WH ãðóïïû H èçîìîðôíà ïîäãðóïïå

Sl+n ãðóïïû Sln, ñîñòîÿùåé èç ïîäñòàíîâîê, â ðàçëîæåíèå êîòîðûõ íà íåçàâèñèìûå

öèêëû âõîäèò ÷åòíîå êîëè÷åñòâî îòðèöàòåëüíûõ öèêëîâ.

Ïóñòü n0 = bd(−1, A0), ãäå A0 � ïîäñòàíîâî÷íàÿ ìàòðèöà, ñîîòâåòñòâóþùàÿ îò-

ðèöàòåëüíîìó öèêëó (n,−n). Òîãäà n0 ∈ NG(T ) è WG = WH ∪w0WH , ãäå w0 = π(n0).

Ïóñòü σ � îòîáðàæåíèå Ôðîáåíèóñà ãðóïïû G, σ : (ai,j) 7→ (aqi,j). Â ýòîì ñëó÷àå

G = Gσ ≃ SO2n+1(q) è H = Hσ ≃ SO+
2n(q). Ïîëîæèì σ1 = σ ◦ n0, ãäå n0 äåéñòâóåò

ñîïðÿæåíèåì íà ãðóïïå G. Òîãäà H1 = Hσ1 ≃ SO−
2n(q). Ãðóïïà SOε

2n(q) ñîäåðæèò

åäèíñòâåííóþ ïîäãðóïïó èíäåêñà 2, êîòîðàÿ îáîçíà÷àåòñÿ ÷åðåç Ωε
2n(q).

Êàê îòìå÷àëîñü âûøå, îòîáðàæåíèå σ äåéñòâóåò òðèâèàëüíî íàWG, à çíà÷èò êëàñ-

ñû σ-ñîïðÿæåííîñòè ñîâïàäàþò ñ îáû÷íûìè êëàññàìè ñîïðÿæåííîñòè. Äâà ýëåìåíòà

ãðóïïûWH ñîïðÿæåíû òîãäà è òîëüêî òîãäà, êîãäà èõ öèêëè÷åñêèå òèïû ñîâïàäàþò,

çà èñêëþ÷åíèåì ñëó÷àÿ, êîãäà âñå öèêëû ïîëîæèòåëüíû è èìåþò îäèíàêîâóþ äëèíó.

Â ïîñëåäíåì ñëó÷àå èìåþòñÿ äâà êëàññà ñîïðÿæåííîñòè äëÿ îäíîãî öèêëè÷åñêîãî

òèïà, îäíàêî ýòî íå âëèÿåò íà óòâåðæäåíèå.
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Ðàññìîòðèì êëàññû σ1-ñîïðÿæåííîñòè ãðóïïû WH . Ïî îïðåäåëåíèþ w1 è w2 èç

WH ÿâëÿþòñÿ σ1-ñîïðÿæåííûìè â WH , åñëè w1 = (w−1)σ1w2w äëÿ íåêîòîðîãî w èç

WH . Ïîñêîëüêó w
σ1 = w−1

0 ww0, ðàâåíñòâî w1 = (w−1)σ1w2w ýêâèâàëåíòíî ðàâåíñòâó

w0w1 = w−1w0w2w0. Òàêèì îáðàçîì, w1 è w2 ÿâëÿþòñÿ σ1-ñîïðÿæåííûìè â WH òîãäà

è òîëüêî òîãäà, êîãäà w0w1 è w0w2 ñîïðÿæåíû ýëåìåíòîì èçWH . Äëÿ óäîáñòâà áóäåì

ãîâîðèòü, ÷òî ìàêñèìàëüíûé òîð (T
g
)σ1 ãðóïïû H1, ãäå π(g

σg−1) = w, ñîîòâåòñòâóåò

íå ýëåìåíòó w, à ýëåìåíòó w0w. Êðîìå òîãî, êàê è äëÿ ãðóïïû H, áóäåì ðàññìàòðè-

âàòü íå êëàññ ñîïðÿæåííîñòè ýëåìåíòà w0w, à åãî öèêëè÷åñêèé òèï. Ìàêñèìàëüíûå

òîðû â ãðóïïàõ SO+
2n(q) è SO−

2n(q) â ñëó÷àå íå÷åòíîé õàðàêòåðèñòèêè èìåþò ñëåäóþ-

ùåå ñòðîåíèå.

Ïðåäëîæåíèå 2.4.24. [2, �4] Ïóñòü (T
g
)σ � ìàêñèìàëüíûé òîð ãðóïïû Hσ =

SO+
2n(q), ñîîòâåòñòâóþùèé ýëåìåíòó w ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì

(n1) . . . (nk)(nk+1) . . . (nm), ãäå k � ÷åòíî. Ïîëîæèì εi = −, åñëè i ⩽ k è εi = +

èíà÷å. Òîãäà T σn � ïîäãðóïïà â H, ñîñòîÿùàÿ èç âñåõ äèàãîíàëüíûõ ìàòðèö âèäà

bd(1, D1, D2, . . . , Dm, D
−1
1 , D−1

2 , . . . , D−1
m ),

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ) è λq
ni−εi1
i = 1.

Ïðåäëîæåíèå 2.4.25. [2, �4] Ïóñòü (T
g
)σ1 � ìàêñèìàëüíûé òîð ãðóïïû Hσ1 =

SO−
2n(q), ñîîòâåòñòâóþùèé ýëåìåíòó w0w ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì

(n1) . . . (nk)(nk+1) . . . (nm), ãäå k � íå÷åòíî. Ïîëîæèì εi = −, åñëè i ⩽ k è εi = +

èíà÷å. Òîãäà T σ1n � ïîäãðóïïà â H, ñîñòîÿùàÿ èç âñåõ äèàãîíàëüíûõ ìàòðèö âèäà

bd(1, D1, D2, . . . , Dm, D
−1
1 , D−1

2 , . . . , D−1
m ),

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ) è λq
ni−εi1
i = 1.

Ïåðåéäåì ê äîêàçàòåëüñòâó îñíîâíûõ ðåçóëüòàòîâ äëÿ îðòîãîíàëüíûõ ãðóïï ÷åò-

íîé ðàçìåðíîñòè.

Îïðåäåëèì ñëåäóþùèå ýëåìåíòû ãðóïïû Sl+n :

φ1 = (1, 2)(−1,−2), . . . , φn−1 = (n− 1, n)(−(n− 1),−n), ς = (n− 1,−(n− 1))(n,−n).
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Òîãäà Sl+n = ⟨φ1, φ2, . . . , φn−1, ς⟩. Êàê óïîìèíàëîñü ðàíåå, ìû îòîæäåñòâëÿåì ýëå-

ìåíòû èç ãðóïïû Sym2n ñ ìîíîìèàëüíûìè ìàòðèöàìè ðàçìåðíîñòè 2n. Â ýòîì ñëó-

÷àå, ëåãêî âèäåòü, ÷òî φ1, φ2, . . . , φn−1, ς ∈ H. Ñëåäîâàòåëüíî, ⟨φ1, φ2, . . . , φn−1, ς⟩ ⩽

NH(T ). Òàêèì îáðàçîì, ìû ïîëó÷èëè ñëåäóþùåå çàìå÷àíèå.

Çàìå÷àíèå 2.4.26. Ïóñòü T � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð ãðóïïû H =

SO2n(Fp). Òîãäà T èìååò äîïîëíåíèå â NH(T ).

Òåîðåìà 2.4.1 ñëåäóåò èç çàìå÷àíèé 2.4.5, 2.4.26.

Çàìå÷àíèå 2.4.27. Ïóñòü T � ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð ãðóïïû H =

SO2n(Fp) è T èìååò äîïîëíåíèå â NH(T ). Ïóñòü T̃ � ñîîòâåòñòâóþùèé ìàêñè-

ìàëüíûé σ-èíâàðèàíòíûé òîð ãðóïïû G̃ = PSO2n(Fp). Ïîñêîëüêó Z(H) ⩽ T , òî T̃

èìååò äîïîëíåíèå â Ñ . Òàêîå æå çàêëþ÷åíèå âåðíî äëÿ ãðóïï Ω+
2n(q) è PΩ+

2n(q).

Ïåðåéäåì íåïîñðåäñòâåííî ê äîêàçàòåëüñòâó òåîðåìû 2.4.3.

Ëåììà 2.4.28. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω+
2n(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm), ãäå k ÷åòíî (k

íå÷åòíî).

(1) Åñëè q ≡ 1 (mod 4), òî T èìååò äîïîëíåíèå â N .

(2) Åñëè ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ r, òî T èìååò äîïîëíåíèå â N .

(3) Åñëè q ≡ 3 (mod 4),m = k è ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ k, òî T èìååò

äîïîëíåíèå â N .

Äîêàçàòåëüñòâî. Ìû ðàññìàòðèâàåì ãðóïïó G êàê ïîäãðóïïó â Ω2n+1(q). Â ñèëó

ëåìì 2.4.21, 2.4.22, 2.4.23 ñóùåñòâóåò äîïîëíåíèå H ⩽ Ω2n+1(q) äëÿ òîðà T . Ãðóïïà

H ïîðîæäàåòñÿ íåêîòîðûìè ýëåìåíòàìè si, ti, ui, vi. Ýëåìåíòû si, vi èìåþò âèä

si = bd(1, Di, D
−1
i )ωi, vi = bd(1, Ti, T

−1
i )χi,

à ýëåìåíòû ti, ui èìåþò âèä

ti = bd(−1, Di, D
−1
i )ϖi, ui = bd((−1)ni , Ti, T

−1
i )τi.
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Ïîñêîëüêó ãðóïïà Âåéëÿ W ãðóïïû Ω+
2n(q) ðàâíà Sl+n , òî N/T ≃ CSl+n

(w), ãäå

w � ñòàíäàðòíûé ïðåäñòàâèòåëü ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm). Èç

îïðåäåëåíèÿ ãðóïïû Sl+n ñëåäóåò, ÷òî ëþáîé ýëåìåíò x ∈ H, ñîîòâåòñòâóþùèé íåêî-

òîðîìó ýëåìåíòó èç CSl+n
(w), èìååò âèä x = bd(1, D,D−1)φ äëÿ ïîäõîäÿùåãî φ ∈ Sl+n .

Ñëåäîâàòåëüíî, H ∩N áóäåò äîïîëíåíèåì äëÿ òîðà T â N .

Ëåììà 2.4.29. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω+
2n(q), ñîîòâåòñòâóþ-

ùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm), ãäå k ÷åòíî, T̃ �

îáðàç òîðà T â ãðóïïå G̃ = PΩ+
2n(q). Ïóñòü q ≡ 3 (mod 4), m ⩾ 5, ai ÷åòíî äëÿ âñåõ

1 ⩽ i ⩽ r. Åñëè íàéäåòñÿ íå÷åòíîå ÷èñëî nf äëÿ íåêîòîðîãî 1 ⩽ f ⩽ m, òî T̃ íå

èìååò äîïîëíåíèÿ â Ñ .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå è ïóñòü H̃ � äîïîëíåíèå äëÿ òîðà T̃ â

Ñ . Ïóñòü H � ïðîîáðàç ãðóïïû H̃ â N . Ìîæíî ñ÷èòàòü, ÷òî f = 1. Ïîñêîëüêó

(ϖi)
ni = τi, òî τi ∈ CSln(w) äëÿ âñåõ 1 ⩽ i ⩽ m.

Ñíà÷àëà äîêàæåì íàøó ëåììó êîãäà τi ∈ CW (w) äëÿ âñåõ 3 ⩽ i ⩽ m. Ïóñòü

vi, uj � ïðîîáðàçû ýëåìåíòîâ χi, τj â H, ãäå i ∈ Π, 3 ⩽ j ⩽ m. Òàê êàê n1 íå÷åòíî è

a1 ÷åòíî, òî χ1 ∈ CW (w). Òîãäà ýëåìåíò v1 èìååò âèä v1 = bd(1, D,D−1)χ1, ãäå

D = bd(D1, . . . , Dl1 , Dl1+1, . . . , Dl1+l2 , . . . , Dl1+...+lr−1+1, . . . , Dl1+...+lr),

äëÿ íåêîòîðûõ äèàãîíàëüíûõ ìàòðèö Di. Ïîñêîëüêó H̃ ÿâëÿåòñÿ äîïîëíåíèåì äëÿ

T̃ , òî v1vi = εiviv1 äëÿ i ∈ Π, i > 2. Ïî óñëîâèþ m ⩾ 5, ïîýòîìó εi = 1 è â ñèëó

ëåììû 2.4.14 ïîëó÷àåì

D3 = . . . = Dl1 , Dl1+1 = Dl1+2 = . . . = Dl1+l2 , . . . , Dl1+...+lr−1+1 = . . . = Dl1+...+lr .

Äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà v1uj = εjujv1 äëÿ âñåõ 3 ⩽ j ⩽ m. Ïîñêîëüêó

m ⩾ 5, òî εj = 1 è ïî ïóíêòó (1) ëåììû 2.4.11 ïîëó÷àåì λ2j = 1 è Dj � ñêàëÿðíàÿ

ìàòðèöà äëÿ 3 ⩽ j ⩽ m. Ñëåäîâàòåëüíî,

bd(D3, . . . , Dl1) = µ1I, bd(Dl1+1, . . . , Dl1+l2) = µ2I, . . . , bd(Dl1+...+lr−1+1, . . . , Dl1+...+lr) = µrI.

Òàê êàê v21 = εI, òî ïî ëåììå 2.4.17 ïîëó÷àåì D1D2 = εI1, µ
2
1 = . . . = µ2

r = ε.

Ïîñêîëüêó λ2j = 1, òî ε = 1. Òàêèì îáðàçîì,

det(v1|V0) = det(D) det(χ1|V0) = det(D1D2)µ
n1(l1−2)
1 µn2l2

2 . . . µnrlr
r (−1)n1 = −1.
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Íàêîíåö, èìååì det(v1|V0) /∈ (F∗
q)

2 è v1 /∈ Ω2n+1(q), ÷òî ïðèâîäèò ê ïðîòèâîðå÷èþ.

Ñëåäîâàòåëüíî, ìû äîêàçàëè ëåììó â ïðåäïîëîæåíèè, ÷òî τi ∈ CW (w) äëÿ 3 ⩽ i ⩽ m.

Ïîñêîëüêó n1 íå÷åòíî, òî τ1 /∈ W . Åñëè τj /∈ W äëÿ íåêîòîðîãî 3 ⩽ j ⩽ m, òî

τ1τj ∈ W. Â îáùåì ñëó÷àå îïðåäåëèì ýëåìåíòû uj ñëåäóþùèì îáðàçîì. Åñëè τj ∈ W ,

òî uj � ïðîîáðàç ýëåìåíòà τj â H è uj � ïðîîáðàç ýëåìåíòà τ1τj èíà÷å. Äàëåå, ìû

ìîæåì ïîâòîðèòü ðàññóæäåíèÿ ïðèâåäåííûå âûøå.

Ëåììà 2.4.30. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω+
2n(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1) . . . (nk)(nk+1) . . . (nm), ãäå k ÷åòíî è

T̃ � îáðàç òîðà T â G̃ = PΩ+
2n(q). Åñëè q ≡ 3 (mod 4), m ⩾ 3,m > k è ni ÷åòíû äëÿ

âñåõ 1 ⩽ i ⩽ m, òî T̃ íå èìååò äîïîëíåíèÿ â Ñ .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå è ïóñòü H̃ � äîïîëíåíèå äëÿ òîðà T̃ â Ñ .

Ïóñòü H � ïðîîáðàç ãðóïïû H̃ â N . Ïîñêîëüêó (ϖi)
ni = τi è ni ÷åòíî, òî τi ∈ CW (w)

äëÿ ëþáîãî 1 ⩽ i ⩽ m.

Ïóñòü sk+1 � ïðîîáðàç ýëåìåíòà ωk+1 â H è ui � ïðîîáðàç ýëåìåíòà τi â H äëÿ

1 ⩽ i ⩽ m. Òîãäà ýëåìåíò sk+1 èìååò âèä

sk+1 = bd(1, D1, . . . , Dm, D
−1
1 , . . . , D−1

m )ωk+1,

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ). Òàê êàê H̃ � äîïîëíåíèå äëÿ òîðà T̃ â Ñ , òî äîëæíû

âûïîëíÿòüñÿ ñëåäóþùèå ñîîòíîøåíèÿ

s
nk+1

k+1 = εI, sk+1ui = εiuisk+1, ãäå 1 ⩽ i ⩽ m.

Ïî ëåììå 2.4.15 èìååì εi = 1 äëÿ 1 ⩽ i ⩽ m è ïî ïóíêòó (1) ëåììû 2.4.13 ïîëó÷àåì,

÷òî Di = λiI, λ
2
i = 1 äëÿ 1 ⩽ i ⩽ m, i ̸= k + 1. Ïîñêîëüêó s

nk+1

k+1 = εI, òî â ñèëó

ëåììû 2.4.16(1) èìååì det(Dk+1) = λ
nk+1

i = ε ïðè 1 ⩽ i ⩽ m, i ̸= k+1. Òàê êàê λ2i = 1

è nk+1 ÷åòíî, òî ε = 1 = det(Dk+1). Òàêèì îáðàçîì,

det(sk+1|V0) = det(D1) . . . det(Dm) det(ωk+1|V0) = λn1
1 . . . λ

nk−1

k−1 λ
nk+1

k+1 . . . λ
nm
m (−1)nk+1−1 = −1.

Ïî óñëîâèþ q ≡ 3 (mod 4), ñëåäîâàòåëüíî, det(sk+1|V0) /∈ (F∗
q)

2 è sk+1 /∈ Ω2n+1(q).

Ïîëó÷åííîå ïðîòèâîðå÷èå çàâåðøàåò äîêàçàòåëüñòâî.
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Çàìå÷àíèå 2.4.31. Ëåììû 2.4.28, 2.4.29 è 2.4.30 íå çàâèñÿò îò ÷åòíîñòè k è

òàêæå âåðíû äëÿ ãðóïïû Ω−
2n(q). Äîñòàòî÷íî â ôîðìóëèðîâêàõ ëåìì çàìåíèòü

Ω+
2n(q) íà Ω−

2n(q), à ¾k ÷åòíî¿ � íà ¾k íå÷åòíî¿.

Ëåììà 2.4.32. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω+
2n(q), èìåþ-

ùèé îäèí èç ñëåäóþùèõ öèêëè÷åñêèõ òèïîâ (n1)(n2)(n3)(n4), (n1)(n2)(n3)(n4) èëè

(n1)(n2)(n3)(n4). Ïóñòü T̃ � îáðàç òîðà T â G̃ = PΩ+
2n(q). Åñëè q ≡ 3 (mod 4),

n1 = n2 íå÷åòíî, n3, n4 ÷åòíî, òî T̃ èìååò äîïîëíåíèå â Ñ .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå è ïóñòü H̃ � äîïîëíåíèå äëÿ òîðà T̃ â Ñ .

Ïóñòü H � ïðîîáðàç ãðóïïû H̃ â N . Ïîñêîëüêó n1 = n2, òî χ1 ∈ CW (w) è τ3, τ4 ∈ W

ïîòîìó, ÷òî n3, n4 ÷åòíû. Ïóñòü v1, u3, u4 � ïðîîáðàçû ýëåìåíòîâ χ1, τ3, τ4 â H. Òîãäà

ýëåìåíò v1 èìååò âèä

v1 = bd(1, D1, D2, D3, D4, D
−1
1 , D−1

2 , D−1
3 , D−1

4 )χ1,

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ). Òàê êàê H̃ ÿâëÿåòñÿ äîïîëíåíèåì äëÿ T̃ , òî èìååì

ðàâåíñòâà

v21 = εI, v1uj = εjvjv1.

Ïîñêîëüêó m = 4, òî εj = 1 è ëåììà 2.4.13 âëå÷åò λ23 = λ24 = 1. Â ñèëó ëåììû 2.4.17

èç ðàâåíñòâà v21 = εI ïîëó÷àåì D1D2 = εI1, λ
2
3 = λ24 = ε. Òàêèì îáðàçîì, ε = 1 è

det(v1|V0) = det(D1D2D3D4) det(χ1|V0) = det(D1D2)λ
n3
3 λ

n4
4 (−1)n1 = −1.

Ïî óñëîâèþ q ≡ 3 (mod 4), ïîýòîìó det(v1|V0) /∈ (F∗
q)

2 è v1 /∈ Ω2n+1(q); ïðîòèâîðå÷èå.

Ëåììà 2.4.33. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω+
2n(q), èìåþ-

ùèé îäèí èç ñëåäóþùèõ öèêëè÷åñêèõ òèïîâ (n1)(n2)(n3)(n4), (n1)(n2)(n3)(n4) èëè

(n1)(n2)(n3)(n4). Ïóñòü T̃ � îáðàç òîðà T â G̃ = PΩ+
2n(q). Åñëè q ≡ 3 (mod 4),

n1 = n2, n3 = n4 íå÷åòíû, òî T̃ èìååò äîïîëíåíèå â Ñ .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî òîð T èìååò öèêëè÷åñêèé òèï (n1)(n2)(n3)(n4).

Ñíà÷àëà ðàññìîòðèì ñëó÷àé n2 = n3. Ïîëîæèì H = ⟨σi, τi, χj|1 ⩽ i ⩽ 4, 1 ⩽ j ⩽ 3⟩,

òîãäà H ≃ CSln(w) ≃ (Zn1 × Z2) ≀ Sym4 è CW (w) ïîäãðóïïà èíäåêñà 2 â H.

Îïðåäåëèì si = ωi,
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u1 = bd(1, T1, T
−1
1 )τ1, u2 = bd(1, T2, T

−1
2 )τ2,

u3 = bd(1, T3, T
−1
3 )τ3, u4 = bd(1, T4, T

−1
4 )τ4,

ãäå

T1 = bd(−I1, I1, I3, I3), T2 = bd(I1,−I1, I3, I3),

T3 = bd(I1, I1,−I3, I3), T4 = bd(I1, I1, I3,−I3).

Òîãäà det(si|V0) = (−1)ni−1 = 1, òî åñòü si ∈ Ω2n+1(q) ïî ïðåäëîæåíèþ 2.4.6 è ui ∈

Ω2n+1(q) ïî ïðåäëîæåíèþ 2.4.7. Îïðåäåëèì

v1 = bd(1, D1, D
−1
1 )χ1, v2 = bd(1, D2, D

−1
2 )χ2, v3 = bd(1, D2, D

−1
2 )χ3,

ãäå D1 = bd(I1, I1,−I1, I1), D2 = bd(−I1, I1, I1, I1). Òîãäà θ(vj) = (−1)n1 sgn(χj) = 1

äëÿ 1 ⩽ j ⩽ 3 è ïî ëåììå 2.4.17 ïîëó÷àåì, ÷òî v21 = v22 = v23 = I. Íåïîñðåäñòâåííî

ïðîâåðÿåòñÿ, ÷òî

v1v3 = −v3v1, vv21 = vv12 , v
v3
2 = vv23 .

Ñëåäîâàòåëüíî, îáðàç ãðóïïû ⟨v1, v2, v3⟩ â G̃ èçîìîðôåí ãðóïïå Sym4. Î÷åâèäíî, ÷òî

ωi öåíòðàëèçóåò D1, D2 äëÿ âñåõ 1 ⩽ i ⩽ 4. Òàêèì îáðàçîì, äåéñòâèå ωi íà χj è íà vj

ñîâïàäàåò. Ïîëîæèì K = ⟨si, ui, vj|1 ⩽ i ⩽ 4, 1 ⩽ j ⩽ 3⟩ è H̃ � îáðàç ãðóïïû K ∩G â

G̃. Òîãäà H̃ ≃ CW (w) è H̃ áóäåò äîïîëíåíèåì äëÿ T̃ â Ñ .

Â ñëó÷àå n2 ̸= n3 èìååì CSln(w) ≃ ((Zn1×Z2)≀Sym2)×((Zn3×Z2)≀Sym2). Îïðåäåëèì

M = ⟨si, ui, v1, v3|1 ⩽ i ⩽ 4⟩ è H̃ � îáðàç ãðóïïû M ∩G â G̃. Òîãäà H̃ ≃ CW (w) è H̃

áóäåò äîïîëíåíèåì äëÿ T̃ â Ñ .

Óòâåðæäåíèå äëÿ öèêëè÷åñêèõ òèïîâ (n1)(n2)(n3)(n4), (n1)(n2)(n3)(n4) äîêàçûâà-

åòñÿ àíàëîãè÷íî.

Ëåììà 2.4.34. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω+
2n(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n) è T̃ � îáðàç òîðà T â G̃ = PΩ+
2n(q).

Åñëè q ≡ 3 (mod 4) è n = 2l ÷åòíî, òî T̃ íå èìååò äîïîëíåíèÿ â Ñ .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå è ïóñòü H̃ � äîïîëíåíèå äëÿ òîðà T̃ â Ñ .

Ïóñòü H � ïðîîáðàç ãðóïïû H̃ â N . Òàê êàê n ÷åòíî, òî τ1 ∈ Sl+n è CW (w) ≃ ⟨ω1, τ1⟩.

Ïóñòü s1, u1 � ïðîîáðàçû ýëåìåíòîâ ω1, τ1 â H ñîîòâåòñòâåííî. Òîãäà ýëåìåíòû s1, u1

èìåþò âèä
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s1 = diag(1, λ, λq, . . . , λq
n−1
, λ−1, λ−q, . . . , λ−q

n−1
)ω1,

u1 = diag(1, µ, µq, . . . , µq
n−1
, µ−1, µ−q, . . . , µ−qn−1

)τ1,

ãäå λq
n−1 = µq

n−1 = 1. Ïîñêîëüêó H̃ � äîïîëíåíèå äëÿ òîðà T̃ â Ñ , òî äîëæíû âû-

ïîëíÿòüñÿ ñëåäóþùèå ñîîòíîøåíèÿ sn1 = ε1I, s1u1 = εu1s1. Â ñèëó ëåììû 2.4.16(1)

ïåðâîå ðàâåíñòâî âëå÷åò λ
qn−1
q−1 = ε1. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî âòîðîå ðàâåí-

ñòâî ðàâíîñèëüíî ñîîòíîøåíèþ λµq = εµλ−1. Òàêèì îáðàçîì,

θ(s1) = det(s1|V0) = λ
qn−1
q−1 sgn(ω1|V0) = −λ

qn−1
q−1 = −ε1, θ(u1) = µ

qn−1
q−1 θ(τ1) = µ

qn−1
q−1 .

Ïîñêîëüêó s1, u1 ∈ Ω+
2n(q) è q ≡ 3 (mod 4), òî λ

qn−1
q−1 /∈ (F∗

q)
2 è µ

qn−1
q−1 ∈ (F∗

q)
2. Ñ äðóãîé

ñòîðîíû, ïî ïóíêòó (1) ëåììû 2.4.18 èìååì λ
qn−1
q−1 = 1, ÷òî ïðèâîäèò ê ïðîòèâîðå÷èþ.

Ëåììà 2.4.35. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω+
2n(q), ñîîòâåòñòâóþ-

ùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2) è T̃ � îáðàç òîðà T â G̃ = PΩ+
2n(q).

Åñëè q ≡ 3 (mod 4) è n1, n2 ÷åòíû, òî T̃ íå èìååò äîïîëíåíèÿ â Ñ .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå è ïóñòü H̃ � äîïîëíåíèå äëÿ òîðà T̃ â

Ñ . Ïóñòü H � ïðîîáðàç ãðóïïû H̃ â N . Ïîñêîëüêó n1, n2 ÷åòíû, òî τ1, τ2 ∈ CW (w) è

CW (w) ≃ ⟨ω1, τ1, ω2, τ2⟩. Ïóñòü s1, u1, u2 � ïðîîáðàçû ýëåìåíòîâ ω1, τ1, τ2 â H ñîîòâåò-

ñòâåííî. Òîãäà ýëåìåíòû s1, u1 èìåþò âèä

s1 = bd(1, D1, D2, D
−1
1 , D−1

2 )ω1, Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ),

u1 = bd(1, T1, T2, T
−1
1 , T−1

2 )τ1, Ti = diag(µi, µ
q
i , . . . , µ

qni−1

i ),

ãäå λq
ni−1
i = µq

ni−1
i = 1, i = 1, 2. Òàê êàê H̃ � äîïîëíåíèå äëÿ òîðà T̃ â Ñ , òî äîëæíû

âûïîëíÿòüñÿ ñëåäóþùèå ñîîòíîøåíèÿ

s1u1 = ε1u1s1, s1u2 = ε2u2s1, sn1
1 = ε3I, u21 = ε4I.

Ïåðâîå ðàâåíñòâî âëå÷åò D2T2 = ε1T2D2, òî åñòü ε1 = 1. Íåïîñðåäñòâåííî ïðîâåðÿ-

åòñÿ, ÷òî ðàâåíñòâî s1u1 = u1s1 ðàâíîñèëüíî λ1µ
q
1 = µ1λ

−1
1 . Èç ëåììû 2.4.13 ñëåäóåò,

÷òî âòîðîå ðàâåíñòâî âëå÷åò λ22 = ε2. Ñëåäîâàòåëüíî, D2 = diag(λ2, ε2λ2, . . . , λ2, ε2λ2).
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Ïî ïóíêòó (1) ëåììû 2.4.16 èç ðàâåíñòâà sn1
1 = ε3I ñëåäóåò, ÷òî λ

qn1−1
q−1

1 = ε3. Òàêèì îá-

ðàçîì, θ(s1) = det(D1) det(D2) sgn(ω1|V0) = λ
qn1−1
q−1

1 (λ22ε2)
n2/2(−1)n1−1 = −λ

qn1−1
q−1

1 = −ε3.

Ñîãëàñíî ëåììå 2.4.16(3) ðàâåíñòâî u21 = ε4I âëå÷åò µ
2
2 = 1. Ñëåäîâàòåëüíî, θ(u1) =

det(T1) det(T2)θ(τ1) = µ
qn1−1
q−1

1 µn2
2 = µ

qn1−1
q−1

1 .

Òàê êàê s1, u1 ∈ Ω+
2n(q) è q ≡ 3 (mod 4), òî λ

qn1−1
q−1

1 /∈ (F∗
q)

2 è µ
qn1−1
q−1

1 ∈ (F∗
q)

2.

Ñ äðóãîé ñòîðîíû, ïî ïóíêòó (1) ëåììû 2.4.18 èìååì λ
qn1−1
q−1

1 = 1, ÷òî ïðèâîäèò ê

ïðîòèâîðå÷èþ.

Ëåììà 2.4.36. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω+
2n(q), ñîîòâåòñòâóþ-

ùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2) è T̃ � îáðàç òîðà T â G̃ = PΩ+
2n(q).

Åñëè q ≡ 3 (mod 4) è n1 = n2 íå÷åòíî, òî T̃ èìååò äîïîëíåíèå â Ñ .

Äîêàçàòåëüñòâî. Ïîñêîëüêó n1 = n2 íå÷åòíî, òî τ1, τ2 /∈ W, è CW (w) ≃

⟨ω1, ω2, τ1τ2, χ1⟩. Ïîëîæèì

s1 = ω1, s2 = ω2, u = τ1τ2, v = bd(1,−I1, I1,−I1, I1)χ1.

Òîãäà èìååì θ(s1) = θ(s2) = (−1)n1−1 = 1, θ(u) = θ(τ1)θ(τ2) = (θ(τ1))
2 ∈ (F∗

q)
2. Áîëåå

òîãî, v2 = −I, θ(v) = det(−I1)θ(χ1) = (−1)n1(−1)n1 = 1. Òàêèì îáðàçîì, ⟨s1, s2, u, v⟩ ⩽

Ω+
2n(q). Îïðåäåëèì H = ⟨s1, s2, u, v⟩ è ïóñòü H̃ � îáðàç ãðóïïû H â PΩ+

2n(q). Òîãäà H̃

áóäåò äîïîëíåíèåì äëÿ òîðà T̃ â Ñ .

Ëåììà 2.4.37. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω+
2n(q), ñîîòâåòñòâóþ-

ùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2) è T̃ � îáðàç òîðà T â G̃ = PΩ+
2n(q).

Åñëè q ≡ 3 (mod 4) è n1 = n2 íå÷åòíî, òî T̃ èìååò äîïîëíåíèå â Ñ .

Äîêàçàòåëüñòâî. Â íàøåì ñëó÷àå CSln(w) ≃ ⟨ϖ1, ϖ2, χ1⟩ è CW (w) ÿâëÿåòñÿ ïîäãðóï-

ïîé èíäåêñà 2 â CSln(w). Ïîëîæèì v = bd(1,−I1, I1,−I1, I1)χ1 è

t1 = T1ϖ1, t2 = T2ϖ2, ãäå T1 = T2 = bd(−1,−I1, I1,−I1, I1).

Òîãäà ñïèíîðíàÿ íîðìà θ(ti) = det(−I1)θ(ϖi) = (−1)ni(−1)ni = 1 äëÿ i = 1, 2, à òàêæå

θ(v) = det(−I1)θ(χ1) = (−1)n1(−1)n1 = 1. Áîëåå òîãî, v2 = −I.
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Ïóñòü σ = (1,−1), òîãäà t1 = ω1σ è ïî ïðåäëîæåíèþ 2.4.7 èìååì θ(t1) =

θ(ω1)θ(σ) = 1. Ñëåäîâàòåëüíî, ⟨t1, t2, v⟩ ⩽ Ω2n+1(q) è ⟨t1, t2, v⟩ ∩ Sl+n ⩽ Ω+
2n(q). Îïðå-

äåëèì H = ⟨t1, t2, v⟩ ∩ Sl+n è ïóñòü H̃ � îáðàç ãðóïïû H â PΩ+
2n(q). Òîãäà H̃ áóäåò

äîïîëíåíèåì äëÿ òîðà T̃ â Ñ .

Ëåììà 2.4.38. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω+
2n(q), ñîîòâåòñòâó-

þùèì ýëåìåíòó w ñ öèêëè÷åñêèì òèïîì (n1)(n2)(n3) èëè (n1)(n2)(n3), è T̃ � îáðàç

òîðà T â G̃ = PΩ+
2n(q). Åñëè q ≡ 3 (mod 4), n1 = n2 = 2l + 1 íå÷åòíî, n3 ÷åòíî, òî

T̃ íå èìååò äîïîëíåíèÿ â Ñ .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå è ïóñòü H̃ � äîïîëíåíèå äëÿ òîðà T̃

â Ñ . Ïóñòü H � ïðîîáðàç ãðóïïû H̃ â N . Ïîñêîëüêó n3 ÷åòíî, òî τ3 ∈ W è

⟨ω3, τ3, χ1, τ1τ2⟩ ⩽ CW (w). Ïóñòü s3, u3, v1, t � ïðîîáðàçû ýëåìåíòîâ ω3, τ3, χ1, τ1τ2 â

H ñîîòâåòñòâåííî. Òîãäà ýëåìåíòû s3, u3, v1, t èìåþò âèä

s3 = bd(1, D1, D2, D3, D
−1
1 , D−1

2 , D−1
3 )ω3, Di = diag(λi, λ

q
i , . . . , λ

qni−1

i ),

u3 = bd(1, U1, U2, U3, U
−1
1 , U−1

2 , U−1
3 )τ3, Ui = diag(µi, µ

q
i , . . . , µ

qni−1

i ),

v1 = bd(1, V1, V2, V3, V
−1
1 , V −1

2 , V −1
3 )χ1, Vi = diag(βi, β

q
i , . . . , β

qni−1

i ),

t = bd(1, T1, T2, T3, T
−1
1 , T−1

2 , T−1
3 )τ1τ2, Ti = diag(αi, α

q
i , . . . , α

qni−1

i ),

ãäå 1 ⩽ i ⩽ 3.

(à) Ïîñêîëüêó H̃ ÿâëÿåòñÿ äîïîëíåíèåì äëÿ òîðà T̃ â Ñ , òî äîëæíû âûïîëíÿòüñÿ

ñëåäóþùèå ðàâåíñòâà

s3t = ε1ts3, s3v1 = ε2v1s3, s3u3 = ε3u3s3, sn3
3 = εI.

Ñîãëàñíî ëåììàì 2.4.11, 2.4.13 ðàâåíñòâî s3t = ε1ts3 âëå÷åò T
ω3
3 = ε1T3 è λ

2
1 = λ22 = ε1,

òî åñòü λ21 = λ22 = αq−1
3 = ε1 (∗). Ñîãëàñíî ëåììàì 2.4.11, 2.4.14 èç ðàâåíñòâà s3v1 =

ε2v1s3 ñëåäóåò, ÷òî D1 = ε2D2, β
q−1
3 = ε2 (∗∗). Ñëåäîâàòåëüíî,

D1 = diag(λ1, ε1λ1, . . . , λ1, ε1λ1, λ1), D2 = diag(ε2λ1, ε2ε1λ1, . . . , ε2λ1, ε2ε1λ1, ε2λ1).

Ðàâåíñòâî s3u3 = ε3u3s3 âëå÷åò D1U1 = ε3U1D1, òî åñòü ε3 = 1. Íåïîñðåäñòâåííàÿ

ïðîâåðêà ïîêàçûâàåò, ÷òî ðàâåíñòâî s3u3 = u3s3 ðàâíîñèëüíî λ3µ
q
3 = µ3λ

−1
3 . Â ñèëó
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ïóíêòà (1) ëåììû 2.4.16 ðàâåíñòâî sn3
3 = εI âëå÷åò λ

qn3−1
q−1

3 = λn3
1 = λn3

2 = ε. Òàêèì

îáðàçîì,

θ(s3) = det(D1D2D3) det(ω3|V0) = λ2l+1
1 εl1ε

2l+1
2 λ2l+1

1 εl1ε(−1) = −λ21ε2ε = −ε1ε2ε.

(á) Äëÿ ýëåìåíòà v1 äîëæíû âûïîëíÿòüñÿ ñëåäóþùèå ðàâåíñòâà

v1u3 = δ1u3v1, v21 = δI, ãäå δ1, δ ∈ {1,−1}.

Ñîãëàñíî ëåììàì 2.4.13, 2.4.14 ðàâåíñòâî v1u3 = δ1u3v1 âëå÷åò β
2
3 = δ1, U1 = δ1U2.

Ñëåäîâàòåëüíî, V3 = diag(β3, δ1β3, . . . , β3, δ1β3). Ïî ëåììå 2.4.17 èç ðàâåíñòâà v
2
1 = δI

ñëåäóåò, ÷òî V1V2 = δI1, β
2
3 = δ. Òàêèì îáðàçîì,

θ(v1) = det(V1V2) det(V3)θ(χ1) = δn1(β2
3δ1)

n3/2(−1)n1 = −δ.

Ïîñêîëüêó −1 /∈ (F∗
q)

2 è v1 ∈ Ω+
2n(q), òî δ = −1. Ñëåäîâàòåëüíî, β2

3 = δ1 = −1, U1 =

−U2 (∗∗∗). Èç ñîîòíîøåíèÿ (∗∗)ïîëó÷àåì, ÷òî βq−1
3 = ε2 = −1.

(â) Äëÿ ýëåìåíòà u3 äîëæíû âûïîëíÿòüñÿ ñëåäóþùèå ðàâåíñòâà

u3t = γ1tu3, u23 = γI, ãäå γ1, γ ∈ {1,−1}.

Èç ëåììû 2.4.13 ñëåäóåò, ÷òî µ2
1 = µ2

2 = α2
3 = γ1. Â ñèëó ïóíêòà (3) ëåììû 2.4.16

ðàâåíñòâî u23 = γI âëå÷åò µ2
1 = µ2

2 = 1. Ñëåäîâàòåëüíî, γ1 = 1 = α2
3 è ïî (∗) ïîëó÷àåì

ε1 = 1. Èç ñîîòíîøåíèÿ (∗∗∗) ñëåäóåò U1 = µ1I1, U2 = −µ1I1. Òàêèì îáðàçîì,

θ(u3) = det(U1U2U3)θ(τ3) = µ2l+1
1 (−µ1)

2l+1µ
qn3−1
q−1

3 = −µ
qn3−1
q−1

3 .

Ïîñêîëüêó −1 /∈ (F∗
q)

2 è u3 ∈ Ω+
2n(q), òî µ

qn3−1
q−1

3 /∈ (F∗
q)

2.

Íàêîíåö, θ(s3) = −ε1ε2ε = ε è λ
qn3−1
q−1

3 = ε = 1. Ïîýòîìó ìû èìååì ðàâåíñòâà

λ3µ
q
3 = µ3λ

−1
3 , µ

qn3−1
q−1

3 /∈ (F∗
q)

2, λ
qn3−1
q−1

3 = 1,

÷òî ïðîòèâîðå÷èò ïóíêòó (2) ëåììû 2.4.18.

Òåîðåìà 2.4.3 ñëåäóåò èç ëåìì 2.4.28-2.4.38 è çàìå÷àíèÿ 2.4.27.

Äåéñòâèòåëüíî, åñëè q ≡ 1 (mod 4) èëè ai íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ i ⩽ r,

òî ðåçóëüòàò ñëåäóåò èç ïóíêòîâ (1),(2) ëåììû 2.4.28 è çàìå÷àíèÿ 2.4.27. Ïîýòîìó

ìîæíî ñ÷èòàòü, ÷òî q ≡ 3 (mod 4) è ai ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ r.
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Ïóñòü m ⩾ 5. Åñëè íàéäåòñÿ íå÷åòíîå ÷èñëî nj äëÿ íåêîòîðîãî 1 ⩽ j ⩽ m, òî ìû

ïðèìåíÿåì ëåììó 2.4.29. Åñëè nj ÷åòíî äëÿ âñåõ 1 ⩽ j ⩽ m, òî ëèáî m > k è ìû â

óñëîâèÿõ ëåììû 2.4.30, ëèáî m = k è ðåçóëüòàò ñëåäóåò èç ïóíêòà (3) ëåììû 2.4.28

è çàìå÷àíèÿ 2.4.27.

Ïóñòü m = 4. Åñëè ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ 4, òî òî ìû ïðèìåíÿåì ëåì-

ìû 2.4.28(3) è 2.4.30. Ïðåäïîëîæèì, ÷òî nj íå÷åòíî äëÿ íåêîòîðîãî 1 ⩽ j ⩽ 4. Òàê

êàê ai ÷åòíî, òî ëèáî n1 = n2, n3 = n4 íå÷åòíû (ëåììà 2.4.33), ëèáî n1 = n2 íå÷åòíî,

à n3, n4 ÷åòíû (ëåììà 2.4.32).

Ïóñòü m = 3. Åñëè ni ÷åòíî äëÿ âñåõ 1 ⩽ i ⩽ 3, òî ìû â óñëîâèÿõ ëåììû 2.4.30.

Ïîñêîëüêó ai ÷åòíî, òî n1 = n2 íå÷åòíî, n3 ÷åòíî è ìû ïðèìåíÿåì ëåììó 2.4.38.

Ïóñòü m = 2. Ïîñêîëüêó ai ÷åòíî, òî ëèáî n1, n2 ÷åòíû è ðåçóëüòàò ñëåäóåò èç

ëåìì 2.4.28(3) è 2.4.35, ëèáî n1 = n2 íå÷åòíî è ðåçóëüòàò ñëåäóåò èç ëåìì 2.4.36

è 2.4.37.

Íàêîíåö, åñëè m = 1, òî n1 ÷åòíî è ìû ïðèìåíÿåì ëåììû 2.4.28(3) è 2.4.34.

Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû 2.4.4

Èç çàìå÷àíèÿ 2.4.31 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû ïðè m ⩾ 5, à òàêæå ïðè

q ≡ 1 (mod 4).

Ðàññìîòðèì ïîñëåäîâàòåëüíî âñå ñëó÷àè ñ m ⩽ 4 è íå÷åòíîì k.

Ïóñòü m = 4. Â äàííîì ñëó÷àå ýëåìåíò ãðóïïû Âåéëÿ èìååò îäèí èç äâóõ öèêëè-

÷åñêèõ òèïîâ:

(n1)(n2)(n3)(n4) èëè (n1)(n2)(n3)(n4).

Åñëè âñå ni ÷åòíû, òî ðåçóëüòàò ñëåäóåò èç ëåììû 2.4.30. Åñëè ñðåäè ÷èñåë

n1, n2, n3, n4 êîëè÷åñòâî íå÷åòíûõ íå ðàâíî äâóì, òî ðåçóëüòàò ñëåäóåò èç ïóíêòà

(2) ëåììû 2.4.28. Â ñëó÷àå êîãäà ñðåäè ÷èñåë n1, n2, n3, n4 èìååòñÿ äâà ðàçëè÷íûõ

íå÷åòíûõ ÷èñëà, ðåçóëüòàò òàêæå ñëåäóåò èç ïóíêòà (2) ëåììû 2.4.28.

Ëåììà 2.4.39. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω−
2n(q), ñîîòâåò-

ñòâóþùèé ýëåìåíòó w0w ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1)(n2)(n3)(n4) èëè

(n1)(n2)(n3)(n4). Ïóñòü T̃ è Ñ � îáðàçû T è N(G, T ) â ãðóïïå G̃ = PΩ−
2n(q) ñîîò-

âåòñòâåííî. Åñëè q ≡ 3 (mod 4), n1, n4 ÷åòíû, n2 = n3 íå÷åòíî, òî T̃ íå èìååò
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äîïîëíåíèÿ â Ñ .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî T̃ èìååò äîïîëíåíèå H̃ â Ñ . Ïóñòü H � ïðîîá-

ðàç ãðóïïû H̃ â N(G, T ). Ïîñêîëüêó n2 = n3, òî χ2 ∈ CW (w0w). Èç ÷åòíîñòè ÷èñåë

n1, n4 ïîëó÷àåì, ÷òî τ1, τ4 ∈ CW (w0w). Ïóñòü v2, u1, u4 � ïðîîáðàçû χ2, τ1, τ4 â H.

Òîãäà ýëåìåíò v2 èìååò âèä

v2 = bd(D1, D2, D3, D4, D
−1
1 , D−1

2 , D−1
3 , D−1

4 )χ2,

ãäå Di = diag(λi, λ
q
i , . . . , λ

qni−1

i ). Ïîñêîëüêó H̃ � äîïîëíåíèå äëÿ T̃ , òî äîëæíû âû-

ïîëíÿòüñÿ ðàâåíñòâà

v22 = εI, v2u1 = ε1u1v2, v2u4 = ε4u4v2, ãäå ε, ε1, ε4 ∈ {1,−1}.

Òàê êàê m = 4, òî ε1 = ε4 = 1 è â ñèëó 2.4.13 èìååì λ21 = λ24 = 1. Ïðèìåíÿÿ ëåì-

ìó 2.4.17 ê ðàâåíñòâó v22 = εI, ïîëó÷àåì, ÷òî D2D3 = εI1, λ
2
1 = λ24 = ε. Ñëåäîâàòåëüíî,

ε = 1 è

det(v2|V0) = det(D1D2D3D4) det(χ2|V0) = det(D2D3)λ
n1
1 λ

n4
4 (−1)n2 = −1.

Ïîñêîëüêó q ≡ 3 (mod 4), òî det(v2|V0) /∈ (F∗
q)

2 è v2 /∈ Ω−
2n(q), ïðîòèâîðå÷èå.

Ïóñòü m = 3. Â äàííîì ñëó÷àå ýëåìåíò ãðóïïû Âåéëÿ èìååò îäèí èç äâóõ öèêëè-

÷åñêèõ òèïîâ:

(n1)(n2)(n3) èëè (n1)(n2)(n3).

Â ñèëó ëåììû 2.4.30 è ïóíêòà (2) ëåììû 2.4.28 äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé n1 =

n2 íå÷åòíî, à n3 ÷åòíî.

Ëåììà 2.4.40. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω−
2n(q), ñîîòâåò-

ñòâóþùèé ýëåìåíòó w0w ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1)(n2)(n3) èëè

(n1)(n2)(n3). Ïóñòü T̃ è Ñ � îáðàçû T è N(G, T ) â ãðóïïå G̃ = PΩ−
2n(q) ñîîò-

âåòñòâåííî. Åñëè q ≡ 3 (mod 4), n1 = n2 íå÷åòíî, à n3 ÷åòíî, òî T̃ íå èìååò

äîïîëíåíèÿ â Ñ .



Ãëàâà 2. Íîðìàëèçàòîðû ìàêñèìàëüíûõ òîðîâ â êëàññè÷åñêèõ ãðóïïàõ 94

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî T̃ èìååò äîïîëíåíèå H̃ â Ñ . Ïóñòü H � ïðîîá-

ðàç ãðóïïû H̃ â N(G, T ). Ïîñêîëüêó ϖ3, τ1 /∈ W , òî ϖ3τ1 ∈ W è

⟨χ1, ϖ3τ1⟩ ⩽ CW (w0w).

Ïóñòü v è t � ïðîîáðàçû ýëåìåíòîâ χ1 è ϖ3τ1 â H ñîîòâåòñòâåííî. Òîãäà ýëåìåíòû

v, t èìåþò âèä

v = bd(D1, D2, D3, D
−1
1 , D−1

2 , D−1
3 )χ1, Di = diag(λi, λ

q
i , . . . , λ

qni−1

i ),

t = bd(U1, U2, U3, U
−1
1 , U−1

2 , U−1
3 )ϖ3τ1, Ui = diag(µi, µ

q
i , . . . , µ

qni−1

i ),

Ïîñêîëüêó H̃ � äîïîëíåíèå äëÿ T̃ , òî äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà

v2 = εI, vt = δtv, ãäå ε, δ ∈ {1,−1}.

Ïðèìåíÿÿ ëåììó 2.4.17 ê ðàâåíñòâó v2 = εI, ïîëó÷àåì, ÷òî D1D2 = εI1, λ
2
3 = ε.

Ðàññìîòðèì ðàâåíñòâî vt = δtv. Åñëè δ = −1, òî â ñèëó ïóíêòà (2) ëåììû 2.4.12

ñëåäóåò, ÷òî n3 íå÷åòíî; ïðîòèâîðå÷èå ñ óñëîâèåì. Ñëåäîâàòåëüíî, δ = 1 è ïî ïóíêòó

(1) ëåììû 2.4.12 ïîëó÷àåì, ÷òî λ23 = 1.

Òàêèì îáðàçîì, ε = 1 è D1D2 = 1. Ïîñêîëüêó q ≡ 3 (mod 4), òî

θ(v) = det(D1D2D3)θ(χ1) = λn3
3 (−1)n1 = −1 /∈ (F∗

q)
2

è v /∈ Ω−
2n(q), ïðîòèâîðå÷èå.

Ïðè m = 2, ó÷èòûâàÿ ëåììó 2.4.28 (2), îñòàëîñü ðàññìîòðåòü ñëåäóþùèé ñëó÷àé.

Ëåììà 2.4.41. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G = Ω−
2n(q), ñîîòâåòñòâó-

þùèé ýëåìåíòó w0w ãðóïïû Âåéëÿ ñ öèêëè÷åñêèì òèïîì (n1)(n2). Ïóñòü T̃ è Ñ �

îáðàçû T è N(G, T ) â ãðóïïå G̃ = PΩ−
2n(q) ñîîòâåòñòâåííî. Åñëè q ≡ 3 (mod 4) è

n1 = n2 ÷åòíî, òî T̃ íå èìååò äîïîëíåíèÿ â Ñ .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ÷òî T̃ èìååò äîïîëíåíèå H̃ â Ñ . ÏóñòüH � ïðîîáðàç

ãðóïïû H̃ â N(G, T ). Ïîñêîëüêó n1, n2 ÷åòíû, òî τ1, τ2 ∈ CW (w0w) è CW (w0w) ⩾

⟨ω2, τ1, τ2⟩. Òåïåðü ìû íàõîäèìñÿ â òî÷íîñòè â óñëîâèÿõ äîêàçàòåëüñòâà ëåììû 2.4.35,

ãäå ïîëó÷åíî ïðîòèâîðå÷èå.

Ñëó÷àé m = 1 ñëåäóåò èç ïóíêòà (2) ëåììû 2.4.28. Òåì ñàìûì âñå ñëó÷àè äëÿ m

ðàçîáðàíû è òåîðåìà 2.4.4 äîêàçàíà.



Ãëàâà 3

Íîðìàëèçàòîðû ìàêñèìàëüíûõ òîðîâ

â èñêëþ÷èòåëüíûõ ãðóïïàõ

3.1 Êðàòêèé îáçîð ðåçóëüòàòîâ ãëàâû

Òðåòüÿ ãëàâà ïîñâÿùåíà ðåøåíèþ ïðîáëåì 1 è 2 (ñì. ââåäåíèå) äëÿ èñêëþ÷èòåëü-

íûõ ãðóïï ëèåâà òèïà. Â ïîñëåäóþùèõ ðàçäåëàõ ïîñëåäîâàòåëüíî ðàññìàòðèâàþòñÿ

èñêëþ÷èòåëüíûå ãðóïïû ëèåâà òèïà: E6 � â ðàçäåëå 3.2, E7 � â ðàçäåëå 3.3, E8 � â

ðàçäåëå 3.4, F4 � â ðàçäåëå 3.5 è îñòàâøèåñÿ ãðóïïû � â ðàçäåëå 3.6. Â êàæäîì èç

ðàçäåëîâ ñíà÷àëà ðàññìàòðèâàþòñÿ ñîîòâåòñòâóþùèå ãðóïïû íàä ïîëåì Fp, à çàòåì

íàä êîíå÷íûì ïîëåì Fq.

Îòâåò íà ïðîáëåìó 1 äëÿ ãðóïï ëèåâà òèïà E6 ïîëó÷åí â òåîðåìå 3.2.1, òèïà E7 �

â òåîðåìå 3.3.1, òèïà E8 � â òåîðåìå 3.4.1, òèïà F4 � â òåîðåìå 3.5.1 è, íàêîíåö, òèïà

G2 � â òåîðåìå 3.6.1.

Äàííûå òåîðåìû âìåñòå ñ ðåçóëüòàòàìè ãëàâû 2 äàþò ïîëíûé îòâåò íà ïðîáëåìó 1.

Ïðîáëåìà 2 äëÿ ãðóïï Eε
6(q) (îäíîñâÿçíûõ è ïðèñîåäèíåííîãî òèïà) ðåøåíà â

òåîðåìå 3.2.2(1), äëÿ ãðóïï E7(q) (îäíîñâÿçíûõ è ïðèñîåäèíåííîãî òèïà) � â òåîðå-

ìå 3.3.2, äëÿ ãðóïï E8(q) � â òåîðåìå 3.4.2, äëÿ ãðóïï F4(q) � â òåîðåìå 3.5.2, äëÿ

ãðóïï G2(q),
2G2(q),

3D4(q) � â òåîðåìå 3.6.2.

Îòìåòèì, ÷òî â òåîðåìå 3.5.2 íå òîëüêî äàí îòâåò íà ïðîáëåìó 2 äëÿ ãðóïï F4(q),

íî è íàéäåíû ìèíèìàëüíûå äîáàâëåíèÿ ê ìàêñèìàëüíûì òîðàì â èõ àëãåáðàè÷åñêèõ
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íîðìàëèçàòîðàõ.

Ó÷èòûâàÿ ðåçóëüòàòû ãëàâû 2, èòîãîâûé ðåçóëüòàò î ðàñùåïëÿåìîñòè íîðìàëè-

çàòîðà ìàêñèìàëüíîãî òîðà â êîíå÷íûõ ãðóïïàõ ëèåâà òèïà ìîæíî ñôîðìóëèðîâàòü

ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.1.1. Ïóñòü G � êîíå÷íàÿ ïðîñòàÿ ãðóïïà ëèåâà òèïà è T � ìàêñè-

ìàëüíûé òîð ãðóïïû G. Ïðåäïîëîæèì, ÷òî àëãåáðàè÷åñêèé íîðìàëèçàòîð N(G, T )

ðàñùåïëÿåòñÿ íàä T . Òîãäà ïàðà (G, T ) îïèñàíà.

Òåì ñàìûì, ïðîáëåìà 2 ïîëíîñòüþ ðåøåíà.

Áîëåå òîãî, â äàííîé ãëàâå äëÿ âñåõ êîíå÷íûõ èñêëþ÷èòåëüíûõ ãðóïï ëèåâà òè-

ïà (îäíîñâÿçíûõ è ïðèñîåäèíåííîãî òèïà) íàéäåíû ìèíèìàëüíûå ïîðÿäêè ïîäíÿòèé

ýëåìåíòîâ ãðóïïû Âåéëÿ â ñîîòâåòñòâóþùåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå ìàêñè-

ìàëüíîãî òîðà.

3.2 Èñêëþ÷èòåëüíûå ãðóïïû E6(q) è 2E6(q)

Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ ïðîñòûå ñâÿçíûå ëèíåéíûå àëãåáðàè÷åñêèå

ãðóïïû G òèïà E6. Îòâåò íà ïðîáëåìó 1 äàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3.2.1. Ïóñòü G � ïðîñòàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà (ïðè-

ñîåäèíåííîãî òèïà èëè îäíîñâÿçíàÿ) ëèåâà òèïà E6 íàä ïîëåì Fp. Ïóñòü T � ìàê-

ñèìàëüíûé òîð â ãðóïïå G. Òîãäà NG(T ) ðàñùåïëÿåòñÿ íàä T â òîì è òîëüêî â

òîì ñëó÷àå, åñëè p = 2.

Ïðè ïåðåõîäå ê êîíå÷íûì ãðóïïàì G ëèåâà òèïà ñóùåñòâóåò âçàèìíî-îäíîçíà÷íîå

ñîîòâåòñòâèå ìåæäó êëàññàìè G-ñîïðÿæåííûõ ìàêñèìàëüíûõ σ-èíâàðèàíòíûõ òîðîâ

ãðóïïû G è êëàññàìè σ-ñîïðÿæåííîñòè ãðóïïû Âåéëÿ W . Â ãðóïïå E6(q) ñîäåðæèò-

ñÿ 25 êëàññîâ ñîïðÿæåííîñòè ìàêñèìàëüíûõ òîðîâ è ìû áóäåì íóìåðîâàòü èõ òàê-

æå êàê â ðàáîòå [29]. Ïóñòü ∆ = {r1, r2, r3, r4, r5, r6} � ôóíäàìåíòàëüíàÿ ñèñòåìà

êîðíåé êîðíåâîé ñèñòåìû E6 è r14 = r2 + r4 + r5, r31 = r2 + r3 + 2r4 + 2r5 + r6,

r36 = r1 + 2r2 + 2r3 + 3r4 + 2r5 + r6. ×åðåç wi îáîçíà÷àåòñÿ ýëåìåíò ãðóïïû Âåéëÿ W ,
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ñîîòâåòñòâóþùèé îòðàæåíèþ â ãèïåðïëîñêîñòè, îðòîãîíàëüíîé êîðíþ ri. Äëÿ êðàò-

êîñòè, áóäåì îáîçíà÷àòü ÷åðåç E−
6 (q) êîíå÷íóþ ãðóïïó 2E6(q) è ÷åðåç E

+
6 (q) êîíå÷íóþ

ãðóïïó E6(q) (â îáîèõ ñëó÷àÿõ ãðóïïû ìîãóò áûòü îäíîñâÿçíûå èëè ïðèñîåäèíåííîãî

òèïà). Îòâåò íà ïðîáëåìó 2 äëÿ ãðóïï Eε
6(q) ñîäåðæèòñÿ â ñëåäóþùåé òåîðåìå.

Òåîðåìà 3.2.2. Ïóñòü G = Eε
6(q) (îäíîñâÿçíàÿ èëè ïðèñîåäèíåííîãî òèïà), ãäå

ε ∈ {+,−}, è W � ãðóïïà Âåéëÿ ãðóïïû G. Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû

G, ñîîòâåòñòâóþùèé ýëåìåíòó w èç W . Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

(1) T íå èìååò äîïîëíåíèÿ â N(G, T ) òîãäà è òîëüêî òîãäà, êîãäà ëèáî q ≡ −ε1

(mod 4) è w ñîïðÿæåí â W ñ ýëåìåíòîì w3w2w4w14, ëèáî q íå÷åòíî è w

ñîïðÿæåí ñ îäíèì èç ñëåäóþùèõ ýëåìåíòîâ: 1, w1, w1w2, w2w3w5, w1w3w4,

w1w4w6w36, w1w4w6w3, w1w4w6w3w36;

(2) ñóùåñòâóåò ïîäíÿòèå äëÿ w â N(G, T ) ïîðÿäêà |w|.

Â ñëó÷àå êîãäà òîð T èìååò äîïîëíåíèå â N(G, T ) ìû ñòðîèì åãî â ÿâíîì âèäå.

Ðåçóëüòàòû òåîðåìû ïðîèëëþñòðèðîâàíû â òàáëèöå 3.1, êîòîðàÿ òàêæå ñîäåðæèò

äîïîëíèòåëüíóþ èíôîðìàöèþ î ìàêñèìàëüíûõ òîðàõ. Ñèìâîë ¾+¿ èñïîëüçóåòñÿ,

åñëè ñîîòâåòñòâóþùèé òîð èìååò äîïîëíåíèå â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå,

èíà÷å èñïîëüçóåòñÿ ñèìâîë ¾�¿ â ñîîòâåòñòâóþùåé ÿ÷åéêå òàáëèöû. Ñèìâîë ¾±¿ äëÿ

ñëó÷àÿ 14 îçíà÷àåò, ÷òî àëãåáðàè÷åñêèé íîðìàëèçàòîð ðàñùåïëÿåòñÿ íàä òîðîì òîãäà

è òîëüêî òîãäà, êîãäà q ≡ ε1 (mod 4).

Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Ìàòðèöà Êàðòàíà (Aij) êîðíåâîé ñèñòåìû E6 èìååò âèä

(Aij) =



2 0 −1 0 0 0

0 2 0 −1 0 0

−1 0 2 −1 0 0

0 −1 −1 2 −1 0

0 0 0 −1 2 −1

0 0 0 0 −1 2


.
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Ãðóïïó Âåéëÿ W êîðíåâîé ñèñòåìû E6 ìîæíî çàïèñàòü â âèäå W (E6) =

⟨wr1 , . . . , wr6 |(wriwrj)mij = 1⟩, ãäå

mij =


1, åñëè i = j,

2, åñëè Aij = 0,

3, åñëè Aij = −1.

Ãðóïïà W èìååò ïîðÿäîê 27 · 34 · 5 è èçîìîðôíà ãðóïïå PSp4(3) : 2 (â îáîçíà÷åíè-

ÿõ [25]). Äèàãðàììà Äûíêèíà êîðíåâîé ñèñòåìû òèïà E6 èìååò âèä

u u u u uur1 r3 r4 r5 r6

r2

Íàïîìíèì, ÷òî ëþáîé ýëåìåíò H òîðà T ïðåäñòàâëÿåòñÿ â âèäå H =
6∏
i=1

hri(λi).

Ñëåäîâàòåëüíî, ýëåìåíò H îïðåäåëÿåòñÿ çíà÷åíèÿìè λ1, λ2, λ3, λ4, λ5, λ6 è ìû áóäåì

ïèñàòü H = (λ1, λ2, λ3, λ4, λ5, λ6). Ïóñòü ξ ∈ Fp òàêîé, ÷òî ξ3 = 1. Ñîãëàñíî [34,

òàáëèöà 1.12.6] öåíòð Z(E6(Fp)) îäíîñâÿçíîé ãðóïïû E6(Fp) ïîðîæäàåòñÿ ýëåìåíòîì

z = hr1(ξ)hr3(ξ
2)hr5(ξ)hr6(ξ

2) ïîðÿäêà 3. Òàêèì îáðàçîì,

H = (λ1, λ2, λ3, λ4, λ5, λ6) = 1 ⇔ λ1 = λ5 = ξϵ, λ2 = λ4 = 1, λ3 = λ6 = ξ−ϵ,

ãäå ϵ = ±1.

Ìû èñïîëüçóåì ïðîãðàììíûé ïàêåò MAGMA [53] äëÿ âû÷èñëåíèÿ ïðîèçâåäåíèé

ýëåìåíòîâ â ãðóïïå N = NG(T ). Âñå âû÷èñëåíèÿ ìîãóò áûòü ïðîâåðåíû ñ ïîìîùüþ

MAGMA-êàëüêóëÿòîðà [48], äîñòóïíîãî îíëàéí. Íà ìîìåíò âû÷èñëåíèé èñïîëüçîâà-

ëàñü âåðñèÿ Magma V2.25-2. Ïðåäâàðèòåëüíûå êîìàíäû äëÿ âû÷èñëåíèé:

L := LieAlgebra(”E6Rationals());

R := RootDatum(L);

B := ChevalleyBasis(L);

Ñëåäóþùèå êîìàíäû âûäàþò çíà÷åíèÿ ýêñòðàñïåöèàëüíûõ ïàð è çíàêè ñîîòâåò-

ñòâóþùèõ ñòðóêòóðíûõ êîíñòàíò:

x, y, h := ChevalleyBasis(L); IsChevalleyBasis(L,R, x, y, h);

[⟨1, 3, 1⟩, ⟨1, 9, 1⟩, ⟨1, 13, 1⟩, ⟨1, 15, 1⟩, ⟨1, 19, 1⟩, ⟨1, 21, 1⟩, ⟨1, 24, 1⟩, ⟨1, 25, 1⟩, ⟨1, 28, 1⟩, ⟨1, 31, 1⟩,
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⟨2, 4, 1⟩, ⟨2, 9, 1⟩, ⟨2, 10, 1⟩, ⟨2, 15, 1⟩, ⟨2, 16, 1⟩, ⟨2, 21, 1⟩, ⟨2, 35, 1⟩, ⟨3, 4, 1⟩, ⟨3, 10, 1⟩, ⟨3, 16, 1⟩,

⟨3, 26, 1⟩, ⟨3, 30, 1⟩, ⟨3, 33, 1⟩, ⟨4, 5, 1⟩, ⟨4, 11, 1⟩, ⟨4, 19, 1⟩, ⟨4, 25, 1⟩, ⟨4, 34, 1⟩, ⟨5, 6, 1⟩, ⟨5, 28, 1⟩].

Íàïðèìåð, òðîéêà ⟨2, 4, 1⟩ îçíà÷àåò, ÷òî ïàðà êîðíåé (r2, r4) ÿâëÿåòñÿ ýêñòðàñïå-

öèàëüíîé è Nr2,r4 = 1. Íåïîñðåäñòâåííàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî îïðåäåëåííûé

ðàíåå ïîðÿäîê íà êîðíÿõ äàåò òàêîå æå ìíîæåñòâî ýêñòðàñïåöèàëüíûõ ïàð. Òàêèì

îáðàçîì, âû÷èñëåíèÿ â ñèñòåìå MAGMA äëÿ ãðóïïû N ñîãëàñóþòñÿ ñ ïîðÿäêîì è

ñòðóêòóðíûìè êîíñòàíòàìè, îïðåäåëåííûìè ðàíåå. Ñëåäóþùèå êîìàíäû çàäàþò ýëå-

ìåíòû ni è hi.

G := GroupOfLieType(L);

n := [elt⟨G | i⟩ : i in [1..36]];

h := [TorusTerm(G, i,−1) : i in [1..36]].

Äëÿ ïîëó÷åíèÿ ñïèñêà ìàòðèö, ñîîòâåòñòâóþùèõ ôóíäàìåíòàëüíûì îòðàæåíèÿì,

ìîæíî èñïîëüçîâàòü êîìàíäó:

w := [Transpose(i) : i in ReflectionMatrices(R)].

Ëåììà 3.2.3. Ïóñòü n =
k∏
j=1

nrij è w =
k∏
j=1

wrij , ãäå ij ∈ {1..36}. Ïðåäïîëî-

æèì, ÷òî A = (aij)6×6 � ìàòðèöà ýëåìåíòà w â áàçèñå r1, r2, . . . , r6 è H =

(λ1, λ2, λ3, λ4, λ5, λ6) � ýëåìåíò òîðà T . Òîãäà âåðíû ñëåäóþùèå ðàâåíñòâà:

(i) Hn = (λ′1, λ
′
2, λ

′
3, λ

′
4, λ

′
5, λ

′
6), ãäå λ

′
i = λai11 λai22 λai33 λai44 λai55 λai66 ;

(ii) (Hn)m = (λ′1, λ
′
2, λ

′
3, λ

′
4, λ

′
5, λ

′
6)n

m, ãäå m � ïîëîæèòåëüíîå öåëîå ÷èñëî,

λ′i = λbi11 λbi22 λbi33 λbi44 λbi55 λbi66 è bij � ýëåìåíòû ìàòðèöû
m−1∑
k=0

Ak.

Äîêàçàòåëüñòâî. Òàê êàê ìàòðèöà êîìïîçèöèè äâóõ ëèíåéíûõ ïðåîáðàçîâàíèé ÿâ-

ëÿåòñÿ ïðîèçâåäåíèåì èõ ìàòðèö â îáðàòíîì ïîðÿäêå, òî äîñòàòî÷íî äîêàçàòü óòâåð-

æäåíèå ëåììû äëÿ n = nr. Ñîãëàñíî ôîðìóëàì äëÿ ýëåìåíòîâ nr è hr(λ) èìååì

Hnr =
6∏
i=1

hri(λi)
nr =

6∏
i=1

hwr(ri)(λi) =
6∏
i=1

(
6∏
j=1

hrj(λ
aji
i )) =

6∏
i=1

hri(
6∏
j=1

λ
aij
j ).

Äëÿ äîêàçàòåëüñòâà (ii) çàìåòèì, ÷òî (Hn)m = Hn0
Hn1

Hn2
. . . Hnm−1

nm. Â ñèëó (i) ìû

çíàåì, ÷òî i-ÿ ñòðîêà ìàòðèöû Aj ñîîòâåòñòâóåò ñòåïåíÿì ýëåìåíòîâ λ1, λ2, . . . , λ6 â i-

é êîîðäèíàòå ýëåìåíòà Hnj
äëÿ âñåõ i, j ∈ {1, . . . , 6}. ×òîáû âû÷èñëèòü ïðîèçâåäåíèå,
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íàì íåîáõîäèìî ïðîñóììèðîâàòü ñîîòâåòñòâóþùèå ñòåïåíè äëÿ êàæäîé êîîðäèíàòû.

Ïîñêîëüêó ìû ÷àñòî áóäåì èñïîëüçîâàòü ëåììó 3.2.3, òî ïðîäåìîíñòðèðóåì åå

ïðèìåíåíèå íà ñëåäóþùåì ïðèìåðå.

Ïðèìåð 3.2.4. Ïóñòü w = w1w3 è n = n1n3. Òîãäà ëåãêî ïðîâåðÿåòñÿ, ÷òî w(r1) =

r3, w(r2) = r2, w(r3) = −r1 − r3, w(r4) = r1 + r3 + r4, w(r5) = r5 è w(r6) = r6.

Ñëåäîâàòåëüíî, â ýòîì ñëó÷àå

A =



0 0 −1 1 0 0

0 1 0 0 0 0

1 0 −1 1 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


.

Ïóñòü H = (λ1, λ2, λ3, λ4, λ5, λ6) ∈ T . Òîãäà ïî ëåììå 3.2.3 ìû èñïîëüçóåì ñòðî-

êè ìàòðèöû A äëÿ âû÷èñëåíèÿ Hn, òî åñòü Hn1n3 = (λ−1
3 λ4, λ2, λ1λ

−1
3 λ4, λ4, λ5, λ6).

Ïîëîæèì B = A0 + A+ A2. Òîãäà

B =



0 0 0 1 0 0

0 3 0 0 0 0

0 0 0 2 0 0

0 0 0 3 0 0

0 0 0 0 3 0

0 0 0 0 0 3


.

Ñ ïîìîùüþ ýòîé ìàòðèöû âû÷èñëÿåòñÿ (Hn)3. Ëåãêî ïðîâåðèòü, ÷òî n3 = 1, ïî-

ýòîìó

(Hn)3 = (λ4, λ
3
2, λ

2
4, λ

3
4, λ

3
5, λ

3
6)n

3 = (λ4, λ
3
2, λ

2
4, λ

3
4, λ

3
5, λ

3
6).

Äîêàçàòåëüñòâî òåîðåìû 3.2.1.

Â ñëó÷àå ÷åòíîé õàðàêòåðèñòèêè ïîëÿ ðåçóëüòàò ñëåäóåò èç çàìå÷àíèÿ 1.4.1, ïî-

ýòîìó äàëåå ïðåäïîëàãàåì, ÷òî p íå÷åòíî.
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Ïðåäïîëîæèì, ÷òî ìàêñèìàëüíûé òîð T èìååò äîïîëíåíèå K â ñâîåì íîðìàëè-

çàòîðå N . Ïóñòü Ni � ïðîîáðàç ýëåìåíòà wri â K, ãäå i = 1, . . . , 6. Òîãäà Ni = Hinri

è (NiNj)
mij = 1.

Ïóñòü N3 = H3n3, N4 = H4n4, N6 = H6n6, ãäå

H3 = (α1, . . . , α6), H4 = (µ1, . . . , µ6), H6 = (β1, . . . , β6).

Â ñèëó ëåììû 3.2.3 ïîëó÷àåì, ÷òî

N2
4 = (µ2

1, µ
2
2, µ

2
3,−µ2µ3µ5, µ

2
5, µ

2
6) = 1,

îòêóäà 
µ2
1 = µ2

5,

µ2
2 = −µ2µ3µ5 = 1,

µ2
3 = µ2

6.

Ïóñòü k ∈ {1, 6}, òîãäà äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà N4Nk = NkN4. Ïîñêîëüêó

[n4, n6] = 1, òî ñîãëàñíî ëåììå 1.4.3 ïðè k = 6 èìååì H−1
4 Hn6

4 = H−1
6 Hn4

6 . Ñëåäîâà-

òåëüíî,

(1, 1, 1, 1, 1, µ5µ
−2
6 ) = (1, 1, 1, β−2

4 β2β3β5, 1, 1),

÷òî ðàâíîñèëüíî ðàâåíñòâó

(1, 1, 1, β−2
4 β2β3β5, 1, µ

2
6µ

−1
5 ) = 1.

Ïîñêîëüêó íååäèíè÷íûõ ýëåìåíòîâ â ïîëó÷åííîì âåêòîðå ìàêñèìóì äâà, òî âñå ýòè

ýëåìåíòû îáÿçàíû ðàâíÿòüñÿ 1. Ñëåäîâàòåëüíî, µ2
6 = µ5. Àíàëîãè÷íî, ïðè k = 1

ïîëó÷àåì µ2
1 = µ3.

Òàêèì îáðàçîì, µ5 = µ2
6 = µ2

3 = µ4
1 = µ4

5, òî åñòü µ
3
5 = 1.

Â ñèëó ëåììû 3.2.3 ïîëó÷àåì, ÷òî N2
3 = (α2

1, α
2
2,−α1α4, α

2
4, α

2
5, α

2
6) = 1. Ñëåäîâà-

òåëüíî, 
α2
1 = α2

5,

α2
2 = α2

4 = 1,

−α1α4 = α2
6.
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Ïîñêîëüêó N3Nk = NkN3 äëÿ k ∈ {2, 5, 6}, òî
α2
2 = α4,

α2
5 = α4α6,

α2
6 = α5.

Ñëåäîâàòåëüíî, α4 = 1 è α5 = α2
6 = −α1α4 = −α1. Òàê êàê α2

6 = α5 è α
2
5 = α6, òî

α3
5 = α3

6 = 1 è α3
1 = (−α5)

3 = −1. Äàëåå,

N3N4 = H3(H4)
n3n3n4 = (α1, α2, α3, α4, α5, α6) · (µ1, µ2, µ

−1
3 µ1µ4, µ4, µ5, µ6)n3n4 =

(α1µ1, α2µ2, α3µ
−1
3 µ1µ4, α4µ4, α5µ5, α6µ6)n3n4 = Hn3n4.

Ïîëîæèì s3 = α3µ
−1
3 µ1µ4, si = αiµi, i ̸= 3. Òîãäà ïðèìåíÿÿ ëåììó 3.2.3, ïîëó÷àåì

(N3N4)
3 = HHn3n4H(n3n4)2 = (s31, s

3
2, s

2
1s

2
2s5, s1s2s

2
5, s

3
5, s

3
6) = 1.

Òàêèì îáðàçîì, èìååì 
s31 = s35,

s32 = s1s2s
2
5 = 1,

s36 = s21s
2
2s5.

Òàê êàê α5 = −α1 è µ
3
5 = 1, òî

s31 = s35 ⇔ α3
1µ

3
1 = α3

5µ
3
5 ⇔ µ3

1 = −µ3
5 = −1.

Òàê êàê α2
2 = µ2

2 = 1, òî

s32 = 1 ⇔ α3
2µ

3
2 = α2µ2 = s2 = 1.

Òàê êàê α3
6 = 1, α2

1α5 = α3
5 = 1 è µ2

1 = µ2
5, òî

s36 = s21s
2
2s5 ⇔ µ3

6 = α2
1µ

2
1α5µ5 = µ2

1µ5 = µ3
5 = 1.

Òàêèì îáðàçîì,

µ3
6 = 1, µ3

1 = −1.

Çàìåòèì, ÷òî äèàãðàììà Äûíêèíà êîðíåâîé ñèñòåìû E6 îáëàäàåò ñèììåòðèåé, ïðè

êîòîðîé

α1 ↔ α6, α3 ↔ α5, α2, α4 îñòàþòñÿ íà ìåñòå.
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Ñëåäîâàòåëüíî, èç ðàâåíñòâà (N5N4)
3 = 1 ìû ïîëó÷àåì ñèììåòðè÷íûå ñîîòíîøåíèÿ

(êîòîðûå òàêæå ïðîâåðÿþòñÿ íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè):

µ3
1 = 1, µ3

6 = −1.

Ïîñêîëüêó p ̸= 2, òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ðàâåíñòâîì µ3
6 = 1.

Äîêàçàòåëüñòâî òåîðåìû 3.2.2.

Ìû äîêàæåì òåîðåìó 3.2.2 äëÿ ãðóïï E6(q), à â êîíöå ðàçäåëà ïîÿñíèì êàê ïîëó÷åí-

íûå ðåçóëüòàòû ïåðåíîñÿòñÿ íà ãðóïïû 2E6(q). Äîêàçàòåëüñòâî òåîðåìû 3.2.2 ðàçäåëå-

íî íà äâå ÷àñòè. Â ïåðâîé ÷àñòè ìû ðàññìàòðèâàåì ìàêñèìàëüíûå òîðû, íå èìåþùèå

äîïîëíåíèÿ â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå. Â ýòèõ ñëó÷àÿõ ìû òàêæå ïî-

êàçûâàåì, ÷òî ñîîòâåòñòâóþùèé ýëåìåíò ãðóïïû Âåéëÿ W èìååò ïðîîáðàç â ãðóïïå

N òîãî æå ïîðÿäêà. Âî âòîðîé ÷àñòè ìû ñòðîèì äîïîëíåíèÿ äëÿ îñòàëüíûõ ìàêñè-

ìàëüíûõ òîðîâ. Â ýòèõ ñëó÷àÿõ î÷åâèäíî, ÷òî ïîäíÿòèÿ ýëåìåíòîâ ãðóïïû Âåéëÿ â

äîïîëíåíèÿõ ìîæíî âçÿòü òîãî æå ïîðÿäêà.

Íåðàñùåïëÿåìûå ñëó÷àè.

Íàøà ñòðàòåãèÿ àíàëîãè÷íà âî âñåõ ñëó÷àÿõ. Ìû ïðåäïîëàãàåì, ÷òî q íå÷åòíî è T �

ìàêñèìàëüíûé òîð, ñîîòâåòñòâóþùèé êëàññó ñîïðÿæåííîñòè ýëåìåíòà w â W , ãäå

w � îäèí èç ýëåìåíòîâ èç çàêëþ÷åíèÿ òåîðåìû 3.2.2. Ïðåäïîëàãàÿ, ÷òî ñóùåñòâóåò

äîïîëíåíèå K â N , â ÷àñòíîñòè K ≃ CW (w), ìû ïðèõîäèì ê ïðîòèâîðå÷èþ â êàæ-

äîì ñëó÷àå äëÿ óíèâåðñàëüíîé ãðóïïû E6(q). Äàëåå, ìû ïîêàçûâàåì, ÷òî òàêîå æå

ïðîòèâîðå÷èå ìîæåò áûòü ïîëó÷åíî äëÿ ãðóïïû E6(q) ïðèñîåäèíåííîãî òèïà.

Íà ïðîòÿæåíèè ýòîãî ðàçäåëà ÷åðåç H = (λ1, λ2, λ3, λ4, λ5, λ6) îáîçíà÷àåòñÿ ïðî-

èçâîëüíûé ýëåìåíò òîðà T .

Òîð 1. Â ýòîì ñëó÷àå w = 1 è CW (w) = W . Áûëî äîêàçàíî [57, ñëåäñòâèå], ÷òî

ñîîòâåòñòâóþùèé ìàêñèìàëüíûé òîð â àëãåáðàè÷åñêîé ãðóïïå íå èìååò äîïîëíåíèÿ

â N . Ñëåäîâàòåëüíî, T òàêæå íå èìååò äîïîëíåíèÿ â N .

Òîðû 2, 3. Â ýòèõ ñëó÷àÿõ w = w1 èëè w = w1w2 ñîîòâåòñòâåííî. Çàìåòèì, ÷òî

îáà öåíòðàëèçàòîðà CW (w1) è CW (w1w2) ñîäåðæàò ïîäãðóïïó ⟨w1, w2, w5, w29⟩, ÷òî

ïîçâîëèò íàì ïðèéòè ê ïðîòèâîðå÷èþ.
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Ïóñòü N1, N2, N3, N4 � ïðîîáðàçû ýëåìåíòîâ w1, w2, w5, w29 â K ñîîòâåòñòâåííî.

Òîãäà N1 = H1n1, N2 = H2n2, N3 = H3n5, N4 = H4n29, ãäå

H1 = (µ1, µ2, µ3, µ4, µ5, µ6), H2 = (α1, α2, α3, α4, α5, α6), H3 = (β1, β2, β3, β4, β5, β6),

H4 = (δ1, δ2, δ3, δ4, δ5, δ6) � ýëåìåíòû ãðóïïû T .

Ïîñêîëüêó K ≃ CW (w), èìååì N2
1 = 1 è N1Ni = NiN1 äëÿ i = 2, 3, 4. Â ñèëó

ëåììû 3.2.3 ïîëó÷àåì, ÷òî

N2
1 = (H1n1)

2 = H1H
n1
1 h1 = (−µ3, µ

2
2, µ

2
3, µ

2
4, µ

2
5, µ

2
6) = 1,

ïîýòîìó 1 = µ2
2 = µ2

4 = µ2
5 = µ2

6 = −µ3. Åñëè j ∈ {2, 5, 29}, òî âû÷èñëåíèÿ â

MAGMA [53] ïîêàçûâàþò, ÷òî [n1, nj] = 1. Èç ëåììû 1.4.3 ñëåäóåò, ÷òî H−1
1 H

nj

1 =

H−1
j Hn1

j . Â ñèëó ëåììû 3.2.3 ïîëó÷àåì, ÷òî

j = 2 ⇒ (1, µ−2
2 µ4, 1, 1, 1, 1) = (α−2

1 α3, 1, 1, 1, 1, 1), so µ4 = µ2
2 = 1.

j = 5 ⇒ (1, 1, 1, 1, µ4µ
−2
5 µ6, 1) = (β−2

1 β3, 1, 1, 1, 1, 1), so µ6 = µ2
5µ

−1
4 = 1.

j = 29 ⇒ (µ−1
3 µ6, µ

−1
3 µ6, µ

−2
3 µ2

6, µ
−2
3 µ2

6, µ
−1
3 µ6, 1) = (δ−2

1 δ3, 1, 1, 1, 1, 1),

ïîýòîìó µ3 = µ6 = 1. Ïðîòèâîðå÷èå ñ ðàâåíñòâîì µ3 = −1.

Â ïðèñîåäèíåííîé ãðóïïå E6(q) ýëåìåíò H = (λ1, λ2, λ3, λ4, λ5, λ6) ÿâëÿåòñÿ åäè-

íèöåé òîãäà è òîëüêî òîãäà, êîãäà λ1 = λ5 = ξ, λ3 = λ6 = ξ2, λ2 = λ4 = 1, ãäå ξ3 = 1.

Â ÷àñòíîñòè, λ3i = 1. Îòìåòèì, ÷òî (−1)3 = −1. Ñëåäîâàòåëüíî, ìû ìîæåì ðàññìîò-

ðåòü ýëåìåíòû λ̃i = λ3i , ãäå λi ∈ {µi, αi, βi, δi} è 1 ⩽ i ⩽ 6. Òîãäà ìû ïîëó÷àåì òå æå

ðàâåíñòâà è òî æå ïðîòèâîðå÷èå.

Íàéäåì ïîäíÿòèÿ äëÿ ýëåìåíòîâ w1 è w1w2. Ïóñòü ζ � ýëåìåíò ïîëÿ Fp òà-

êîé, ÷òî ζq+1 = −1. Îïðåäåëèì H1 = (ζ, 1,−1, 1, 1, 1). Ïîêàæåì, ÷òî H1n1 ∈ N è

(H1n1)
2 = 1. Ïî ëåììå 3.2.3 èìååì Hn1 = (λ−1

1 λ3, λ2, λ3, λ4, λ5, λ6). Ñëåäîâàòåëüíî,

Hσn1
1 = (−ζ−q, 1,−1, 1, 1, 1) = H1,, îòñþäà H1 ∈ T . Èñïîëüçóÿ MAGMA [53] ïîëó÷àåì,

÷òî (Hn1)
2 = (−λ3, λ22, λ23, λ24, λ25, λ26).

Òàêèì îáðàçîì, (H1n1)
2 = 1 è H1n1 � òðåáóåìîå ïîäíÿòèå äëÿ ýëåìåíòà w1.

Àíàëîãè÷íûì îáðàçîì îïðåäåëèì H2 = (ζ, ζ,−1,−1, 1, 1). Ïî ëåììå3.2.3 èìååì

Hn1n2 = (λ−1
1 λ3, λ

−1
2 λ4, λ3, λ4, λ5, λ6).
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Ñëåäîâàòåëüíî, Hσn1n2
1 = (−ζ−q,−ζ−q,−1,−1, 1, 1) = H2,, îòñþäà H2 ∈ T . Èñïîëüçóÿ

MAGMA [53] ïîëó÷àåì, ÷òî

(Hn1n2)
2 = (−λ3,−λ4, λ23, λ24, λ25, λ26).

Òàêèì îáðàçîì, (H1n1n2)
2 = 1 è H1n1n2 � òðåáóåìîå ïîäíÿòèå äëÿ ýëåìåíòà w1w2.

Òîð 5. Â ýòîì ñëó÷àå w = w2w3w5 è

CW (w) = ⟨w⟩ × ⟨w24⟩ × ⟨x, y, z⟩ ≃ Z2 × Z2 × S4,

ãäå x = w17w18, y = w20w21, z = w16w25, è

x2 = y2 = z2 = (yz)2 = (xy)3 = (xz)3 = 1.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî [n24, n2n3n5] = [n17n18, n2n3n5] =

[h4h6n20n21, n2n3n5] = [n16n25, n2n3n5] = 1. Ëåììà 1.4.2 (ii) âëå÷åò, ÷òî w24, x, y, z � îá-

ðàçû n24, n17n18, h4h6n20n21, n16n25 ñîîòâåòñòâåííî. Ïóñòü N1, N2, N3, N4 � ïðîîáðàçû

ýëåìåíòîâ w2w3w5, w24, w20w21, w16w25 â K. Òîãäà

N1 = H1n2n3n5, N2 = H2n24, N3 = H3h4h6n20n21, N4 = H4n16n25, ãäå

H1 = (µ1, µ2, µ3, µ4, µ5, µ6), H2 = (α1, α2, α3, α4, α5, α6), H3 = (γ1, γ2, γ3, γ4, γ5, γ6),

H4 = (δ1, δ2, δ3, δ4, δ5, δ6). Ïîñêîëüêó K ≃ CW (w),èìååì N2
2 = 1. Ëåììà 3.2.3 âëå÷åò

ðàâåíñòâà

N2
2 = H2H

n24
2 h2h3h5 = (α2

1,−α1α
2
2α

−1
4 α6,−α1α

2
3α

−1
4 α6, α

2
1α

2
6,−α1α

−1
4 α2

5α6, α
2
6) = 1,

ïîýòîìó α2
1 = α2

6 = 1, α2
2 = α2

3 = α2
5 = −α4α

−1
1 α−1

6 .

Ñîãëàñíî ëåììå 1.4.3 ðàâåíñòâî N2N1 = N1N2 ðàâíîñèëüíî H−1
2 Hn2n3n5

2 =

H−1
1 Hn24

1 . Ïî ëåììå 3.2.3 ïîëó÷àåì, ÷òî

(1, α−2
2 α4, α1α

−2
3 α4, 1, α4α

−2
5 α6, 1) = (1, µ1µ

−1
4 µ6, µ1µ

−1
4 µ6, µ

2
1µ

−2
4 µ2

6, µ1µ
−1
4 µ6, 1).

Òîãäà µ1µ
−1
4 µ6 = α−2

2 α4 = α1α
−2
3 α4 = α4α

−2
5 α6. Ïîñêîëüêó α

2
2 = α2

3 = α2
5, ìû èìååì

α1 = 1 è α6 = 1. Èç ðàâåíñòâà α2
2 = −α4α

−1
1 α−1

6 çàêëþ÷àåì, ÷òî α2
2 = −α4.
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Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî [n24, h4h6n20n21] = 1. Òàêèì îáðàçîì,

ðàâåíñòâî N2N3 = N3N2 âëå÷åò H
−1
2 Hn20n21

2 = H−1
3 Hn24

3 . Òîãäà ïî ëåììå 3.2.3

(1, α−1
2 α3α

−1
6 , α1α2α

−1
3 α−1

6 , α1α
−2
6 , α1α

−2
6 , α1α

−2
6 ) =

= (1, γ1γ
−1
4 γ6, γ1γ

−1
4 γ6, γ

2
1γ

−2
4 γ26 , γ1γ

−1
4 γ6, 1).

Òàê êàê α1 = α6 = 1, òî α2α
−1
3 = γ1γ

−1
4 γ6 è 1 = γ1γ

−1
4 γ6. Ïîýòîìó α2 = α3. Èñïîëüçóÿ

MAGMA ïîëó÷àåì, ÷òî [n24, n16n25] = 1. Ñëåäîâàòåëüíî, ðàâåíñòâî N2N4 = N4N2

âëå÷åò H−1
2 Hn16n25

2 = H−1
4 Hn24

4 . Äàëåå, ïî ëåììå 3.2.3 èìååì

(1, α1α
−1
2 α−1

3 α4α
−1
6 , α1α

−1
2 α−1

3 α4α
−1
6 , α1α

−2
6 , α1α

−2
6 , α1α

−2
6 ) =

= (1, δ1δ
−1
4 δ6, δ1δ

−1
4 δ6, δ

2
1δ

−2
4 δ26, δ1δ

−1
4 δ6, 1).

Ïîñêîëüêó α1 = α6 = 1, òî α−1
2 α−1

3 α4 = δ1δ
−1
4 δ6 è 1 = δ1δ

−1
4 δ6. Òàêèì îáðàçîì, α4 =

α2α3 = α2
2; ÷òî ïðîòèâîðå÷èò ðàâåíñòâó α4 = −α2

2.

Òåïåðü íàéäåì ïîäíÿòèå äëÿ ýëåìåíòà w. Ïóñòü ζ � ýëåìåíò ïîëÿ Fp òà-

êîé, ÷òî ζq+1 = −1. Îïðåäåëèì H1 = (1, ζ, ζ,−1, ζ, 1). Ìû õîòèì ïîêàçàòü,

÷òî H1n2n3n5 ∈ N è (H1n2n3n5)
2 = 1. Â ñèëó ëåììû 3.2.3 èìååì Hn2n3n5 =

(λ1, λ
−1
2 λ4, λ1λ

−1
3 λ4, λ4, λ4λ

−1
5 λ6, λ6). Ñëåäîâàòåëüíî, Hσn2n3n5

1 = (1,−ζ−q,−ζ−q −

1,−ζ−q, 1) = H1 è H1 ∈ T . Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî (Hn2n3n5)
2 =

(λ21,−λ4,−λ1λ4, λ24,−λ4λ6, λ26).

Òàêèì îáðàçîì, (H1n2n3n5)
2 = 1 è H1n2n3n5 � òðåáóåìîå ïîäíÿòèå äëÿ ýëåìåíòà

w2w3w5.

Òîð 7. Â ýòîì ñëó÷àå w = w1w3w4 è CW (w) = ⟨w⟩ × ⟨w6, w19w26⟩ ≃ Z4 × D8.

Ïîëîæèì n = n1n3n4. Ïóñòü N2, N3 � ïðîîáðàçû ýëåìåíòîâ w6, w19w26 â K ñî-

îòâåòñòâåííî. Òîãäà N2 = H2n6, N3 = H3n19n26, ãäå H2 = (µ1, µ2, µ3, µ4, µ5, µ6) è

H3 = (β1, β2, β3, β4, β5, β6). Ïîñêîëüêó [n1n3n4, n6] = [n1n3n4, n16n26] = 1, òî ëåì-

ìà 1.4.2 (ii) âëå÷åò H2, H3 ∈ T . Òàê êàê w2
6 = 1, òî N2

2 = 1. Â ñèëó ëåììû 3.2.3

èìååì

(Hn6)
2 = (λ21, λ

2
2, λ

2
3, λ

2
4, λ

2
5,−λ5).

Òàêèì îáðàçîì, ïîëó÷àåì ðàâåíñòâà µ2
1 = µ2

2 = µ2
3 = µ2

4 = 1, µ5 = −1. Â ÷àñòíîñòè,
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µqi = µ−1
i = µi äëÿ 1 ⩽ i ⩽ 5. Ñîãëàñíî ëåììå 3.2.3 ïîëó÷àåì, ÷òî

Hn = (λ2λ
−1
4 λ5, λ2, λ1λ2λ

−1
4 λ5, λ2λ3λ

−1
4 λ5, λ5, λ6).

Ïîñêîëüêó Hσn
2 = H2, òî (µ2µ4µ5, µ2, µ1µ2µ4µ5, µ2µ3µ4µ5, µ5, µ

q
6) = H2. Òàê êàê µ5 =

−1, òî ïîëó÷àåì µ2µ4 = −µ1, µ1µ2µ4 = −µ3, µ2µ3 = −1. Èç ïîñëåäíåãî ðàâåíñòâà

ñëåäóåò, ÷òî µ2 = −µ3. Òàêèì îáðàçîì, µ1 = µ4, µ2 = −1 è µ3 = 1. Ñëåäîâàòåëüíî,

H2 = (µ1,−1, 1, µ1,−1, µ6).

Òàê êàê (w19w26)
2 = 1, òî N2

3 = 1. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî

(n19n26)
2 = h1h4 è

(Hn19n26)
2 = (−λ1λ3λ−1

4 λ6, λ2λ
−1
5 λ26, λ

−1
2 λ23λ

−1
5 λ26,−λ−1

1 λ−1
2 λ3λ4λ

−1
5 λ36, λ

−1
2 λ5λ

2
6, λ

2
6).

Òàêèì îáðàçîì, β4 = −β1β3β6, β2β2
6 = β5 è β

2
6 = 1. Ñëåäîâàòåëüíî, β2 = β5.

Ðàâåíñòâî (w6w19w26)
4 = 1 âëå÷åò (N2N3)

4 = 1. Çàìåòèì, ÷òî N2N3 =

H2n6H3n19n26 = H2H
n6
3 n6n19n26. Ïî ëåììå 3.2.3 èìååì Hn6 = (λ1, λ2, λ3, λ4, λ5, λ5λ

−1
6 ).

Ïðèìåíÿÿ ïîñëåäíåå ðàâåíñòâî ê H2H
n6
3 ïîëó÷àåì, ÷òî

H2H
n6
3 = (µ1,−1, 1, µ1,−1, µ6)(β1, β2, β3, β4, β2, β2β

−1
6 ) =

= (µ1β1,−β2, β3, µ1β4,−β2, µ6β2β
−1
6 ).

Ïîñêîëüêó (n6n19n26)
4 = h1h4, òî ëåììà 3.2.3 âëå÷åò ðàâåíñòâî

(Hn6n19n26)
4 = (−λ21λ−1

2 λ23λ
−2
4 λ5, ∗).

Òîãäà 1 = (N2N3)
4 = (−µ2

1β
2
1(−β−1

2 )β2
3µ

−2
1 β−2

4 (−β2), ∗). Òàêèì îáðàçîì, −β2
1β

2
3β

−2
4 = 1,

÷òî ðàâíîñèëüíî ðàâåíñòâó β2
4 = −β2

1β
2
3 . Ðàíåå áûëî ïîêàçàíî, ÷òî β4 = −β1β3β6.

Ñëåäîâàòåëüíî, β2
4 = β2

1β
2
3β

2
6 = β2

1β
2
3 ; ïðîòèâîðå÷èå.

Òåïåðü íàéäåì ïîäíÿòèå äëÿ ýëåìåíòà w. Ïóñòü ζ � ýëåìåíò ïîëÿ Fp òàêîé,

÷òî ζ2(q+1) = −1. Ïîëîæèì H1 = (−ζ−q,−1, ζ−q
2−q, ζ, 1, 1). Ìû óòâåðæäàåì, ÷òî

H1n ∈ N è |H1n| = 4. Äåéñòâèòåëüíî, ïîñêîëüêó ζq
3+q2+q+1 = ζ(2q+2)((q2+1)/2) = −1

è −ζ−q3−q2−q = ζ, òî Hσn
1 = (−ζ−q,−1, ζ−q

2−q,−ζ−q3−q2−q, 1, 1) = H1. Ñëåäîâàòåëüíî,

H1 ∈ T . Ïî ëåììå 3.2.3 ïîëó÷àåì, ÷òî

(Hn)4 = (−λ2λ5, λ42, (λ2λ5)2,−(λ2λ5)
3, λ45, λ

4
6).
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Òàêèì îáðàçîì, (H1n)
4 = 1 è H1n � òðåáóåìîå ïîäíÿòèå äëÿ ýëåìåíòà w.

Òîð 8. Â ýòîì ñëó÷àå w = w1w4w6w36 è CW (w) ⩾ ⟨w1, w4, w6, w36⟩ ≃ Z2×Z2×Z2×

Z2.

Ïîëîæèì n = n1n4n6n3. Èñïîëüçóÿ MAGMA âèäèì, ÷òî [n, n1] = [n, n4] = [n, n6] =

[n, n36] = 1 è, ñëåäîâàòåëüíî, n1, n4, n6, n36 ∈ N . Ïóñòü N1, N2, N3, N4 � ïðîîáðàçû

ýëåìåíòîâ w1, w4, w6, w36 â K ñîîòâåòñòâåííî. Òîãäà

N1 = H1n1, N2 = H2n4, N3 = H3n6, N4 = H4n36, ãäå

H1 = (µ1, µ2, µ3, µ4, µ5, µ6), H2 = (α1, α2, α3, α4, α5, α6), H3 = (β1, β2, β3, β4, β5, β6), H4 =

(γ1, γ2, γ3, γ4, γ5, γ6). Ïîñêîëüêó K ≃ CW (w), òî èìåþò ìåñòî ðàâåíñòâà N2
3 = 1 è

N3Ni = NiN3, ãäå i = 1, 2, 4. Èç ëåììû 3.2.3 ñëåäóåò, ÷òî

N2
3 = H3H

n6
3 h6 = (β2

1 , β
2
2 , β

2
3 , β

2
4 , β

2
5 ,−β5) = 1.

Ñëåäîâàòåëüíî, 1 = β2
1 = β2

2 = β2
3 = β2

4 = −β5. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò,

÷òî [n6, nj] = 1 äëÿ êàæäîãî j ∈ {1, 4, 36}, îòñþäà H−1
3 H

nj

3 = H−1
j Hn6

j . Ïî ëåììå 3.2.3

èìååì

j = 1 ⇒ (β−2
1 β3, 1, 1, 1, 1, 1) = (1, 1, 1, 1, 1, µ−2

6 µ5), îòñþäà β3 = β2
1 = 1.

j = 4 ⇒ (1, 1, 1, β2β3β
−2
4 β5, 1, 1) = (1, 1, 1, 1, 1, α−2

6 α5), îòñþäà β
2
4 = β2β3β5.

j = 36 ⇒ (β−1
2 , β−2

2 , β−2
2 , β−3

2 , β−2
2 , β−1

2 ) = (1, 1, 1, 1, 1, γ−2
6 γ5), îòñþäà β2 = 1.

Ìû ïðèõîäèì ê ïðîòèâîðå÷èþ 1 = β2
4 = β2β3β5 = −1.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî (n1n4n6n36)
4 = 1. Òàêèì îáðàçîì,

n1n4n6n36 � òðåáóåìîå ïîäíÿòèå äëÿ ýëåìåíòà w.

Òîð 11. Â ýòîì ñëó÷àå w = w1w4w6w3 è CW (w) = ⟨w,w6, w36⟩ ≃ Z4 × Z2 × Z2.

Ïîëîæèì n = n1n4n6n3. Ïóñòü N1, N2, N3 � ïðîîáðàçû ýëåìåíòîâ

w1w4w6w3, w6, w36 â K ñîîòâåòñòâåííî. Òîãäà N1 = H1n, N2 = H2n6, N3 = H3n36, ãäå

H1 = (µ1, µ2, µ3, µ4, µ5, µ6), H2 = (β1, β2, β3, β4, β5, β6), H3 = (α1, α2, α3, α4, α5, α6).

Èñïîëüçóÿ MAGMA âèäèì, ÷òî [n, n6] = [n, n36] = 1 è, ñëåäîâàòåëüíî,H1, H2, H3 ∈ T .

Ïîñêîëüêó K ≃ CW (w), òî èìåþò ìåñòî ðàâåíñòâà N2
2 = 1 è [N3, N1] = [N3, N2] = 1.
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Âû÷èñëåíèÿ â ïðåäûäóùåì ñëó÷àå (òîð 8) ïîêàçàëè, ÷òî

N2
2 = 1 âëå÷åò 1 = β2

1 = β2
2 = β2

3 = β2
4 = −β5,

è N3N2 = N2N3 âëå÷åò β2 = 1. Ïî ëåììå 1.4.3 ïîëó÷àåì H−1
2 Hn

2 = H−1
1 Hn6

1 . Èç

ëåììû 3.2.3 ñëåäóåò, ÷òî

(β−1
1 β−1

3 β4, 1, β1β
−2
3 β4, β1β2β

−1
3 β−1

4 β5, 1, β5β
−2
6 ) = (1, 1, 1, 1, 1, µ−2

6 µ5).

Ñëåäîâàòåëüíî, β1β4 = β2
3 = 1 è β4 = β1β3. Òàêèì îáðàçîì, 1 = β1β4 = β1 · β1β3 = β3

è β4 = β1. Áîëåå òîãî, 1 = β1β2β
−1
3 β−1

4 β5 = β1β
−1
4 β5 = β5; ïðîòèâîðå÷èå ñ ðàâåíñòâîì

β5 = −1.

Òåïåðü íàéäåì ïîäíÿòèå äëÿ ýëåìåíòà w. Ïóñòü ζ � ýëåìåíò ïîëÿ Fp òà-

êîé, ÷òî ζq
3+q2+q+1 = −1. Ïîëîæèì H1 = (ζ,−1, ζq+1,−ζ−q2 , 1, 1). Õîòèì ïî-

êàçàòü, ÷òî H1n ∈ N è |H1n| = 4. Ïî ëåììå 3.2.3 ïîëó÷àåì, ÷òî Hn =

(λ−1
3 λ4, λ2, λ1λ

−1
3 λ4, λ1λ2λ

−1
3 λ5, λ5, λ5λ

−1
6 ). Ñëåäîâàòåëüíî,

Hσn
1 = (−ζ−q2−q−1,−1,−ζ−q2−q,−ζ−q, 1, 1)q =

= (−ζ−q3−q2−q,−1,−ζ−q3−q2 ,−ζ−q2 , 1, 1) = H1.

Òàêèì îáðàçîì, H1 ∈ T . Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî

(Hn)4 = (−λ2λ5, λ42, (λ2λ5)2,−(λ2λ5)
3, λ45, λ

2
5).

Òîãäà (H1n)
4 = 1 è H1n � òðåáóåìîå ïîäíÿòèå äëÿ ýëåìåíòà w.

Òîð 14. Â ýòîì ñëó÷àå w = w3w2w4w14 è q ≡ −1 (mod 4). Îòìåòèì, ÷òî

w6w15w20 ∈ CW (w).

Ïîëîæèì n = n3n2n4n14. Èñïîëüçóÿ MAGMA âèäèì, ÷òî [n, h6n6n15n20] = 1 è, ñëå-

äîâàòåëüíî, h6n6n15n20 ∈ N . Ïóñòü N1 è N2 � ïðîîáðàçû ýëåìåíòîâ w è w6w15w20 â K

ñîîòâåòñòâåííî. Òîãäà N1 = H1n è N2 = H2h6n6n15n20, ãäå H1 = (µ1, µ2, µ3, µ4, µ5 µ6),

H2 = (α1, α2, α3, α4, α5, α6) � ýëåìåíòû òîðà T .

Ñîãëàñíî âû÷èñëåíèÿì â MAGMA èìååì (h6n6n15n20)
4 = h2h3. Èç ëåììû 3.2.3

ñëåäóåò, ÷òî

(HN2)
4 = (λ41,−λ1λ22λ23λ−2

5 ,−λ31λ22λ23λ−2
5 , λ41λ

4
4λ

−4
5 , λ41, λ

2
1).
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Ñëåäîâàòåëüíî, −α2
5 = α1α

2
2α

2
3, α

2
1 = 1. Ïîñêîëüêó [w, d] = 1, òî H−1

1 H1
N2 =

H−1
2 H2

N1 . Ïî ëåììå 3.2.3 ïîëó÷àåì, ÷òî

Hn = (λ1, λ3λ
−1
4 λ5, λ1λ3λ

−1
4 λ6, λ

2
3λ

−1
4 λ6, λ

−1
2 λ3λ6, λ6),

Hn6n15n20 = (λ1, λ3λ
−1
6 , λ1λ3λ

−1
5 , λ1λ

−1
2 λ3λ4λ

−1
5 λ−1

6 , λ1λ
−1
2 λ3λ

−1
6 , λ1λ

−1
6 ).

Òîãäà (1, µ−1
2 µ3µ

−1
6 , µ1µ

−1
5 , µ1µ

−1
2 µ3µ

−1
5 µ−1

6 , µ1µ
−1
2 µ3µ

−1
5 µ−1

6 , µ1µ
−2
6 ) =

= (1, α−1
2 α3α

−1
4 α5, α1α

−1
4 α6, α

2
3α

−2
4 α6, α

−1
2 α3α

−1
5 α6, 1).

Ñ ëåâîé ñòîðîíû ðàâåíñòâà ïðîèçâåäåíèå âòîðîé è òðåòüåé êîîðäèíàò ðàâíî ÷åò-

âåðòîé, ñëåäîâàòåëüíî, (α−1
2 α3α

−1
4 α5)(α1α

−1
4 α6) = α2

3α
−2
4 α6. Îòñþäà çàêëþ÷àåì, ÷òî

α1α5 = α2α3. Ïîñêîëüêó −α2
5 = α1α

2
2α

2
3, òî α1 = −1 è, ñëåäîâàòåëüíî, α5 = −α2α3.

Áîëåå òîãî, çíà÷åíèÿ ÷åòâåðòîé è ïÿòîé êîîðäèíàò ñîâïàäàþò, ïîýòîìó α2
3α

−2
4 α6 =

α−1
2 α3α

−1
5 α6. Òàêèì îáðàçîì, α2α3α5 = α2

4 è, ñëåäîâàòåëüíî, α
2
5 = −α2

4.

Òàê êàê ýëåìåíò H2 ïðèíàäëåæèò òîðó, òî H
σn
2 = H2. Ïîýòîìó

(αq1, (α3α
−1
4 α5)

q, (α1α3α
−1
4 α6)

q, (α2
3α

−1
4 α6)

q, (α−1
2 α3α6)

q, αq6) = (α1, α2, α3, α4, α5, α6).

Òîãäà α2 = (α3α
−1
4 α5)

q, α3 = (α1α3α
−1
4 α6)

q è α4 = (α2
3α

−1
4 α6)

q. Âîçâîäÿ â êâàäðàò îáå

÷àñòè ðàâåíñòâà äëÿ α2 è ó÷èòûâàÿ, ÷òî α2
4 = −α2

5, ïîëó÷àåì ðàâåíñòâî −α2q
3 = α2

2.

Ïîñêîëüêó α1 = −1, òî èìååò ìåñòî ðàâåíñòâî α4α
−1
3 = (α2

3α
−1
4 α6)

q(−α3α
−1
4 α6)

−q =

−αq3 è, ñëåäîâàòåëüíî, α4 = −αq+1
3 . Ïîýòîìó α3 = (α1α3α

−1
4 α6)

q = −αq3α
−q
4 αq6 =

−αq3(−α
−q2−q
3 )α6, îòñþäà α6 = αq

2+1
3 . Ñ äðóãîé ñòîðîíû, èìååì α5 = (α−1

2 α3α6)
q.

Òàê êàê αq6 = α6 è α5 = −α2α3, òî α6 = −αq+1
2 α1−q

3 . Èç ðàíåå ïîëó÷åííîãî ðàâåí-

ñòâà α2
2 = −α2q

3 ñëåäóåò αq+1
2 = αq

2+q
3 . Òàêèì îáðàçîì, α6 = −αq

2+1
3 ; ïðîòèâîðå÷èå ñ

ðàâåíñòâîì α6 = αq
2+1

3 .

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî n4 = 1 è, ñëåäîâàòåëüíî, n � òðåáóåìîå

ïîäíÿòèå äëÿ ýëåìåíòà w â ýòîì ñëó÷àå.

Òîð 16. Â ýòîì ñëó÷àå w = w1w4w6w3w36 è CW (w) = ⟨w⟩×⟨w6, w27, w36⟩ ≃ Z4×S4.

Çàìåòèì, ÷òî (w6w27)
3 = (w36w27)

3 = (w6w36)
2 = 1 è w1w4w6w3 ∈ CW (w).

Ïîëîæèì n = n1n4n6n3n36. Èñïîëüçóÿ MAGMA âèäèì, ÷òî [n, n1n4n6n3] =

[n, n36] = [n, n6] = 1. Ïóñòü N1, N2, N3 � ïðîîáðàçû ýëåìåíòîâ w1w4w6w3, w36, w6 â
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K ñîîòâåòñòâåííî. Òîãäà N1 = H1n1n4n6n3, N2 = H2n36, N3 = H3n6, ãäå

H1 = (µ1, µ2, µ3, µ4, µ5, µ6), H2 = (α1, α2, α3, α4, α5, α6), H3 = (β1, β2, β3, β4, β5, β6)

� ýëåìåíòû òîðà T . Ïîñêîëüêó K ≃ CW (w), òî èìåþò ìåñòî ðàâåíñòâà N2
3 = 1 è

[N3, N1] = [N3, N2] = 1. Âû÷èñëåíèÿ äëÿ òîðà 8 ïîêàçàëè, ÷òî

N2
3 = 1 âëå÷åò 1 = β2

1 = β2
2 = β2

3 = β2
4 = −β5,

è N3N2 = N2N3 âëå÷åò β2 = 1. Ïî ëåììå 1.4.3 ðàâåíñòâî N3N1 = N1N3 ðàâíîñèëüíî

H−1
3 Hn1n4n6n3

3 = H−1
1 Hn6

1 . Â ñèëó ëåììû 3.2.3 èç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò

(β−1
1 β−1

3 β4, 1, β1β
−2
3 β4, β1β2β

−1
3 β−1

4 β5, 1, β5β
−2
6 ) = (1, 1, 1, 1, 1, µ−2

6 µ5).

Ñëåäîâàòåëüíî, β1β4 = β2
3 = 1 è β4 = β1β3. Ïîýòîìó 1 = β1β4 = β1 · β1β3 = β3 è

β4 = β1. Íàêîíåö, 1 = β1β2β
−1
3 β−1

4 β5 = β1β
−1
4 β5 = β5; ïðîòèâîðå÷èå ñ ðàâåíñòâîì

β5 = −1.

Òåïåðü ìû íàéäåì ïîäíÿòèå äëÿ ýëåìåíòà w. Ïóñòü ζ � ýëåìåíò ïîëÿ Fp òàêîé,

÷òî ζq
3+q2+q+1 = −1. Ïîëîæèì H1 = (ζ, 1, ζq+1,−ζ−q2 ,−1, ζq

2+1). Ìû õîòèì ïîêàçàòü

÷òî H1n ∈ N è |H1n| = 4. Ëåììà 3.2.3 âëå÷åò

Hn = (λ−1
2 λ−1

3 λ4, λ
−1
2 , λ1λ

−2
2 λ−1

3 λ4, λ1λ
−2
2 λ−1

3 λ5, λ
−2
2 λ5, λ

−1
2 λ5λ

−1
6 ).

Ïîýòîìó Hσn
1 = (−ζ−q2−q−1, 1,−ζ−q2−q,−ζ−q,−1,−ζ−q2−1)q =

= (−ζ−q3−q2−q, 1,−ζ−q3−q2 ,−ζ−q2 , 1,−ζ−q3−q) = H1.

Ñëåäîâàòåëüíî, H1 ∈ T . Ïî ëåììå 3.2.3 èìååì (Hn)4 =

(−λ−1
2 λ5, 1, λ

−2
2 λ25,−λ−3

2 λ35, λ
−4
2 λ45, λ

−2
2 λ25). Òàêèì îáðàçîì, (H1n)

4 = 1 è H1n �

òðåáóåìîå ïîäíÿòèå äëÿ ýëåìåíòà w.

Ðàñùåïëÿåìûå ñëó÷àè.

Â ýòîì ðàçäåëå ìû íàéäåì âñå ìàêñèìàëüíûå ãðóïïû E6(q) êîòîðûå èìåþò äî-

ïîëíåíèå â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå. Íà ïðîòÿæåíèè âñåãî ðàçäåëà ìû
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ïðåäïîëàãàåì, ÷òî T � ýòî ìàêñèìàëüíûé òîð, ñîîòâåòñòâóþùèé êëàññó ñîïðÿæåííî-

ñòè ýëåìåíòà w â ãðóïïåW . Ìû âûáèðàåì w êàê â òàáëèöå 3.1. Åñëè w = wi1wi2 . . . wik ,

ãäå wij �ôóíäàìåíòàëüíûå îòðàæåíèÿ, òî ìû îïðåäåëÿåì n = ni1ni2 . . . nik . Îòìåòèì,

÷òî n ÿâëÿåòñÿ ïîäíÿòèåì ýëåìåíòà w â ãðóïïå N .

Òîð 4. Â ýòîì ñëó÷àå w = w3w1 è CW (w) = ⟨w,w5, w6, w2, w36, v⟩ ≃ Z3×((S3× S3) :

Z2), ãäå v = w1w4w14w29, w
v
5 = w2, w

v
6 = w36 è ⟨w5, w6⟩ ≃ ⟨w2, w36⟩ ≃ S3. Èñïîëüçóÿ

MAGMA âèäèì, ÷òî [n, n1n4n14n29] = [n, n5] = [n, n6] = [n, n2] = [n, n36] = 1, îòñþäà

n1n4n14n29, n5, n6, n2, n36 ∈ N . Ïîëîæèì

N1 = n1n3, N2 = h36n2, N3 = h2n36, N4 = n1n4n14n29, N5 = h5h6n5, N6 = h5n6.

Ìû óòâåðæäàåì, ÷òî K = ⟨N1, N2, N3, N4, N5, N6⟩ � äîïîëíåíèå äëÿ òîðà T . Ïî ëåì-

ìå 3.2.3 èìååì

Hn = (λ−1
1 λ3, λ2, λ

−1
1 λ4, λ4, λ5, λ6).

Òîãäà hσn36 = (−1, 1, 1,−1, 1,−1)σn = hσ36 = h36. Àíàëîãè÷íî hσn2 = h2, h
σn
5 = h5,

hσn6 = h6. Ïîýòîìó ýëåìåíòû h36, h2, h5 è h6 ïðèíàäëåæàò òîðó T . Âû÷èñëåíèÿ â

MAGMA ïîêàçûâàþò, ÷òî

N2
2 = N2

3 = N2
5 = N2

6 = 1, (N2N3)
3 = 1, (N5N6)

3 = 1,

òî åñòü ⟨N5, N6⟩ ≃ ⟨N2, N3⟩ ≃ S3 . Äàëåå, èñïîëüçóÿ MAGMA ïîëó÷àåì, ÷òî

N3
1 = 1, N2

4 = 1, NN2
1 = NN3

1 = NN4
1 = NN5

1 = NN6
1 = N1.

Ñëåäîâàòåëüíî, K = ⟨N1⟩ × ⟨N2, N3, N4, N5, N6⟩. Íàêîíåö, âû÷èñëåíèÿ â MAGMA

ïîêàçûâàþò, ÷òî NN4
5 = N2, N

N4
6 = N3 è K ≃ Z3 × ((S3× S3) : Z2) ≃ CW (w), êàê è

óòâåðæäàëîñü.

Òîð 6. Â ýòîì ñëó÷àå w = w1w3w5 è CW (w) = ⟨w⟩×⟨w2, w36⟩ ≃ Z6×S3. Èñïîëüçóÿ

MAGMA âèäèì, ÷òî [n, n2] = [n, n36] = 1. Ñëåäîâàòåëüíî, n2, n36 ∈ N . Ïóñòü ζ �

ýëåìåíò ïîëÿ Fp òàêîé, ÷òî |ζ| = 2(q + 1). ßñíî, ÷òî ζ(q+1) = −1. Îïðåäåëèì H1 =

(1, 1, 1, 1,−ζ,−1), N1 = H1n, N2 = h36n2 è N3 = h2n36. Ìû óòâåðæäàåì, ÷òî K =

⟨N1, N2, N3⟩ � äîïîëíåíèå äëÿ òîðà T â N . Ïî ëåììå 3.2.3 èìååì

Hn = (λ−1
3 λ4, λ2, λ1λ

−1
3 λ4, λ4, λ4λ

−1
5 λ6, λ6).
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Èñïîëüçóÿ ïîëó÷åííîå ðàâåíñòâî, âèäíî, ÷òî hn2 = h2, hn36 = h36 è, ñëåäî-

âàòåëüíî, h2, h36 ∈ T . Äàëåå, ìû èìååì Hn
1 = (1, 1, 1, 1, ζ−1,−1). Ïîýòîìó

Hσn
1 = (1, 1, 1, 1, ζ−q,−1). Ïîñêîëüêó ζq = −ζ−1, ìû çàêëþ÷àåì, ÷òî Hσn

1 =

(1, 1, 1, 1,−ζ,−1) = H1. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî (N2)
2 = 1, (N3)

2 = 1

è (N2N3)
3 = 1. Îñòàåòñÿ ïðîâåðèòü, ÷òî N6

1 = 1 è [N1, N2] = [N1, N3] = 1. Ïðè-

ìåíÿÿ MAGMA ïîëó÷àåì, ÷òî n6 = h5, è ëåììà 3.2.3 âëå÷åò ðàâåíñòâî (Hn)6 =

(λ24, λ
6
2, λ

4
4, λ

6
4,−λ34λ36, λ66). Ñëåäîâàòåëüíî, N6

1 = 1. Ïî ëåììå 3.2.3 èìååì

Hn2 = (λ1, λ
−1
2 λ4, λ3, λ4, λ5, λ6), H

n36 = (λ1λ
−1
2 , λ−1

2 , λ−2
2 λ3, λ

−3
2 λ4, λ

−2
2 λ5, λ

−1
2 λ6).

Òàêèì îáðàçîì, H−1
1 Hn2

1 = (1, 1, 1, 1, 1, 1) = h−1
36 h

n
36 è H−1

1 Hn36
1 = (1, 1, 1, 1, 1, 1) =

h−1
2 hn2 . Ïîýòîìó [N1, N2] = [N1, N3] = 1 ïî ëåììå 1.4.3. Ñëåäîâàòåëüíî, ⟨N1, N2, N3⟩ ≃

Z6 × S3, êàê è óòâåðæäàëîñü.

Òîð 9. Â ýòîì ñëó÷àå w = w1w2w3w5 è CW (w1w2w3w5) = ⟨w1w3⟩ × ⟨w2, w5, v⟩ ≃

Z3 ×D8, ãäå v = w1w4w14w29, w
v
2 = w5 è D8 = (w2 × w5)⋊ v.

Ïóñòü ξ � ïðèìèòèâíûé êîðåíü èç åäèíèöû ñòåïåíè (q2 − 1) è λ = ξ
q−1
2 . Çàìå-

òèì, ÷òî λq+1 = ξ(q
2−1)/2 = −1. Ïîëîæèì N1 = n1n3, N2 = H2n2, N3 = H3n5, N4 =

h1h4n1n4n14n29, ãäå H2 = (−1, λ, 1,−1, 1,−1), H3 = (1, 1, 1, 1, λ−1,−1).

Èñïîëüçóÿ MAGMA âèäèì, ÷òî [n, n1n3] = [n, n2] = [n, n5] = [n,N4] = 1, îòñþäà

N1, n2, n5, N4 ïðèíàäëåæàò ãðóïïå N . Ïî ëåììå 3.2.3 èìååì

Hn = (λ−1
3 λ4, λ

−1
2 λ4, λ1λ

−1
3 λ4, λ4, λ4λ

−1
5 λ6, λ6).

Ïîñêîëüêó λq+1 = −1, òî Hσn
2 = (−1,−λ−1, 1,−1, 1,−1)σ = H2 è Hσn

3 =

(1, 1, 1, 1,−λ,−1)σ = H3, Ïîýòîìó H2 è H3 ëåæàò â òîðå T . Õîòèì ïîêàçàòü, ÷òî

K = ⟨N1, N2, N3, N4⟩ áóäåò äîïîëíåíèåì äëÿ òîðà T .

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî N3
1 = [N1, N4] = 1. Ïîêàæåì, ÷òî

[N1, N2] = [N1, N3] = 1. Ïîñêîëüêó [n1n3, n2] = [n1n3, n5] = 1, òî äîñòàòî÷íî ïðî-

âåðèòü ðàâåíñòâà H−1
2 HN1

2 = H−1
3 HN1

3 = 1. Ïî ëåììå 3.2.3 ïîëó÷àåì, ÷òî HN1 =

(λ−1
3 λ4, λ2, λ1λ

−1
3 λ4, λ4, λ5, λ6). Ñëåäîâàòåëüíî, H

N1
2 = H2 è H

N1
3 = H3, êàê óòâåðæäà-

ëîñü.

Òåïåðü ïîêàæåì, ÷òî ⟨N2, N3, N4⟩ ≃ D8. Èñïîëüçóÿ MAGMA âèäèì, ÷òî

N2
4 = 1. Ñîãëàñíî ëåììå 3.2.3 èìååì (Hn2)

2 = (λ21,−λ4, λ23, λ24, λ25, λ26) è (Hn5)
2 =
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(λ21, λ
2
2, λ

2
3, λ

2
4,−λ4λ6, λ26). Ïîýòîìó N2

2 = N2
3 = 1. Îñòàåòñÿ ïðîâåðèòü ðàâåíñòâî

N2N4 = N4N3. Îòìåòèì, ÷òî N2N4 = H2n2N4. Ñ äðóãîé ñòîðîíû, N4N3 = HN4

3 N4n5.

Ïî ëåììå 3.2.3 ïîëó÷àåì, ÷òî

HN4 = (λ−1
1 λ6, λ

−1
5 λ26, λ

−1
3 λ26, λ

−1
3 λ36, λ

−1
2 λ26, λ6).

Ïîýòîìó HN4
3 = (1,−λ, 1,−1, 1,−1) = H2. Èñïîëüçóÿ MAGMA âèäèì, ÷òî n2N4 =

N4n5 è, ñëåäîâàòåëüíî, N2N4 = N4N3. Òàêèì îáðàçîì, K ≃ ⟨N1⟩ × ⟨N2, N3, N4⟩ ≃

Z3 ×D8 ≃ CW (w).

Òîð 10. Â ýòîì ñëó÷àå w = w1w5w3w6 è CW (w) = ⟨w,w2, w36, u, v⟩ ≃ Z3 × S3× S3,

ãäå u = w2w26w28w34, v = w2w24w32w33 è ⟨w2, w36⟩ ≃ ⟨u, v⟩ ≃ S3 . Ïîëîæèì

N1 = n,N2 = h36n2, N3 = h2n36, N4 = h1h6n2n26n28n34, N5 = h1h3h6n2n24n32n33.

Ìû óòâåðæäàåì, ÷òî K = ⟨N1, N2, N3, N4, N5⟩ ÿâëÿåòñÿ äîïîëíåíèåì. Èñïîëüçóÿ

MAGMA âèäèì, ÷òî [N1, N2] = [N1, N3] = [N1, N4] = [N1, N5] = 1 è N3
1 = 1. Ïîýòîìó

N1, N2, N3, N4, N5 ëåæàò â ãðóïïå N è K = ⟨N1⟩ × ⟨N2, N3, N4, N5⟩.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî N2
2 = N2

3 = N2
4 = N2

5 = 1, (N2N3)
3 = 1

è (N4N5)
3 = 1. Îòñþäà ïîëó÷àåì, ÷òî ⟨N2, N3⟩ ≃ ⟨N4, N5⟩ ≃ S3 . Íàêîíåö, èìååì

ðàâåíñòâà [N2, N4] = [N2, N5] = [N3, N4] = [N3, N5] = 1. Òàêèì îáðàçîì, K ≃ CW (w),

êàê è óòâåðæäàëîñü.

Òîð 12. Â ýòîì ñëó÷àå w = w1w4w3w2 è CW (w) = ⟨w,w6⟩ ≃ Z5 × Z2. Ïîëîæèì

N1 = n1n4n3n2, N2 = h2h5n6.

Èñïîëüçóÿ MAGMA âèäèì, ÷òî [N1, N2] = 1, è ïîýòîìó N2 ïðèíàäëåæèò ãðóïïå

N . Áîëåå òîãî, èìååì N5
1 = N2

2 = 1, è ãðóïïà K = ⟨N1, N2⟩ ≃ Z5 × Z2 ÿâëÿåòñÿ

äîïîëíåíèåì äëÿ òîðà T .

Òîð 13. Â ýòîì ñëó÷àå w = w3w2w5w4 è CW (w) = ⟨w,w17w18, w20w21⟩ ≃ Z6 × S3.

Ïóñòü N1 = n3n2n5n4, N2 = h3h5n17n18, N3 = h4h6n20n21.

Èñïîëüçóÿ MAGMA âèäèì, ÷òî [N1, N2] = [N1, N3] = 1. Ïîýòîìó N2 è N3 ëåæàò â

ãðóïïå N . Áîëåå òîãî, èìååì N6
1 = 1, N2

2 = N2
3 = (N2N3)

3 = 1. Òàêèì îáðàçîì, ãðóïïà

K = ⟨N1, N2, N3⟩ ≃ Z6 × S3 ÿâëÿåòñÿ äîïîëíåíèåì äëÿ òîðà T .
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Òîð 14. Â ýòîì ñëó÷àå w = w3w2w4w14, q ≡ 1 (mod 4) è CW (w) ≃ SL2(3) : Z4.

Áîëåå òîãî, èìååì CW (w) = ⟨d, y, c⟩, ãäå d = w6w15w20, y = w4w11w28 è c =

w1w2w4w6w31w32. Îòìåòèì, ÷òî

d4 = y4 = c3 = 1, yd = dy è d3y2c = c2y.

Âû÷èñëåíèÿ â GAP ïîêàçûâàþò, ÷òî äàííûå ñîîòíîøåíèÿ çàäàþò ãðóïïó CW (w) êàê

àáñòðàêòíóþ ãðóïïó, ïîðîæäåííóþ òðåìÿ ýëåìåíòàìè. Îïðåäåëèì n = n3n2n4n14,

D = h6n6n15n20, Y = h4n4n11n28 è C = h1h6n1n2n4n6n31n32.

Èñïîëüçóÿ MAGMA âèäèì, ÷òî [n,D] = [n, Y ] = [n,C] = 1 è, ñëåäîâàòåëüíî,

D, Y , C � ýëåìåíòû ãðóïïû N . Ïóñòü α � ýëåìåíò ïîëÿ Fp òàêîé, ÷òî α2 = −1

è H1 = (−1,−1, α, 1, α,−1), H2 = (−1, α, 1,−1,−α, 1). Ïîëîæèì N1 = H1D è N2 =

H2Y . Ìû óòâåðæäàåì, ÷òî K = ⟨N1, N2, C⟩ ÿâëÿåòñÿ äîïîëíåíèåì äëÿ òîðà T â N .

Äîñòàòî÷íî ïðîâåðèòü, ÷òî H1 è H2 ïðèíàäëåæàò òîðó T , è âûïîëíÿþòñÿ ðàâåíñòâà

N4
1 = N4

2 = C3 = 1, N1N2 = N2N1 è N
3
1N

2
2C = C2N2.

Ïî ëåììå 3.2.3 ïîëó÷àåì, ÷òî Hn = (λ1, λ3λ
−1
4 λ5, λ1λ3λ

−1
4 λ6, λ

2
3λ

−1
4 λ6, λ

−1
2 λ3λ6, λ6).

Ïðèìåíÿÿ ê H1 è H2, âèäèì, ÷òî H
n
1 = H1 è H

n
2 = H2. Ïîñêîëüêó q ≡ 1 (mod 4),

òî αq = α è, ñëåäîâàòåëüíî, Hσn
1 = H1, H

σn
2 = H2. Òàêèì îáðàçîì, H1 è H2 ëåæàò â

T . Òàê êàê D4 = Y 4 = h2h3, òî ëåììà 3.2.3 âëå÷åò

(HD)4 = (λ41,−λ1λ22λ23λ−2
5 ,−λ31λ22λ23λ−2

5 , λ41λ
4
4λ

−4
5 , λ41, λ

2
1) è

(HY )4 = (λ41,−λ31λ22λ−2
3 λ25λ

−2
6 ,−λ31λ−2

2 λ23λ
2
5λ

−2
6 , λ41λ

4
5λ

−4
6 , λ21λ

4
5λ

−4
6 , λ21).

Èç ðàâåíñòâ âèäíî, ÷òî N4
1 = N4

2 = 1. Èñïîëüçóÿ MAGMA ïîëó÷àåì, ÷òî C3 = 1.

Èç ëåììû 1.4.3 ñëåäóåò, ÷òî ðàâåíñòâî N1N2 = N2N1 ðàâíîñèëüíî H−1
1 HY

1 =

H−1
2 HD

2 [D, Y ]. Ïî ëåììå 3.2.3 èìååì

H−1HD = (1, λ−1
2 λ3λ

−1
6 , λ1λ

−1
5 , λ1λ

−1
2 λ3λ

−1
5 λ−1

6 , λ1λ
−1
2 λ3λ

−1
5 λ−1

6 , λ1λ
−2
6 ) è

H−1HY = (1, λ1λ
−1
4 λ5λ

−1
6 , λ1λ

−1
4 λ5λ

−1
6 , λ1λ2λ3λ

−2
4 λ5λ

−2
6 , λ1λ

−2
6 , λ1λ

−2
6 ).

Òàêèì îáðàçîì, H−1
1 HY

1 = (1, α, α,−1,−1,−1) è H−1
2 HD

2 = (1,−α,−α,−1,−1,−1).

Ïîñêîëüêó [D, Y ] = h2h3, ìû çàêëþ÷àåì, ÷òî N1N2 = N2N1.
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Îñòàåòñÿ ïðîâåðèòü ðàâåíñòâî N3
1N

2
2C = C2N2. Çàìåòèì, ÷òî N3

1N
2
2C =

(H1D)3(H2Y )2C = H1H
D
1 H

D2

1 (H2H
Y
2 )

D3
D3Y 2C. Â ñèëó ëåììû 3.2.3 èìååì

(HD)3 = (λ31, λ2λ
2
3λ

−1
5 , λ21λ2λ

2
3λ

−2
5 λ6, λ

2
1λ

−1
2 λ3λ

3
4λ

−3
5 λ6, λ

2
1λ

−1
2 λ3λ6, λ1λ6)D

3,

(HY )2 = (λ21, λ1λ
2
2λ

−1
4 λ5λ

−1
6 , λ1λ

2
3λ

−1
4 λ5λ

−1
6 , λ1λ2λ3λ5λ

−2
6 , λ1λ

2
5λ

−2
6 , λ1)Y

2,

HD3

= (λ1, λ1λ2λ
−1
5 , λ1λ2λ

−1
6 , λ21λ2λ

−1
3 λ4λ

−1
5 λ−1

6 , λ21λ2λ
−1
3 λ−1

6 , λ1λ
−1
6 ).

Ïîýòîìó H1H
D
1 H

D2

1 = (−1,−α, 1,−1, α, 1) è H2H
Y
2 = (1, α,−α,−1, 1,−1). Íàêîíåö,

(H2H
Y
2 )

D3
= (1, α,−α,−1, 1,−1). Òîãäà N3

1N
2
2C = (−1, 1,−α, 1, α,−1)D3Y 2C. Ñ äðó-

ãîé ñòîðîíû, ìû èìååì C2N2 = HC2

2 C2Y . Ïî ëåììå 3.2.3 ïîëó÷àåì, ÷òî

HC2

= (λ−1
1 λ6, λ

−1
1 λ−1

2 λ4λ
−1
5 λ6, λ

−1
1 λ−1

5 λ26, λ
−2
1 λ−1

2 λ3λ
−1
5 λ26, λ

−2
1 λ3λ

−1
5 λ6, λ

−1
1 ).

Òàêèì îáðàçîì, C2N2 = (−1, 1,−α, 1, α,−1)C2Y . Âû÷èñëåíèÿ â MAGMA ïîêà-

çûâàþò, ÷òî D3Y 2C = C2Y è, ñëåäîâàòåëüíî, N3
1N

2
2C = C2N2. Ïîëó÷àåì, ÷òî K

ÿâëÿåòñÿ äîïîëíåíèåì äëÿ òîðà T .

Òîð 15. Â ýòîì ñëó÷àå w = w1w5w3w6w2 è CW (w) = ⟨w⟩×⟨w24w32w33, w26w28w34⟩ ≃

Z6 × S3. Ïóñòü ξ, ζ � ýëåìåíòû ïîëÿ Fp òàêèå, ÷òî |ξ| = 2(q3 − 1) è |ζ| = 2(q + 1).

Îòìåòèì, ÷òî ξq
3−1 = −1, ζq+1 = −1. Ïîëîæèì

H1 = (−1, ζ, 1,−1,−ξq−1,−ξq2−1),

H2 = (ξq
2+q, ξq

2+q+1,−ξ2q2+q+1,−ξ2(q2+q+1), ξ(q+1)2 , ξq
2+q),

H3 = (ξq+1, ξq
2+q+1, ξ(q+1)2 ,−ξ2(q2+q+1), ξ(q+1)2 , ξq

2+q).

Äëÿ óäîáñòâà çàïèñè áóäåì îáîçíà÷àòü n24n32n33 ÷åðåç u, à n26n28n34 ÷åðåç v. Îïðå-

äåëèì N1 = H1n, N2 = H2h1h3h6u è N3 = H3h1h6v.Õîòèì ïîêàçàòü, ÷òî K =

⟨N1, N2, N3⟩ áóäåò äîïîëíåíèåì äëÿ òîðà T â N . Èñïîëüçóÿ MAGMA âèäèì, ÷òî

[h1h3h6u, n] = [h1h6v, n] = 1, ïîýòîìó h1h3h6u, h1h6v ëåæàò â N ñîãëàñíî ëåììå 1.4.2.

Óáåäèìñÿ, ÷òî ýëåìåíòû H1, H2 è H3 ëåæàò â òîðå T . Ñîãëàñíî ëåììå 3.2.3 èìååì

Hn = (λ−1
3 λ4, λ

−1
2 λ4, λ1λ

−1
3 λ4, λ4, λ4λ

−1
6 , λ5λ

−1
6 ).
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Ïîëàãàÿ H = H1, ïîëó÷àåì Hn
1 = (−1,−ζ−1, 1,−1, ξ1−q

2
, ξq−q

2
). Îòñþäà Hσn

1 =

(−1,−ζ−q, 1,−1, ξq−q
3
, ξq

2−q3). Çàìåòèì, ÷òî ζ−q = −ζ è ξq
3
= −ξ. Ïîýòîìó Hσn

1 =

(−1, ζ, 1,−1,−ξq−1,−ξq2−1) = H1. Äàëåå,

Hn
2 = (ξq+1,−ξq2+q+1, ξq

2+2q+1,−ξ2(q2+q+1),−ξq2+q+2, ξq+1).

Ïîýòîìó Hσn
2 = (ξq

2+q,−ξq3+q2+q, ξq3+2q2+q,−ξ2(q3+q2+q),−ξq3+q2+2q, ξq
2+q). Ïîñêîëüêó

ξq
3
= −ξ, òî Hσn

2 = (ξq
2+q, ξ1+q

2+q,−ξ1+2q2+q,−ξ2(1+q2+q), ξ1+q2+2q, ξq
2+q) = H2. Íà-

êîíåö, Hn
3 = (−ξq2+1,−ξq2+q+1,−ξq2+q+2,−ξ2(q2+q+1),−ξq2+q+2, ξq+1), ïîýòîìó Hσn

3 =

(−ξq3+q,−ξq3+q2+q,−ξq3+q2+2q,−ξ2(q3+q2+q),−ξq3+q2+2q, ξq
2+q). Ïîñêîëüêó ξq

3
= −ξ è

ξ2q
3
= ξ2, òî Hσn

3 = (ξ1+q, ξ1+q
2+q, ξ1+q

2+2q,−ξ2(1+q2+q), ξ1+q2+2q, ξq
2+q) = H3. Ïîñêîëüêó

n6 = h2, ëåììà 3.2.3 âëå÷åò (H1n)
6 = (λ24,−λ34, λ44, λ64, λ44, λ24) è |N1| = 6.

Òåïåðü äîêàæåì, ÷òî N2 è N3 ÿâëÿþòñÿ èíâîëþöèÿìè. Ïî ëåììå 3.2.3 èìååì

(Hu)2 = (λ1λ
−1
6 ,−λ22λ−1

4 , λ3λ
−1
4 λ5λ

−1
6 , 1, λ−1

1 λ3λ
−1
4 λ5, λ

−1
1 λ6). Ïîëàãàÿ H = H2h1h3h6,

ìû âèäèì, ÷òî N2
2 = 1. Àíàëîãè÷íî ïîëó÷àåì

(Hv)2 = (λ1λ
−1
5 λ6,−λ22λ−1

4 , λ3λ
−1
5 , 1, λ−1

3 λ5, λ1λ
−1
3 λ6).

Ïðèìåíÿÿ ïîëó÷åííîå ðàâåíñòâî ê H3h1h6, ïîëó÷àåì N2
3 = 1.

Òåïåðü ïîêàæåì, ÷òî N1 êîììóòèðóåò ñ ýëåìåíòàìè N2 è N3. Â ñèëó ëåììû 1.4.3

ýòî ýêâèâàëåíòíî ñîîòíîøåíèÿì o H−1
1 HN2

1 = H−1
2 HN1

2 è H−1
1 HN3

1 = H−1
3 HN1

3 . Èñïîëü-

çóÿ ðàâåíñòâà äëÿ Hn
2 è Hn

3 , ïîëó÷àåì

H−1
2 HN1

2 = (ξ1−q
2

,−1,−ξq−q2 , 1,−ξ1−q, ξ1−q2) = H−1
1 HN2

1 ,

H−1
3 HN1

3 = (−ξq2−q,−1,−ξ1−q, 1,−ξ1−q, ξ1−q2) = H−1
1 HN3

1 ,

÷òî è òðåáîâàëîñü.

Îñòàåòñÿ ïðîâåðèòü ðàâåíñòâî (N2N3)
3 = 1. Çàìåòèì, ÷òî

N2N3 = H2h1h3h6uH3h1h6v = H2h1h3h6(H3h1h6)
uuv =

= (∗, ξq2+q+1, ∗,−ξ2(q2+q+1), ∗, ∗)(∗,−ξ−(q2+q+1), ∗,−ξ−2(q2+q+1), ∗, ∗)uv =

= (∗,−1, ∗, 1, ∗, ∗)uv
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Ïî ëåììå 3.2.3 èìååì (Huv)3 = (λ4,−λ32, λ24, λ34, λ24, λ4). Òàêèì îáðàçîì, (N2N3)
3 = 1 è

K ÿâëÿåòñÿ äîïîëíåíèåì.

Òîð 17. Â ýòîì ñëó÷àå w = w1w4w5w3w36 è CW (w) = ⟨w⟩ ≃ Z10. Ïóñòü ξ �

ýëåìåíò ïîëÿ Fp òàêîé, ÷òî |ξ| = (q + 1)(q5 − 1). Ïîëîæèì ζ = ξ(q−1)/2. Çàìåòèì, ÷òî

ξq(q
5−1)ξ(q

5−1) = 1 è, ñëåäîâàòåëüíî, ζq
6−q = ζ1−q

5
. Îïðåäåëèì

H1 = (ζq
6+q3−q, ζ−q

5+1, ζ−q
5+q4+q3+1, ζ−q

5+q4+q3+q2+1, ζq
4+q3+q2+1, ζq

4+q3+q2+q+1).

Ïîêàæåì, ÷òî H1 ∈ T . Ïî ëåììå 3.2.3 èìååì

Hn = (λ−1
2 λ−1

3 λ4, λ
−1
2 , λ1λ

−2
2 λ−1

3 λ4, λ1λ
−2
2 λ−1

3 λ4λ
−1
5 λ6, λ

−2
2 λ4λ

−1
5 λ6, λ

−1
2 λ6).

Ïîëàãàÿ H = H1, ïîëó÷àåì, ÷òî

Hn
1 = (ζq

5+q2−1, ζq
5−1, ζq

5+q3+q2−1, ζq
5+q3+q2+q−1, ζq

5+q4+q3+q2+q−1, ζq
5+q4+q3+q2+q).

Ïîýòîìó

Hσn
1 = (ζq

6+q3−q, ζq
6−q, ζq

6+q4+q3−q, ζq
6+q4+q3+q2−q, ζq

6+q5+q4+q3+q2−q, ζq
6+q5+q4+q3+q2) =

= (ζq
6+q3−q, ζ1−q

5

, ζ−q
5+q4+q3+1, ζ−q

5+q4+q3+q2+1, ζq
4+q3+q2+1, ζq

4+q3+q2+q+1) = H1.

Òàêèì îáðàçîì, H1 ïðèíàäëåæèò òîðó T .

Èñïîëüçóÿ MAGMA âèäèì, ÷òî n10 = h1h4h6, è ïî ëåììå 3.2.3 ïîëó÷àåì (Hn)10 =

(−λ−1
2 λ26, 1, λ

−2
2 λ46,−λ−3

2 λ66, λ
−4
2 λ86,−λ−5

2 λ106 ).

Ïîëàãàÿ H = H1, ïîëó÷àåì, ÷òî

λ−1
2 λ26 = ζq

5−1ζ2q
4+2q3+2q2+2q+2 = ζq

5+2q4+2q3+2q2+2q+1 =

= ζ(q+1)(q4+q3+q2+q+1) = ξ(q
5−1)(q+1)/2 = −1.

Ñëåäîâàòåëüíî, (H1n)
10 = 1 è ⟨H1n⟩ � äîïîëíåíèå äëÿ òîðà T â N .

Òîð 18. Â ýòîì ñëó÷àå w = w1w4w6w3w5 è CW (w) = ⟨w,w36⟩ ≃ Z6 × Z2. Ïóñòü

ξ è ζ � ýëåìåíòû ïîëÿ Fp òàêèå, ÷òî ξq+1 = −1 è ζq−1 = −1. Îïðåäåëèì H1 =

(ξ,−1,−1, ξ−1,−1, ξ) è H2 = (ζ,−ζ2,−ζ2, ζ3,−ζ2, ζ). Ïîêàæåì, ÷òî H1, H2 ∈ T . Ïî

ëåììå 3.2.3 èìååì

Hn = (λ−1
3 λ4, λ2, λ1λ

−1
3 λ4, λ1λ2λ

−1
3 λ4λ

−1
5 λ6, λ4λ

−1
5 λ6, λ4λ

−1
5 ).
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Ñëåäîâàòåëüíî, Hσn
1 = (−ξ−q, (−1)q, (−1)q, (−ξ)q, (−1)q, (−ξ)−q). Ïîñêîëüêó ξq+1 =

−1, òî −ξ−q = ξ è (−ξ)q = ξ−1. Ïîýòîìó Hσn
1 = H1 è H1 ∈ T . Òåïåðü Hσn

2 =

(−ζq,−ζ2q,−ζ2q,−ζ3q,−ζ2q,−ζq). Òàê êàê ζq = −ζ, òî

Hσn
2 = (ζ,−ζ2,−ζ2, ζ3,−ζ2, ζ) = H2.

Ïîëîæèì N1 = H1n1n4n6n3n5 è N2 = H2n36. Ìû õîòèì äîêàçàòü, ÷òîK = ⟨N1, N2⟩

áóäåò äîïîëíåíèåì äëÿ T â N . Äîñòàòî÷íî ïîêàçàòü, ÷òî |N1| = 6, |N2| = 2 è

[N1, N2] = 1. Èñïîëüçóÿ MAGMA âèäèì, ÷òî n6 = h1h4h6, è â ñèëó ëåììû 3.2.3

ïîëó÷àåì (Hn)6 = (−λ32, λ62, λ62,−λ92, λ62,−λ32). Òàêèì îáðàçîì, N6
1 = (H1n)

6 = 1. Àíà-

ëîãè÷íî èìååì (Hn36)
2 = (−λ21λ−1

2 , 1, λ−2
2 λ23,−λ−3

2 λ24, λ
−2
2 λ25,−λ−1

2 λ26), so (H2n36)
2 = 1.

Îòìåòèì, ÷òî [n, n36] = 1, ïîýòîìó ñîãëàñíî ëåììå 1.4.3 îñòàåòñÿ äîêàçàòü ðàâåíñòâî

H−1
2 Hn

2 = H−1
1 Hn36

1 . Ïðèìåíÿÿ âûðàæåíèÿ äëÿ Hn è Hn36 , ìû ïîëó÷àåì, ÷òî

H−1
1 Hn36

1 = (ξ−1,−1,−1, ξ,−1, ξ−1)(−ξ,−1,−1,−ξ−1,−1,−ξ) = (−1, 1, 1,−1, 1,−1)

è H−1
2 Hn

2 = (ζ−1,−ζ−2,−ζ−2, ζ−3,−ζ−2, ζ−1)(−ζ,−ζ2,−ζ2,−ζ3,−ζ2,−ζ) =

= (−1, 1, 1,−1, 1,−1).

Òàêèì îáðàçîì, [N1, N2] = 1 è ⟨N1, N2⟩ � äîïîëíåíèå äëÿ òîðà T .

Òîðû 19, 23, 24. Â ýòèõ ñëó÷àÿõ ãðóïïà CW (w) ÿâëÿåòñÿ öèêëè÷åñêîé, ïîðîæ-

äåííîé ýëåìåíòîì w. Â çàâèñèìîñòè îò íîìåðà òîðà ìû èìååì w = w2w5w3w4w6,

w1w4w6w3w2w5, èëè w1w4w14w3w2w6. Îïðåäåëèì N1 = n2n5n3n4n6, n1n4n6n3n2n5, èëè

n1n4n14n3n2n6 ñîîòâåòñòâåííî. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî âî âñåõ ñëó-

÷àÿõ |N1| = |w|, ïîýòîìó ⟨N1⟩ � òðåáóåìîå äîïîëíåíèå.

Òîð 20. Â ýòîì ñëó÷àå w = w20w5w4w3w2 è CW (w) = ⟨w⟩ ≃ Z12. Ïîëîæèì

n = n20n5n4n3n2. Ïóñòü ξ � ýëåìåíò ïîëÿ Fp òàêîé, ÷òî |ξ| = |T | = (q−1)(q2+1)(q3+

1) è ζ = ξ(q−1)/2. Îïðåäåëèì H1 = (−1,−ζq,−ζ−q4 ,−ζ−q4−q3 , ζ−q4−q3−q2−1, ζ−q
3−1). Ïî

ëåììå 3.2.3 èìååì

Hn = (λ1, λ1λ
−1
3 λ4λ

−1
6 , λ1λ

−1
3 λ4, λ

2
1λ

−2
3 λ4λ5λ

−1
6 , λ21λ

−2
3 λ4, λ1λ2λ

−1
3 ).

Ïîëó÷àåì Hn
1 = (−1,−ζ,−ζ−q3 ,−ζ−q3−q2 ,−ζq4−q3 ,−ζq4+q). Ñëåäîâàòåëüíî, Hσn

1 =

(−1,−ζq,−ζ−q4 ,−ζ−q4−q3 ,−ζq5−q4 ,−ζq5+q2). Çàìåòèì, ÷òî |ξ| = 2(q5 + q3 + q2 + 1)(q −
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1)/2. Òîãäà ζq
5+q3+q2+1 = −1 è ζq

5
= −ζ−q3−q2−1. Ïîýòîìó −ζq5−q4 = ζ−q

4−q3−q2−1 è

−ζq5+q2 = ζ−q
3−q2−1+q2 . Òàêèì îáðàçîì, Hσn

1 = H1. Èñïîëüçóÿ MAGMA, ïîëó÷àåì

n12 = h2h3. Òîãäà (Hn)12 = (λ121 ,−λ91,−λ151 , λ181 , λ121 , λ61). Ñëåäîâàòåëüíî, (H1n)
12 = 1 è

⟨H1n⟩ � äîïîëíåíèå äëÿ òîðà T â N .

Òîð 21. Â ýòîì ñëó÷àå w = w1w5w2w3w6w36 è CW (w) ≃ (((Z3×Z3) : Z3) : Q8) : Z3.

Áîëåå òîãî, CW (w) = ⟨u, v⟩, ãäå u = w1w2w5w23w26w31, v = w1w2w6w8w10w29 è

⟨u, v⟩ ≃ ⟨a, b | a12 = b6 = a8ba−8b−1 = (a6b−1)3 = a6b2a6b−2 = ba8(a−1b)2a−1 = 1⟩

Îïðåäåëèì N1 = h1h2h5 ·n1n2n5n23n26n31, N2 = h1h5 ·n1n2n6n8n10n29 è N = n. Èñïîëü-

çóÿ MAGMA âèäèì, ÷òî [N,N1] = [N,N2] = 1. Ïîýòîìó N1 è N2 ïðèíàäëåæàò ãðóïïå

N . Ëåãêî ïðîâåðèòü ñîîòíîøåíèÿ ãðóïïû CW (w) äëÿ N1 è N2 èñïîëüçóÿ MAGMA,

íî ìû ïðèâåäåì äîêàçàòåëüñòâî, íå ñîäåðæàùåå êîìïüþòåðíûõ âû÷èñëåíèé.

Îïðåäåëÿþùèå ñîîòíîøåíèÿ CW (w) âåðíû äëÿ ýëåìåíòîâ u, v. Ïîäñòàâëÿÿ a = N1

è b = N2, ìû ïîëó÷èì,÷òî êàæäîå ñîîòíîøåíèå âåðíî ñ òî÷íîñòüþ äî íåêîòîðîãî

ýëåìåíòà h ∈ T . Ïîñêîëüêó N1 ∈ T è N2 ∈ T , òî êàæäûé òàêîé ýëåìåíò h ∈ T ∩ T =

H∩T . Òàê êàê T ≃ (q2+q+1)3, òî êàæäûé ýëåìåíò òîðà T èìååò íå÷åòíûé ïîðÿäîê.

Ñ äðóãîé ñòîðîíû, H � ýëåìåíòàðíàÿ àáåëåâà 2-ãðóïïà, ïîýòîìó H ∩ T = 1. Òàêèì

îáðàçîì, âñå ñîîòíîøåíèÿ äëÿ CW (w) âûïîëíåíû â ãðóïïå K = ⟨N1, N2⟩, è K �

òðåáóåìîå äîïîëíåíèå.

Òîð 22. Â ýòîì ñëó÷àå w = w1w4w6w3w5w36 è CW (w) = ⟨w,w36, w24⟩ ≃ Z6×S3. Ïî

ëåììå 3.2.3 èìååì

Hn = (λ−1
2 λ−1

3 λ4, λ
−1
2 , λ1λ

−2
2 λ−1

3 λ4, λ1λ
−2
2 λ−1

3 λ4λ
−1
5 λ6, λ

−2
2 λ4λ

−1
5 λ6, λ

−1
2 λ4λ

−1
5 ).

Èñïîëüçóÿ MAGMA, ïîëó÷àåì [n, n36] = 1 è [n, n24] = h2h3h5. Îïðåäåëèì

h = (α2, α, α, 1, α, α2), ãäå α ∈ Fp òàêîé, ÷òî αq+1 = −1. Òîãäà hσn =

(α−2, α−1, α−1, 1, α−1, α−2)σ = (α2,−α,−α, 1,−α, α2) = h2h3h5 ·h. Ñëåäîâàòåëüíî, ëåì-

ìà 1.4.2 âëå÷åò hn24 ∈ N .

Ïóñòü ξ � ïðèìèòèâíûé êîðåíü èç åäèíèöû ñòåïåíè (2q3 + 2), λ = −ξ2 è α =

ξ−q
2+q−1. Îòìåòèì, ÷òî λ−q

3
= −ξ−2q3 = −ξ2 = λ. Îïðåäåëèì

N1 = H1n,N2 = H2hn24, N3 = H3n36, ãäå
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H1 = (λ, 1, λq+1, λ−q
2+q+1, λq+1, λ), H2 = (−α−2, 1, 1,−α2, 1,−α−2), H3 = h2h3h5. Ïîêà-

æåì, ÷òî K = ⟨N1, N2, N3⟩ áóäåò äîïîëíåíèåì äëÿ òîðà T . Âî-ïåðâûõ,

Hσn
1 = (λ−q

2

, 1, λ−q
2+1, λ−q

2−q+1, λ−q
2+1, λ−q

2

)q = (λ, 1, λ1+q, λ1−q
2+q, λ1+q, λ) = H1.

Áîëåå òîãî, Hσn
2 = (−α2, 1, 1,−α−2, 1,−α2)q = (−α−2, 1, 1,−α2, 1,−α−2) = H2 è H

σn
3 =

Hq
3 = H3. Ñëåäîâàòåëüíî, H1, H2, H3 ∈ T . Ïî ëåììå 3.2.3 ïîëó÷àåì

Hn24 = (λ1, λ1λ2λ
−1
4 λ6, λ1λ3λ

−1
4 λ6, λ

2
1λ

−1
4 λ26, λ1λ

−1
4 λ5λ6, λ6),

(Hn24)
2 = (λ21,−λ1λ22λ−1

4 λ6,−λ1λ23λ−1
4 λ6, λ

2
1λ

2
6,−λ1λ−1

4 λ25λ6, λ
2
6).

Ïîýòîìó N2
2 = 1. Èñïîëüçóÿ MAGMA, ïîëó÷àåì N2

3 = 1. Çàìåòèì, ÷òî

N2N3 = H2hn24H3n36 = H2hH
n24
3 n24n36 =

= (−1, α, α,−α2, α,−1)(1,−1,−1, 1,−1, 1)n24n36 =

= (−1,−α,−α,−α2,−α,−1)n24n36.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî (n24n36)
3 = 1 è, ñëåäîâàòåëüíî,

(Hn24n36)
3 = (λ21λ

−2
2 λ4λ

−1
6 , 1, λ−3

2 λ33, λ1λ
−4
2 λ24λ6, λ

−3
2 λ35, λ

−1
1 λ−2

2 λ4λ
2
6).

Òàêèì îáðàçîì, (N2N3)
3 = 1 è ⟨N2, N3⟩ ≃ S3.

Äàëåå, ñîãëàñíî ëåììå 1.4.3 ðàâåíñòâî N1N3 = N3N1 ðàâíîñèëüíî H−1
3 Hn

3 =

H−1
1 Hn36

1 . Ïî ëåììå 3.2.3 ïîëó÷àåì Hn36 = (λ1λ
−1
2 , λ−1

2 , λ−2
2 λ3, λ

−3
2 λ4, λ

−2
2 λ5, λ

−1
2 λ6).

Òîãäà Hn36
1 = H1 è Hn

3 = H3. Ïîýòîìó N1N3 = N3N1. Àíàëîãè÷íî ðàâåíñòâî

N1N2 = N2N1 ðàâíîñèëüíî H−1
1 Hn24

1 · [n24, n] = (H2h)
−1(H2h)

n. Ïî ëåììå 3.2.3

ïîëó÷àåì H−1Hn24 = (1, λ1λ
−1
4 λ6, λ1λ

−1
4 λ6, λ

2
1λ

−2
4 λ26, λ1λ

−1
4 λ6, 1). Ïîëàãàÿ H = H1

è ó÷èòûâàÿ ðàâåíñòâî λq
2−q+1 = −ξ2(q2−q+1) = −α−2, ïîëó÷àåì, ÷òî H−1

1 Hn24
1 =

(1,−α−2,−α−2, α−4,−α−2, 1).

Ñ äðóãîé ñòîðîíû, H2h = (−1, α, α,−α2, α,−1), ïîýòîìó (H2h)
n =

(−1, α−1, α−1,−α−2, α−1,−1). Ñëåäîâàòåëüíî,

(H2h)
−1(H2h)

n = (1, α−2, α−2, α−4, α−2, 1).

Ïîñêîëüêó [n, n24] = h2h3h5, òî N1N2 = N2N1.
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Íàêîíåö, èñïîëüçóÿ MAGMA âèäèì, ÷òî (Hn)6 = 1. Òàêèì îáðàçîì, N6
1 = 1 è

K ≃ ⟨N1⟩ × ⟨N2, N3⟩ ≃ Z6 × S3, êàê óòâåðæäàëîñü.

Òîð 25. Â ýòîì ñëó÷àå w = w1w4w14w3w2w31 è CW (w) = ⟨w2⟩ × ⟨i, j, c⟩, ãäå i =

w3w6w19w26, j = w3w6w14w30, c = w1w4w6w13w20w34 è ⟨i, j, c⟩ ≃ SL2(3). Îòìåòèì, ÷òî

|T | = (q2 − q + 1)(q4 + q2 + 1) íå÷åòåí.

Îïðåäåëèì N1 = n2, N2 = h1h2h5n3n6n19n26, N3 = h2h3h4h5n3n6n14n30, N4 =

h1h2h4h6n1n4n6n13n20n34. Ìû óòâåðæäàåì, ÷òî K = ⟨N1, N2, N3, N4⟩ � äîïîëíåíèå

äëÿ òîðà T â N .

Èñïîëüçóÿ MAGMA âèäèì, ÷òî [n,N2] = [n,N3] = [n,N4] = 1 è, ñëåäîâàòåëü-

íî N2, N3, N4 ∈ N . Î÷åâèäíî, ÷òî îáðàç ãðóïïû ⟨N1, N2, N3, N4⟩ â W ðàâåí CW (w).

Òåïåðü ìû ìîæåì ïðèâåñòè òå æå àðãóìåíòû êàê â ñëó÷àå òîðà 21. Ãðóïïà CW (w)

çàäàåòñÿ íåêîòîðûìè ñîîòíîøåíèÿìè íà ýëåìåíòàõ w2, i, j è c. Ýòè ñîîòíîøåíèÿ

âûïîëíÿþòñÿ äëÿ N1, N2, N3 è N4 ñ òî÷íîñòüþ äî íåêîòîðûõ ýëåìåíòîâ h ∈ T ∩ H.

Îäíàêî, ïîñêîëüêó ïîðÿäîê òîðà T íå÷åòåí, òî h = 1 äëÿ âñåõ ñîîòíîøåíèé. Òàêèì

îáðàçîì, K ≃ CW (w) è K � òðåáóåìîå äîïîëíåíèå.

Âñå ìàêñèìàëüíûå òîðû ðàññìîòðåíû, òåì ñàìûì òåîðåìà 3.2.2 äîêàçàíà äëÿ

ãðóïï E6(q).

×òîáû ïîëó÷èòü ðåçóëüòàòû äëÿ ãðóïï 2E6(q), ìîæíî íà÷àòü ñ ìàêñèìàëüíîãî

òîðà T σ ≃ Z6
q+1 è çàòåì èñïîëüçîâàòü äîêàçàòåëüñòâà äëÿ ãðóïïû E6(q), çàìåíÿÿ q

íà −q.

3.3 Èñêëþ÷èòåëüíûå ãðóïïû E7(q)

Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ ïðîñòûå ñâÿçíûå ëèíåéíûå àëãåáðàè÷åñêèå

ãðóïïû G òèïà E7. Îòâåò íà ïðîáëåìó 1 äàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3.3.1. Ïóñòü G � ïðîñòàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà (ïðè-

ñîåäèíåííîãî òèïà èëè îäíîñâÿçíàÿ) ëèåâà òèïà E7 íàä ïîëåì Fp. Ïóñòü T � ìàê-

ñèìàëüíûé òîð â ãðóïïå G. Òîãäà NG(T ) ðàñùåïëÿåòñÿ íàä T â òîì è òîëüêî â

òîì ñëó÷àå, åñëè p = 2.

Ïðè ïåðåõîäå ê êîíå÷íûì ãðóïïàì G ëèåâà òèïà ñóùåñòâóåò âçàèìíî-îäíîçíà÷íîå
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Òàáëèöà 3.1: Ìàêñèìàëüíûå òîðû îäíîñâÿçíîé ãðóïïû E6(q)

� Ïðåäñòàâèòåëü w |w| Ñòðîåíèå CW (w) Öèêëè÷åñêîå ñòðîåíèå T Äîï.

1 1 1 O5(3) : Z2 (q − 1)6 �

2 w1 2 S2×S6 (q − 1)4 × (q2 − 1) �

3 w1w2 2 D8 × S4 (q − 1)2 × (q2 − 1)2 �

4 w3w1 3 Z3 × ((S3×S3) : Z2) (q − 1)3 × (q3 − 1) +

5 w2w3w5 2 Z2 × Z2 × S4 (q2 − 1)3 �

6 w1w3w5 6 Z6 × S3 (q − 1)× (q2 − 1)× (q3 − 1) +

7 w1w3w4 4 Z4 ×D8 (q − 1)2 × (q4 − 1) �

8 w1w4w6w36 2 Z2 : ((A
2
4 : Z2) : Z2) (q + 1)2 × (q2 − 1)2 �

9 w1w2w3w5 6 Z3 ×D8 (q2 − 1)× (q + 1)(q3 − 1) +

10 w1w5w3w6 3 Z3 × S3×S3 (q − 1)× (q2 + q + 1)× (q3 − 1) +

11 w1w4w6w3 4 Z4 × Z2 × Z2 (q2 − 1)× (q4 − 1) �

12 w1w4w3w2 5 Z2 × Z5 (q − 1)× (q5 − 1) +

13 w3w2w5w4 6 Z6 × S3 (q2 − 1)× (q − 1)(q3 + 1) +

14 w3w2w4w14 4 SL2(3) : Z4 (q − 1)(q2 + 1)2 ±

15 w1w5w3w6w2 6 Z6 × S3 (q2 + q + 1)× (q + 1)(q3 − 1) +

16 w1w4w6w3w36 4 Z4 × S4 (q + 1)2 × (q4 − 1) �

17 w1w4w5w3w36 10 Z10 (q + 1)(q5 − 1) +

18 w1w4w6w3w5 6 Z6 × Z2 (q2 + q + 1)× (q − 1)(q3 + 1) +

19 w2w5w3w4w6 8 Z8 (q2 − 1)(q4 + 1) +

20 w20w5w4w3w2 12 Z12 (q − 1)(q2 + 1)(q3 + 1) +

21 w1w5w2w3w6w36 3 ((Z2
3 : Z3) : Q8) : Z3 (q2 + q + 1)3 +

22 w1w4w6w3w5w36 6 Z6 × S3 (q + 1)× (q5 + q4 + q3 + q2 + q + 1) +

23 w1w4w6w3w2w5 12 Z12 (q2 + q + 1)(q4 − q2 + 1) +

24 w1w4w14w3w2w6 9 Z9 (q6 + q3 + 1) +

25 w1w4w14w3w2w31 6 Z3 × SL2(3) (q2 − q + 1)× (q4 + q2 + 1) +
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ñîîòâåòñòâèå ìåæäó êëàññàìè G-ñîïðÿæåííûõ ìàêñèìàëüíûõ σ-èíâàðèàíòíûõ òîðîâ

ãðóïïû G è êëàññàìè σ-ñîïðÿæåííîñòè ãðóïïû Âåéëÿ W . Ìû íóìåðóåì êëàññû ñî-

ïðÿæåííîñòè ãðóïïûW è êîðíè ñîîòâåòñòâóþùåé êîðíåâîé ñèñòåìû êàê â [29]. Ïóñòü

∆ = {r1, r2, r3, r4, r5, r7} � ôóíäàìåíòàëüíàÿ ñèñòåìà êîðíåé êîðíåâîé ñèñòåìû E7,

òîãäà r16 = r2+r4+r5 è r53 = r1+2r2+2r3+3r4+2r5+r6. ×åðåç wi áóäåì îáîçíà÷àòü

ýëåìåíò ãðóïïû W , ñîîòâåòñòâóþùèé îòðàæåíèþ â ãèïåðïëîñêîñòè, îðòîãîíàëüíîé

i-ìó ïîëîæèòåëüíîìó êîðíþ ri. ×åðåç U îáîçíà÷èì ïîäãðóïïó ãðóïïûW , ïîðîæäåí-

íóþ ýëåìåíòàìè w1, w2, w3, w4, w5, w6. Îòìåòèì, ÷òî U èçîìîðôíà ãðóïïå Âåéëÿ òèïà

E6. Äëÿ êîðíåâîé ñèñòåìû Φ áóäåì îáîçíà÷àòü ÷åðåç Φsc(q) è Φad(q) îäíîñâÿçíóþ è

ïðèñîåäèíåííóþ ãðóïïû ñ êîðíåâîé ñèñòåìîé Φ, ñîîòâåòñòâåííî.

Îòâåò íà ïðîáëåìó 2 äëÿ ãðóïï E7(q) ñîäåðæèòñÿ â ñëåäóþùåé òåîðåìå.

Òåîðåìà 3.3.2. Ïóñòü G = E7(q) (îäíîñâÿçíàÿ èëè ïðèñîåäèíåííîãî òèïà), W �

ãðóïïà Âåéëÿ ãðóïïû G è w0 � öåíòðàëüíàÿ èíâîëþöèÿ â W . Ïóñòü T � ìàêñè-

ìàëüíûé òîð ãðóïïû G, ñîîòâåòñòâóþùèé ýëåìåíòó w èç W . Òîãäà âåðíû ñëåäó-

þùèå óòâåðæäåíèÿ:

(1) Åñëè G = Ead
7 (q), òî ýëåìåíò w èìååò ïîäíÿòèå ïîðÿäêà |w| â N(G, T ). Áîëåå

òîãî, T íå èìååò äîïîëíåíèÿ â N(G, T ) òîãäà è òîëüêî òîãäà, êîãäà q íå÷åòíî

è õîòÿ áû îäèí èç ýëåìåíòîâ w èëè ww0 ñîïðÿæåí â W ñ îäíèì èç ñëåäóþùèõ

ýëåìåíòîâ: 1, w1, w1w2, w2w3w5, w1w3w4, w1w4w6w53, w1w4w6w3, w3w2w4w16,

w1w4w6w3w53, w3w2w4w16w7;

(2) Åñëè G = Esc
7 (q), òî T íå èìååò äîïîëíåíèÿ â N(G, T ) òîãäà è òîëüêî òîãäà,

êîãäà q íå÷åòíî. Áîëåå òîãî, w èìååò ïîäíÿòèå â N(G, T ) ïîðÿäêà |w| òîãäà

è òîëüêî òîãäà, êîãäà ëèáî q ÷åòíî èëè ýëåìåíò w óäîâëåòâîðÿåò îäíîìó èç

ñëåäóþùèõ óñëîâèé:

(à) |w| äåëèòñÿ íà 4;

(á) |w| íå÷åòíûé;

(â) w ñîïðÿæåí â W ñ íåêîòîðûì ýëåìåíòîì èç U .
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Çàìå÷àíèå 3.3.3. Èç òàáëèöû 3.5 ñëåäóåò, ÷òî ýëåìåíò w èëè ww0 ñîïðÿæåí ñ

îäíèì èç ýëåìåíòîâ, óêàçàííûõ â ïóíêòå (1), òîãäà è òîëüêî òîãäà, êîãäà ïîðÿäîê

|w| äåëèò 4.

Ìû èëëþñòðèðóåì ðåçóëüòàòû òåîðåìû â òàáëèöå 3.5, à òàêæå â òàáëèöå 3.10 ñ

íåêîòîðîé äîïîëíèòåëüíîé èíôîðìàöèåé î ìàêñèìàëüíûõ òîðàõ.

Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Ìàòðèöà Êàðòàíà (Aij) êîðíåâîé ñèñòåìû E7 èìååò âèä

(Aij) =



2 0 −1 0 0 0 0

0 2 0 −1 0 0 0

−1 0 2 −1 0 0 0

0 −1 −1 2 −1 0 0

0 0 0 −1 2 −1 0

0 0 0 0 −1 2 −1

0 0 0 0 0 −1 2


.

Ãðóïïó Âåéëÿ W êîðíåâîé ñèñòåìû E7 ìîæíî çàïèñàòü â âèäå W (E7) =

⟨wr1 , . . . , wr7|(wriwrj)mij = 1⟩, ãäå

mij =


1, åñëè i = j,

2, åñëè Aij = 0,

3, åñëè Aij = −1.

ÃðóïïàW èìååò ïîðÿäîê 210 ·34 ·5·7 è èçîìîðôíà ãðóïïå 2×O7(2) (â îáîçíà÷åíèÿõ

[25]). Äèàãðàììà Äûíêèíà êîðíåâîé ñèñòåìû E7 èìååò âèä

u u u u u uur1 r3 r4 r5 r6 r7

r2

Íàïîìíèì, ÷òî ëþáîé ýëåìåíò H òîðà T ïðåäñòàâëÿåòñÿ â âèäå H =
7∏
i=1

hri(λi).

Ñëåäîâàòåëüíî, ýëåìåíò H îïðåäåëÿåòñÿ çíà÷åíèÿìè λ1, λ2, λ3, λ4, λ5, λ6, λ7 è ìû áó-

äåì ïèñàòü H = (λ1, λ2, λ3, λ4, λ5, λ6, λ7).



Ãëàâà 3. Íîðìàëèçàòîðû ìàêñèìàëüíûõ òîðîâ â èñêëþ÷èòåëüíûõ ãðóïïàõ 126

Ìû èñïîëüçóåì MAGMA [53] äëÿ âû÷èñëåíèÿ ïðîèçâåäåíèé â N . Âñå âû÷èñëåíèÿ

ìîãóò áûòü âûïîëíåíû òàêæå è â MAGMA-êàëüêóëÿòîðå [48]. Ìû èñïîëüçóåì ñëå-

äóþùèå ïðåäâàðèòåëüíûå êîìàíäû:

L := LieAlgebra(”E7”, Rationals());

R := RootDatum(L);

B := ChevalleyBasis(L);

Â òàêîì ñëó÷àå L èìååò ïðèñîåäèíåííûé òèï ïî óìîë÷àíèþ. ×òîáû ïåðåêëþ÷èòü

äàííûå äëÿ îäíîñâÿçíûõ ãðóïï, ìîæíî çàìåíèòü ïåðâóþ êîìàíäó íà ñëåäóþùóþ:

L := LieAlgebra(”E7”, Rationals() : Isogeny := ”SC”).

Ñëåäóþùèå êîìàíäû âûäàþò ñïèñîê âñåõ ýêñòðàñïåöèàëüíûõ ïàð è çíàêè ñîîò-

âåòñòâóþùèõ ñòðóêòóðíûõ êîíñòàíò:

x, y, h := ChevalleyBasis(L); IsChevalleyBasis(L,R, x, y, h);

[⟨1, 3, 1⟩, ⟨1, 10, 1⟩, ⟨1, 15, 1⟩, ⟨1, 17, 1⟩, ⟨1, 22, 1⟩, ⟨1, 24, 1⟩, ⟨1, 28, 1⟩, ⟨1, 29, 1⟩, ⟨1, 31, 1⟩,

⟨1, 35, 1⟩, ⟨1, 36, 1⟩, ⟨1, 40, 1⟩, ⟨1, 41, 1⟩, ⟨1, 45, 1⟩, ⟨1, 49, 1⟩, ⟨1, 62, 1⟩, ⟨2, 4, 1⟩, ⟨2, 10, 1⟩,

⟨2, 11, 1⟩, ⟨2, 17, 1⟩, ⟨2, 18, 1⟩, ⟨2, 24, 1⟩, ⟨2, 25, 1⟩, ⟨2, 31, 1⟩, ⟨2, 50, 1⟩, ⟨2, 54, 1⟩, ⟨2, 57, 1⟩,

⟨2, 59, 1⟩, ⟨3, 4, 1⟩, ⟨3, 11, 1⟩, ⟨3, 18, 1⟩, ⟨3, 25, 1⟩, ⟨3, 32, 1⟩, ⟨3, 38, 1⟩, ⟨3, 43, 1⟩, ⟨3, 44, 1⟩,

⟨3, 48, 1⟩, ⟨3, 52, 1⟩, ⟨3, 61, 1⟩, ⟨4, 5, 1⟩, ⟨4, 12, 1⟩, ⟨4, 19, 1⟩, ⟨4, 22, 1⟩, ⟨4, 29, 1⟩, ⟨4, 36, 1⟩,

⟨4, 46, 1⟩, ⟨4, 51, 1⟩, ⟨4, 55, 1⟩, ⟨4, 60, 1⟩, ⟨5, 6, 1⟩, ⟨5, 13, 1⟩, ⟨5, 35, 1⟩, ⟨5, 41, 1⟩, ⟨5, 57, 1⟩,

⟨6, 7, 1⟩, ⟨6, 45, 1⟩].

Íåïîñðåäñòâåííàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî ââåäåííûé ðàíåå ïîðÿäîê äàåò òàêîå

æå ìíîæåñòâî ýêñòðàñïåöèàëüíûõ ïàð. Ïîýòîìó âû÷èñëåíèÿ â MAGMA äëÿ N ñî-

îòâåòñòâóþò ïîðÿäêó è ñòðóêòóðíûì êîíñòàíòàì, îïðåäåëåííûì ðàíåå. Ñëåäóþùèå

êîìàíäû îïðåäåëÿþò ýëåìåíòû ni è hi.

G := GroupOfLieType(L);

n := [elt⟨G | i⟩ : i in [1..NumberOfPositiveRoots(R)]];

h := [TorusTerm(G, i,−1) : i in [1..NumberOfPositiveRoots(R)]];

×òîáû ïîëó÷èòü ñïèñîê ìàòðèö îòðàæåíèé, ìîæíî èñïîëüçîâàòü ñëåäóþùóþ êî-

ìàíäó:

w := [Transpose(i) : i in ReflectionMatrices(R)];
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Ñëåäóþùèé ðåçóëüòàò ÿâëÿåòñÿ îñíîâíûì èíñòðóìåíòîì ïðè âû÷èñëåíèÿõ ñòåïå-

íåé è êîììóòàòîðîâ ýëåìåíòîâ â N .

Ëåììà 3.3.4. Ïóñòü âñå êîðíè â êîðíåâîé ñèñòåìå Φ èìåþò îäèíàêîâóþ äëèíó.

Ïóñòü l � ýòî ÷èñëî ôóíäàìåíòàëüíûõ êîðíåé â Φ è k = |Φ|. Ïðåäïîëîæèì, ÷òî

n ∈ T è π(n) = w. Ïóñòü A = (aij)l×l � ìàòðèöà w â áàçèñå r1, r2, . . . , rl, è H =

(λ1, λ2, . . . , λl) � íåêîòîðûé ýëåìåíò â T . Òîãäà âûïîëíåíû ñëåäóþùèå óòâåðæäåíèÿ:

(1) Hn = (λ′1, λ
′
2, . . . , λ

′
l), ãäå λ

′
i = λai11 λai22 . . . λaill äëÿ 1 ⩽ i ⩽ l;

(2) (Hn)m = (λ′1, λ
′
2, . . . , λ

′
l)n

m, ãäå m � ïîëîæèòåëüíîå öåëîå ÷èñëî, λ′i =

λbi11 λbi22 . . . λbill äëÿ 1 ⩽ i ⩽ l è bij � ýëåìåíòû ìàòðèöû
m−1∑
t=0

At.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ÿâëÿåòñÿ àíàëîãè÷íûì äîêàçàòåëüñòâó 3.2.3, ãäå

ýòî óòâåðæäåíèå áûëî äîêàçàíî â ñëó÷àå Φ = E6.

Ïîñêîëüêó ìû ÷àñòî èñïîëüçóåì ëåììó 3.3.4, ïðîèëëþñòðèðóåì åå ïðèìåíåíèå

ñëåäóþùèì ïðèìåðîì.

Ïðèìåð 3.3.5. Ïóñòü Φ = E7, w = w1w2w3 è n = n1n2n3. Òîãäà ëåãêî âèäåòü,

÷òî w1(r1) = −r1, w1(r3) = r1 + r3, w2(r2) = −r2, w2(r4) = r2 + r4, w3(r3) = −r3,

w3(r1) = r1 + r3 è w3(r4) = r3 + r4.

Ïîýòîìó â ýòîì ñëó÷àå ìàòðèöà A äëÿ w ÿâëÿåòñÿ ñëåäóþùåé.

A =



0 0 −1 1 0 0 0

0 −1 0 1 0 0 0

1 0 −1 1 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1


.

Ïóñòü H = (λ1, λ2, λ3, λ4, λ5, λ6, λ7) ∈ T . Òîãäà ïî ëåììå 3.3.4 ìû ìîæåì

èñïîëüçîâàòü ñòðîêè ìàòðèöû A, ÷òîáû âû÷èñëèòü Hn, à èìåííî: Hn =

(λ−1
3 λ4, λ

−1
2 λ4, λ1λ

−1
3 λ4, λ4, λ5, λ6, λ7). Ïóñòü òåïåðü B = A0 +A+A2 +A3 +A4 +A5.
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Òîãäà

B =



0 0 0 2 0 0 0

0 0 0 3 0 0 0

0 0 0 4 0 0 0

0 0 0 6 0 0 0

0 0 0 0 6 0 0

0 0 0 0 0 6 0

0 0 0 0 0 0 6


.

Ëåãêî ïðîâåðèòü, ÷òî n6 = h2, ïîýòîìó

(Hn)6 = (λ24, λ
3
4, λ

4
4, λ

6
4, λ

6
5, λ

6
6, λ

6
7)n

6 = (λ24,−λ34, λ44, λ64, λ65, λ66, λ67).

Äîêàçàòåëüñòâî òåîðåìû 3.3.1.

Ïîñêîëüêó ñëó÷àé p = 2 ñëåäóåò èç çàìå÷àíèÿ 1.4.1, ìû ïðåäïîëàãàåì äàëåå, ÷òî

q íå÷åòíî.

Åñëè ãðóïïà E7(Fp) óíèâåðñàëüíàÿ, òî ñîãëàñíî [34, Òàáëèöà 1.12.6] åå öåíòð ïî-

ðîæäàåòñÿ ýëåìåíòîì z = hr2(−1)hr5(−1)hr7(−1) ïîðÿäêà 2. Ñëåäîâàòåëüíî, â ãðóïïå

E7(Fp) ïðèñîåäèíåííîãî òèïà âåðíî, ÷òî

H = (λ1, . . . , λ7) = 1 ⇔ λ1 = λ3 = λ4 = λ6 = 1, λ2 = λ5 = λ7 = ±1.

Ïðåäïîëîæèì, ÷òî ìàêñèìàëüíûé òîð T èìååò äîïîëíåíèå K â ñâîåì íîðìàëè-

çàòîðå N . Ïóñòü Ni � ïðîîáðàç ýëåìåíòà wri â K, ãäå i = 1, . . . , 7. Òîãäà Ni = Hinri

è (NiNj)
mij = 1.

Ïóñòü N3 = H3n3, N4 = H4n4, N5 = H5n5, N6 = H6n6, ãäå

H3 = (ν1, . . . , ν7), H4 = (µ1, . . . , µ7), H5 = (α1, . . . , α7), H6 = (β1, . . . , β7).

Â ñèëó ëåììû 3.3.4 èìååì

N2
4 = (µ2

1, µ
2
2, µ

2
3,−µ2µ3µ5, µ

2
5, µ

2
6, µ

2
7) = 1,

îòêóäà  µ2
1 = µ2

3 = µ2
6 = −µ2µ3µ5 = 1,

µ2
2 = µ2

5 = µ2
7 = ϵ, ãäå ϵ = ±1.
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Ïóñòü k ∈ {1, 6, 7}, òîãäà äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà N4Nk = NkN4. Ïîñêîëüêó

[n4, n6] = 1, òî ñîãëàñíî ëåììå 1.4.3 ïðè k = 6 èìååì H−1
4 Hn6

4 = H−1
6 Hn4

6 . Ñëåäîâà-

òåëüíî,

(1, 1, 1, 1, 1, µ5µ
−2
6 µ7, 1) = (1, 1, 1, β−2

4 β2β3β5, 1, 1, 1),

÷òî ðàâíîñèëüíî ðàâåíñòâó

(1, 1, 1, β−2
4 β2β3β5, 1, µ

2
6µ

−1
5 µ−1

7 ) = 1.

Ïîñêîëüêó íååäèíè÷íûõ ýëåìåíòîâ â ïîëó÷åííîì âåêòîðå ìàêñèìóì äâà, òî âñå

ýòè ýëåìåíòû îáÿçàíû ðàâíÿòüñÿ 1. Ñëåäîâàòåëüíî, µ2
6 = µ5µ7. Àíàëîãè÷íî, ïðè k = 1

è k = 7 ïîëó÷àåì µ2
1 = µ3, µ

2
7 = µ6.

Äëÿ ýëåìåíòà N5 àíàëîãè÷íî ïîëó÷àåì

N2
5 = (α2

1, α
2
2, α

2
3, α

2
4,−α4α6, α

2
6, α

2
7) = 1,

îòêóäà  α2
1 = α2

3 = α2
4 = α2

6 = 1,

α2
2 = α2

7 = −α4α6 = δ, ãäå δ = ±1.

Ïîñêîëüêó N5Nk = NkN5 äëÿ k ∈ {1, 2, 3, 7}, òî

α2
1 = α3,

α2
2 = α4,

α2
3 = α1α4,

α2
7 = α6.

Ñëåäîâàòåëüíî, α3 = α1α4 = 1. Òàê êàê α2
2 = α2

7, òî α4 = α6. Çíà÷èò, α4α6 = α2
2α

2
7 =

δ2 = 1, îòêóäà δ = −α4α6 = −1. Ñëåäîâàòåëüíî, α4 = α6 = δ = −1. Òàêèì îáðàçîì,

H5 = (α1, α2, 1,−1, α5,−1, α7).

Òîãäà

N5N4 = H5(H4)
n5n5n4 =

(α1, α2, 1,−1, α5,−1, α7) · (µ1, µ2, µ3, µ4, µ
−1
5 µ4µ6, µ6, µ7)n5n4 =

(α1µ1, α2µ2, µ3,−µ4, α5µ
−1
5 µ4µ6,−µ6, α7µ7)n5n4 = Hn5n4.
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Â ñèëó ëåììû 3.3.4 èìååì

(N5N4)
3 = (t1, t2, t3, t4, t5,−µ3

6, t7)

äëÿ íåêîòîðûõ ti ∈ Fp. Ïîñêîëüêó µ2
6 = 1, òî µ6 = µ3

6 = −1.

Äëÿ ýëåìåíòà N3 àíàëîãè÷íî ïîëó÷àåì N2
3 = (ν21 , ν

2
2 ,−ν1ν4, ν24 , ν25 , ν26 , ν27) = 1. Ñëå-

äîâàòåëüíî,  ν21 = −ν1ν4 = ν24 = ν26 = 1,

ν22 = ν25 = ν27 = ε, ãäå ε = ±1.

Ïîñêîëüêó N3Nk = NkN3 äëÿ k ∈ {2, 5, 6, 7}, òî

ν22 = ν4,

ν25 = ν4ν6,

ν26 = ν5ν7,

ν27 = ν6.

Ñëåäîâàòåëüíî, ε = ν4 = ν6 = ν4ν6, îòêóäà, â ÷àñòíîñòè, ν6 = 1. Òàêèì îáðàçîì,

N3N4 = H3(H4)
n3n3n4 = (ν1, ν2, ν3, ν4, ν5, 1, ν7)(µ1, µ2, µ

−1
3 µ1µ4, µ4, µ5,−1, µ7)n3n4 =

(ν1µ1, ν2µ2, ν3µ
−1
3 µ1µ4, ν4µ4, ν5µ5,−1, ν7µ7)n3n4 = Hn3n4.

Â ñèëó ëåììû 3.3.4 èìååì (N3N4)
3 = (s1, s2, s3, s4, s5,−1, s7), äëÿ íåêîòîðûõ si ∈ Fp.

Ïîñêîëüêó p ̸= 2, òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ðàâåíñòâîì (N3N4)
3 = 1.

Äîêàçàòåëüñòâî òåîðåìû 3.3.2.

Ïîñêîëüêó ñëó÷àé p = 2 ñëåäóåò èç çàìå÷àíèÿ 1.4.1, ìû ïðåäïîëàãàåì äàëåå,

÷òî q íå÷åòíî. Ïóñòü G � êîíå÷íàÿ ãðóïïà ëèåâà òèïà E7. Ðàñøèðåííàÿ äèàãðàììà

Äûíêèíà òèïà E7 âûãëÿäèò ñëåäóþùèì îáðàçîì.

u u u u u uu
-r0

-1

r1

2

r3

3

r4

4

r5

3

r6

2
r22

u
1

r7

Ãðóïïà Âåéëÿ W èìååò öåíòðàëüíóþ èíâîëþöèþ w0. Íåòðóäíî ïðîâåðèòü, ÷òî

w0 = w1w2w5w7w37w55w61. Â ãðóïïå ÂåéëÿW ñîäåðæèòñÿ 60 êëàññîâ ñîïðÿæåííîñòè è
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âñå îíè äåëÿòñÿ íà ïàðû: äëÿ êàæäîãî w ∈ W ýëåìåíòû w è ww0 ïðèíàäëåæàò ðàçíûì

ñîïðÿæåííûì êëàññàì. Ìû ïåðå÷èñëÿåì 30 ïðåäñòàâèòåëåé êëàññîâ ñîïðÿæåííîñòè

â òàáëèöå 3.5, îñòàâøèåñÿ 30 ìîãóò áûòü ïîëó÷åíû óìíîæåíèåì íà w0. Èíôîðìàöèÿ

â òàáëèöå ìîæåò áûòü ïðîâåðåíà ñ ïîìîùüþ GAP [52].

Ñóùåñòâóåò â òî÷íîñòè 60 êëàññîâ ñîïðÿæåííîñòè ìàêñèìàëüíûõ òîðîâ â ãðóïïå

G. Öèêëè÷åñêàÿ ñòðóêòóðà ìàêñèìàëüíûõ òîðîâ â óíèâåðñàëüíûõ ãðóïïàõ òèïà E7

áûëà îïèñàíà â [29]. Ìû èñïîëüçóåì ýòó èíôîðìàöèþ â òàáëèöå 3.5. ×òîáû èç òàáëè-

öû ïîëó÷èòü öèêëè÷åñêîå ñòðîåíèå òîðà, êîòîðûé ñîîòâåòñòâóåò ýëåìåíòó ww0, ãäå

w ∈ W , ìîæíî ïîäñòàâèòü −q âìåñòî q è çàòåì óìíîæèòü ðåçóëüòàò íà −1 â ñòðîåíèè

òîðà, êîòîðûé ñîîòâåòñòâóåò w.

Ìû ðàçáèâàåì äîêàçàòåëüñòâî íà òðè ñëó÷àÿ. Ïåðâûé ñëó÷àé ïîñâÿùåí îäíî-

ñâÿçíûì ãðóïïàì. Ãðóïïû ïðèñîåäèíåííîãî òèïà ñîñòàâëÿþò ñëåäóþùèå äâà ñëó-

÷àÿ. Ïåðâûé èç íèõ ïîñâÿùåí ìàêñèìàëüíûì òîðàì, êîòîðûå íå èìåþò äîïîëíåíèÿ

â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå, âòîðîé ïîñâÿùåí îñòàâøèìñÿ ìàêñèìàëüíûì

òîðàì.

Îäíîñâÿçíûå ãðóïïû.

Ïðåæäå âñåãî ìû ïîêàçûâàåì, ÷òî ëþáîé ìàêñèìàëüíûé òîð T ãðóïïû G = Esc
7 (q)

íå èìååò äîïîëíåíèÿ â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå N(G, T ). Ïóñòü n0 =

n1n2n5n7n37n55n61. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî n2
0 = h2h5h7, [n0, ni] = 1

äëÿ i = 1, . . . , 7 è, ñëåäîâàòåëüíî, [n0, hi] = 1 äëÿ i = 1, . . . , 7. Ïðåäïîëîæèì, ÷òî

T èìååò äîïîëíåíèå K â N(G, T ). Ïîñêîëüêó w0 ∈ CW (w), ñóùåñòâóåò ïðîîáðàç N0

ýëåìåíòà w0 â K òàêîé, ÷òî N2
0 = 1. Òîãäà N0 = Hn0, äëÿ íåêîòîðîãî H ∈ T .

Ïîñêîëüêó w0 îòîáðàæàåò r â −r äëÿ êàæäîãî r ∈ Φ, èç ëåììû 3.3.4 âûòåêàåò, ÷òî

Hn0 = H−1 äëÿ ëþáîãî H ∈ T . Ïîýòîìó ìû èìååì N2
0 = HHn0n2

0 = HH−1h2h5h7 =

h2h5h7; ïðîòèâîðå÷èå.

Ïðåäïîëîæèì, ÷òî w � íåêîòîðûé ýëåìåíò èç âòîðîãî ñòîëáöà òàáëèöû 3.2. Òîãäà

ñóùåñòâóåò ïîäíÿòèå äëÿ w â N(G, T ) òàêîãî æå ïîðÿäêà. Ïðèìåðû òàêèõ ïîäíÿòèé

ïåðå÷èñëåíû â ÷åòâåðòîì ñòîëáöå òàáëèöû 3.2. Â êàæäîì èç ñëó÷àåâ ìû ïðåäúÿâëÿåì

ýëåìåíò nw ∈ T äëÿ w ∈ W òàêîé, ÷òî π(nw) = w. Èñïîëüçóÿ MAGMA, ìîæíî

ïðîâåðèòü, ÷òî |nw| = |w| è ïîýòîìó nw � ïîäíÿòèå äëÿ w â Nσnw .
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Ðàññìîòðèì w òàêîé, ÷òî |w| = 4k äëÿ íåêîòîðîãî öåëîãî k. Ïîñêîëüêó ïîäíÿòèå

N â òàáëèöå 3.2 äëÿ w ëåæèò â T è n0 ∈ Z(T ), ìû ïîëó÷àåì, ÷òî (Nn0)
4k = N4kn4k

0 =

(h2h5h7)
2k = 1. Ïîýòîìó Nn0 � ïîäíÿòèå äëÿ ýëåìåíòà ww0 òàêîãî æå ïîðÿäêà.

Ïóñòü |ww0| = 4k + 2 äëÿ íåêîòîðîãî öåëîãî k. Ïðåäïîëîæèì, ÷òî ww0 èìååò

ïîäíÿòèå N òàêîãî æå ïîðÿäêà â àëãåáðàè÷åñêîì íîðìàëèçàòîðå òîðà T . Òîãäà N =

Hnn0 = (λ1, λ2, λ3, λ4, λ5, λ6, λ7)nn0 äëÿ íåêîòîðûõ λi ∈ Fp è n ∈ T . Ïîñêîëüêó n0

êîììóòèðóåò ñ n, âåðíî, ÷òî (nn0)
2i = n2i(h2h5h7)

i è (nn0)
2i+1 = n2i+1n0(h2h5h7)

i, ãäå

i � öåëîå ÷èñëî. Òîãäà

N4k+2 = (Hn0n)
4k+2 = HHn0nH(n0n)2 . . . H(n0n)4k+1

(n0n)
4k+2

= H(H−1)nHn2

(H−n2

)n . . . Hn4k

(H−n4k

)nn4k+2h2h5h7.

Ïóñòü w ∈ ⟨w1, w2, w3, w4, w5, w6⟩. Çàìåòèì, ÷òî ýòî âûïîëíåíî äëÿ ïåð-

âûõ 25 ïðåäñòàâèòåëåé â òàáëèöå 3.2. Ïî ëåììå 3.3.4 çàêëþ÷àåì, ÷òî Hni
=

(∗, ∗, ∗, ∗, ∗, ∗, λ7) äëÿ êàæäîãî i > 0 è n4k+2 = (∗, ∗, ∗, ∗, ∗, ∗, 1). Ñëåäîâàòåëüíî

N4k+2 = (∗, ∗, ∗, ∗, ∗, ∗,−1) ̸= 1; ïðîòèâîðå÷èå.

Â îñòàâøèõñÿ äâóõ ñëó÷àÿõ (ïðåäñòàâèòåëè 27 è 29 â òàáëèöå 3.2) ïîðÿäîê ýëå-

ìåíòà w íå÷åòåí, ñêàæåì |w| = 2k + 1. Òîãäà (ww0)
2k+1 = w0 è |ww0| = 4k + 2. Åñëè

ww0 èìååò ïðîîáðàç N â N(G, T ) òàêîãî æå ïîðÿäêà, òî N2k+1 � ïðîîáðàç ýëåìåíòà

w0 ïîðÿäêà 2, ÷òî íåâîçìîæíî â ñèëó ðàññóæäåíèé âûøå.

Ïðèñîåäèíåííûå ãðóïïû: íåðàñùåïëÿåìûå ñëó÷àè.

Ïóñòü G = Ead
7 (q). Íà ïðîòÿæåíèè ýòîãî ïîäðàçäåëà ìû ïðåäïîëàãàåì, ÷òî T �

ìàêñèìàëüíûé σ-èíâàðèàíòíûé òîð ãðóïïû G, è T � ìàêñèìàëüíûé òîð ãðóïïû

G, ñîîòâåòñòâóþùèé ñîïðÿæåííîìó êëàññó ýëåìåíòà w ∈ W . Ìû ïèøåì H =

(λ1, λ2, λ3, λ4, λ5, λ6, λ7) äëÿ ïðîèçâîëüíîãî ýëåìåíòà ãðóïïû T . Ýòà çàïèñü îçíà÷à-

åò, ÷òî H =
7∏
i=1

hri(λi). Çàìåòèì, ÷òî Z(Esc
7 (q)) = ⟨h2h5h7⟩. Äëÿ ïðîñòîòû, ìû

îòîæäåñòâëÿåì hi ñ èõ îáðàçàìè â G è ïðåäïîëàãàåì, ÷òî h2h5h7 = 1, òî åñòü

(1,−1, 1, 1,−1, 1,−1) = (1, 1, 1, 1, 1, 1, 1). Íàïîìíèì, ÷òî π � ýòî åñòåñòâåííûé ãîìî-

ìîðôèçì èç N íà W . Îñíîâíûì èíñòðóìåíòîì, ÷òîáû ïîêàçàòü, ÷òî T íå èìååò

äîïîëíåíèÿ â N(G, T ), ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.
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Òàáëèöà 3.2: Ïîäíÿòèÿ äëÿ ýëåìåíòîâ ãðóïïû W (E7)

� ïðåäñòàâèòåëü w |w| ïîäíÿòèå äëÿ w ïîäíÿòèå äëÿ ww0

1 1 1 1 �

2 w1 2 h3n1 �

3 w1w2 2 h3h4n1n2 �

4 w3w1 3 n3n1 �

5 w2w3w5 2 h4n2n3n5 �

6 w1w3w5 6 h4n1n3n5 �

7 w1w3w4 4 h2n1n3n4 h2n1n3n4n0

8 w1w4w6w53 2 n1n4n6n53 �

9 w1w2w3w5 6 h1h4n1n2n3n5 �

10 w1w5w3w6 3 n1n5n3n6 �

11 w1w4w6w3 4 h2n1n4n6n3 h2n1n4n6n3n0

12 w1w4w3w2 5 n1n4n3n2 �

13 w3w2w5w4 6 n3n2n5n4 �

14 w3w2w4w16 4 n3n2n4n16 n3n2n4n16n0

15 w1w5w3w6w2 6 h4n1n5n3n6n2 �

16 w1w4w6w3w53 4 h2n1n4n6n3n53 h2n1n4n6n3n53n0

17 w1w4w5w3w53 10 h2n1n4n5n3n53 �

18 w1w4w6w3w5 6 h2n1n4n6n3n5 �

19 w2w5w3w4w6 8 n2n5n3n4n6 n2n5n3n4n6n0

20 w23w5w4w3w2 12 h1n23n5n4n3n2 h1n23n5n4n3n2n0

21 w1w5w2w3w6w53 3 n1n5n2n3n6n53 �

22 w1w4w6w3w5w53 6 n1n4n6n3n5n53 �

23 w1w4w6w3w2w5 12 n1n4n6n3n2n5 n1n4n6n3n2n5n0

24 w1w4w16w3w2w6 9 n1n4n16n3n2n6 �

25 w1w4w16w3w2w40 6 n1n4n16n3n2n40 �

26 w1w4w6w3w7 12 h2n1n4n6n3n7 h2n1n4n6n3n7n0

27 w1w4w6w2w3w7 15 n1n4n6n2n3n7 �

28 w3w2w4w16w7 4 n3n2n4n16n7 n3n2n4n16n7n0

29 w1w4w6w3w5w7 7 n1n4n6n3n5n7 �

30 w39w3w5w1w4w6 8 n39n3n5n1n4n6 n39n3n5n1n4n6n0



Ãëàâà 3. Íîðìàëèçàòîðû ìàêñèìàëüíûõ òîðîâ â èñêëþ÷èòåëüíûõ ãðóïïàõ 134

Ëåììà 3.3.6. Ïóñòü w ∈ W è CW (w) ⩾ ⟨w2w5, w49, w63⟩ ≃ Z2 × Z2 × Z2. Ïðåäïîëî-

æèì, ÷òî ýëåìåíò n ∈ N òàêîé, ÷òî π(n) = w è n2n5, n49, n63 ëåæàò â Nσn. Òîãäà

T σn íå èìååò äîïîëíåíèÿ â Nσn.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì îáðàòíîå, ÷òî T σn èìååò äîïîëíåíèåK âNσn. Ïóñòü

N1, N2, N3 � ïðîîáðàçû w2w5, w49 è w63 â K, ñîîòâåòñòâåííî. Òîãäà N1 = H1n2n5,

N2 = H2n49, N3 = H3n63, ãäå

H1 = (µ1, . . . , µ7), H2 = (α1, . . . , α7), H3 = (β1, . . . , β7)

� ýëåìåíòû ãðóïïû T σn.

Ïîñêîëüêó w2
63 = 1, ïîëó÷àåì, ÷òî N2

3 = 1. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò,

÷òî n2
63 = h3h5h7. Ïî ëåììå 3.3.4

(Hn63)
2 = (1, λ−2

1 λ22,−λ−3
1 λ23, λ

−4
1 λ24,−λ−3

1 λ25, λ
−2
1 λ26,−λ−1

1 λ27).

Â ÷àñòíîñòè, β2
1 = εβ2

2 è β
2
5 = −εβ3

1 , ãäå ε ∈ {1,−1}.

Ïîñêîëüêó [w63, w2w5] = [w63, w49] = 1, ìû çàêëþ÷àåì, ÷òî [N3, N1] = [N3, N2] =

1. Èñïîëüçóÿ MAGMA, ìû âèäèì, ÷òî [n63, n2n5] = [n63, n49] = 1. Èç ëåììû 1.4.3

ñëåäóåò, ÷òî H−1
3 Hn2n5

3 = H−1
1 Hn63

1 è H−1
3 Hn49

3 = H−1
2 Hn63

2 . Ïî ëåììå 3.3.4

H−1Hn63 = (λ−2
1 , λ−2

1 , λ−3
1 , λ−4

1 , λ−3
1 , λ−2

1 , λ−1
1 ),

H−1Hn2n5 = (1, λ−2
2 λ4, 1, 1, λ4λ

−2
5 λ6, 1, 1),

H−1Hn49 = (1, λ1λ
−1
6 , λ1λ

−1
6 , λ21λ

−2
6 , λ21λ

−2
6 , λ21λ

−2
6 , λ1λ

−1
6 ).

Ïîýòîìó ìû èìååì

(1, β−2
2 β4, 1, 1, β4β

−2
5 β6, 1, 1) = (µ−2

1 , µ−2
1 , µ−3

1 , µ−4
1 , µ−3

1 , µ−2
1 , µ−1

1 ).

Ñëåäîâàòåëüíî, µ−3
1 = µ−4

1 è ïîýòîìó µ1 = 1. Òîãäà β−2
2 β4 = β4β

−2
5 β6 = 1. Ïîýòî-

ìó β2
5 = β6β

2
2 . Ïîñêîëüêó β2

1 = εβ2
2 è β2

5 = −εβ3
1 , ìû èìååì β6 = −β1. Ðàâåíñòâî

H−1
3 Hn49

3 = H−1
2 Hn63

2 âëå÷åò, ÷òî

(1, β1β
−1
6 , β1β

−1
6 , β2

1β
−2
6 , β2

1β
−2
6 , β2

1β
−2
6 , β1β

−1
6 )

= (α−2
1 , α−2

1 , α−3
1 , α−4

1 , α−3
1 , α−2

1 , α−1
1 ).
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Ïðèìåíÿÿ β1β
−1
6 = −1 ê ïðåäûäóùåìó ðàâåíñòâó, ìû íàõîäèì, ÷òî

(α−2
1 , α−2

1 , α−3
1 , α−4

1 , α−3
1 , α−2

1 , α−1
1 ) = (1,−1,−1, 1, 1, 1,−1).

Èç ðàâåíñòâà ïåðâûõ êîîðäèíàò, ìû âèäèì, ÷òî α2
1 = 1. Ïîñêîëüêó ñ ïðàâîé ñòîðîíû

îò ðàâåíñòâà ïÿòàÿ è ñåäüìàÿ êîîðäèíàòû îòëè÷àþòñÿ çíàêîì, ìû çàêëþ÷àåì, ÷òî

α−3
1 = −α−1

1 ; ïðîòèâîðå÷èå ñ α2
1 = 1.

Ñëåäóþùàÿ ëåììà çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû â ñëó÷àÿõ, êîãäà T íå èìååò

äîïîëíåíèé.

Ëåììà 3.3.7. Ïóñòü w, ëèáî w0w ñîâïàäàåò ñ îäíèì èç ñëåäóþùèõ ýëåìåí-

òîâ: 1, w1, w1w2, w2w3w5, w1w3w4, w1w4w6w53, w1w4w6w3, w3w2w4w16, w1w4w6w3w53,

w3w2w4w16w7. Ïðåäïîëîæèì, ÷òî T � ìàêñèìàëüíûé òîð, êîòîðûé ñîîòâåòñòâó-

åò êëàññó ñîïðÿæåííîñòè ýëåìåíòà w â W . Òîãäà N(G, T ) íå ðàñùåïëÿåòñÿ íàä T

è ñóùåñòâóåò ïîäíÿòèå ýëåìåíòà w â N(G, T ) ïîðÿäêà |w|.

Äîêàçàòåëüñòâî. Ïî ëåììå 1.4.4 ìû ìîæåì ïðåäïîëàãàòü, ÷òî w � ýëåìåíò èç ñïèñ-

êà â ïðåäïîëîæåíèè ëåììû. Èñïîëüçóÿ GAP, ìû íàõîäèì, ÷òî â êàæäîì èç ñëó÷àåâ

ñóùåñòâóåò w′ ∈ W , êîòîðûé ñîïðÿæåí ñ w è òàêîé, ÷òî w2w5, w49, w63 ∈ CW (w′).

Ïðèìåðû òàêèõ w′ äëÿ êàæäîãî w ïðèâåäåíû â òàáëèöå 3.3. Ïåðâûé ñòîëáåö ýòîé

òàáëèöû ñîäåðæèò íîìåð òîðà â ñîîòâåòñòâèè ñ òàáëèöåé 3.5, òðåòèé ñòîëáåö ñîäåð-

æèò ïðèìåð w′ äëÿ w. ×åòâåðòûé ñòîëáåö ñîäåðæèò ýëåìåíòû nw′ ∈ T òàêèå, ÷òî

[nw′ , n2n5] = [nw′ , n49] = [nw′ , n63] = 1 è π(nw′) = w′. Òîãäà ëåììà 1.4.2 âëå÷åò, ÷òî

â êàæäîì ñëó÷àå n2n5, n49 è n63 ïðèíàäëåæàò ãðóïïå Nσnw′ . Äàëåå, èç ëåììû 3.3.6

ñëåäóåò, ÷òî Nσnw′ íå ðàñùåïëÿåòñÿ íàä T σnw′ . Ïîýòîìó N(G, T ) íå ðàñùåïëÿåòñÿ íàä

T ïî çàìå÷àíèþ 1.3.4. Íàêîíåö, ïÿòûé ñòîëáåö ñîäåðæèò äðóãîé ïðîîáðàç n′ ýëåìåí-

òà w′ â T òàêîé, ÷òî |w′| = |n′|. Ýòî ðàâåíñòâî ìîæåò áûòü ïðîâåðåíî â MAGMA.

Ïîýòîìó n′ � ïîäíÿòèå äëÿ w′ â Nσn′ òàêîãî æå ïîðÿäêà. Òîãäà n′n0 � ïîäíÿòèå äëÿ

w′w0 è ëåììà äîêàçàíà.
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Òàáëèöà 3.3: Ïðåäñòàâèòåëè ñîïðÿæåííûõ êëàññîâ,

óäîâëåòâîðÿþùèå óñëîâèþ ëåììû 3.3.6

� w w′ ïðîîáðàç äëÿ w′ ïîäíÿòèå äëÿ w′

1 1 1 1 1

2 w1 w7 n7 h6n7

3 w1w2 w2w5 n2n5 h4n2n5

5 w2w3w5 w3w5w2 n3n5n2 h4n3n5n2

7 w1w3w4 w2w4w16 h4n2n4n16 h6n2n4n16

8 w1w4w6w53 w2w5w49w63 n2n5n49n63 n2n5n49n63

11 w1w4w6w3 w2w63w4w16 h4n2n63n4n16 h6n2n63n4n16

14 w3w2w4w16 w3w2w4w16 h4n3n2n4n16 n3n2n4n16

16 w1w4w6w3w53 w2w8w32w57w60 h1n2n8n32n57n60 h6n2n8n32n57n60

28 w3w2w4w16w7 w3w2w4w16w7 h4n3n2n4n16n7 n3n2n4n16n7

Ïðèñîåäèíåííûå ãðóïïû: ðàñùåïëÿåìûå ñëó÷àè.

Â ýòîì ïîäðàçäåëå ìû ïîêàæåì, ÷òî ìàêñèìàëüíûå òîðû ãðóïïû G, êîòîðûå íå

ðàññìîòðåíû â ïðåäûäóùåì ïîäðàçäåëå, èìåþò äîïîëíåíèÿ â ñâîåì àëãåáðàè÷åñêîì

íîðìàëèçàòîðå. Íàïîìíèì, ÷òî w0 = w1w2w5w7w37w55w61 � öåíòðàëüíàÿ èíâîëþöèÿ

ãðóïïû W , n0 = n1n2n5n7n37n55n61. Êàê è âûøå, ìû îòîæäåñòâëÿåì hi ñ èõ îáðàçàìè

â G, â ÷àñòíîñòè h2h5h7 = 1.

Ìû ðàçäåëÿåì äîêàçàòåëüñòâî íà äâå ÷àñòè: ñíà÷àëà ðàññìàòðèâàþòñÿ ìàêñèìàëü-

íûå òîðû, êîòîðûå òðåáóþò ñïåöèàëüíîãî ïîäõîäà â êàæäîì ñëó÷àå, çàòåì ðàññìàò-

ðèâàþòñÿ îñòàâøèåñÿ òîðû ïðè ïîìîùè îáùåé èäåè.

Ëåììà 3.3.8. Ïðåäïîëîæèì, ÷òî ëèáî w, ëèáî ww0 ñîïðÿæåí âW ñ îäíèì èç ñëåäó-

þùèì ýëåìåíòîâ: w3w1, w1w3w5, w1w2w3w5, w2w5w3w4w6, w23w5w4w3w2, w1w4w6w3w7

èëè w39w3w5w1w4w6. Åñëè T � ìàêñèìàëüíûé òîð, ñîîòâåòñòâóþùèé ñîïðÿæåííî-

ìó êëàññó ýëåìåíòà w, òîãäà T èìååò äîïîëíåíèå â N(G, T ).

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïîñëåäîâàòåëüíî âñå ñëó÷àè èç ïðåäïîëîæåíèÿ ëåì-

ìû.
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Òîð 4. Â ýòîì ñëó÷àå w = w3w1 è

CW (w) = ⟨ww0⟩ × ⟨w2, w50, w7, w6, w5⟩ ≃ Z6 × S6 .

Çäåñü ìû èñïîëüçóåì, ÷òî

S6 ≃ ⟨a, b, c, d, e | a2 = b2 = c2 = d2 = e2 = (ab)3 = (bc)3 = (cd)3 = (de)3

= [a, c] = [a, d] = [a, e] = [b, d] = [b, e] = [c, e] = 1⟩,

è w2, w50, w7, w6, w5 óäîâëåòâîðÿþò ýòîìó ìíîæåñòâó ñîîòíîøåíèé.

Ïóñòü α ∈ Fp òàêîé, ÷òî α2 = −1. Ïîëîæèì

H2 = (1, α, 1, 1, α,−1,−α), H3 = (1, α, 1, 1,−α,−1, α),

H4 = H5 = (−1, α, 1,−1, α, 1, α) è H6 = (−1, α, 1,−1, α,−1, α).

Ïóñòü n = n3n1, N1 = nn0, N2 = H2n2, N3 = H3n50, N4 = H4n7, N5 = H5n6 è

N6 = H6n5. Ìû óòâåðæäàåì, ÷òî K = ⟨N1, N2, N3, N4, N5, N6⟩ � äîïîëíåíèå äëÿ T σn
â Nσn.

Ïîñêîëüêó H−1
i Hn0

i = H−2
i = 1 äëÿ êàæäîãî i ∈ {2 . . . 6}, ëåììà 1.4.3 âëå÷åò, ÷òî

[n0, N2] = [n0, N3] = [n0, N4] = [n0, N5] = [n0, N6] = 1. Èñïîëüçóÿ MAGMA, ìû âèäèì,

÷òî N6
1 = 1 è [n3n1, n2] = [n3n1, n50] = [n3n1, n7] = [n3n1, n6] = [n3n1, n5] = 1, ïîýòîìó

n2, n50, n7, n6, n5 ïðèíàäëåæàò Nσn.

Ïî ëåììå 3.3.4 èìååì Hn = (λ−1
1 λ3, λ2, λ

−1
1 λ4, λ4, λ5, λ6, λ7). Ïîýòîìó H

n
i = Hi äëÿ

i ∈ {2, . . . , 6}. Îòêóäà ïîëó÷àåì, ÷òî

Hσn
i = (1, (−1)(q−1)/2, 1, 1, (−1)(q−1)/2, 1, (−1)(q−1)/2)Hi = Hi,

ãäå i ∈ {2, . . . , 6} è, ñëåäîâàòåëüíî, Hi ∈ T σn. Èç ëåììû 1.4.3 ñëåäóåò, ÷òî [n3n1, Ni] =

1, ãäå i ∈ {2, . . . , 6}. Ïîýòîìó K ≃ ⟨N1⟩ × ⟨N2, N3, N4, N5, N6⟩.

Òåïåðü äîêàæåì, ÷òî N2
2 = (N2N3)

3 = [N2, N4] = [N2, N5] = [N2, N6] = 1. Ïîñêîëü-

êó n2
2 = h2, íàõîäèì, ÷òî (Hn2)

2 = (λ21,−λ4, λ23, λ24, λ25, λ26, λ27). Ïîýòîìó N2
2 = h2h5h7 =

1. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî [n2, n7] = [n2, n6] = [n2, n5] = 1. Ñîãëàñíî

ëåììå 1.4.3, ÷òîáû äîêàçàòü, ÷òî [N2, N4] = [N2, N5] = [N2, N6] = 1, äîñòàòî÷íî ïðî-

âåðèòü, ÷òî Hn2
4 = H4, H

n2
5 = H5, H

n2
6 = H6 è H2 = Hn7

2 = Hn6
2 = Hn5

2 . Ïî ëåììå 3.3.4
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ìû âèäèì, ÷òî

Hn2 = (λ1, λ
−1
2 λ4, λ3, λ4, λ5, λ6, λ7), H

n5 = (λ1, λ2, λ3, λ4, λ4λ
−1
5 λ6, λ6, λ7),

Hn6 = (λ1, λ2, λ3, λ4, λ5, λ5λ
−1
6 λ7, λ7) è H

n7 = (λ1, λ2, λ3, λ4, λ5, λ6, λ6λ
−1
7 ).

Ïðèìåíÿÿ ýòè ðàâåíñòâà ê H2, H4, H5 è H6, ìû ïîëó÷àåì, ÷òî N2 êîììóòè-

ðóåò ñ N4, N5 è N6. Íàêîíåö, çàìåòèì, ÷òî N2N3 = H2H
n2
3 n2n50 è H2H

n2
3 =

H2(1,−α, 1, 1,−α,−1, α) = 1. Ïîýòîìó (N2N3)
3 = (n2n50)

3 = 1.

Òåïåðü äîêàæåì, ÷òî N2
3 = (N3N4)

3 = 1 è [N3, N5] = [N3, N6] = 1. Èñïîëüçóÿ

MAGMA, ìû íàõîäèì n2
50 = h1h2h4h6. Ëåììà 3.3.4 âëå÷åò, ÷òî

(Hn50)
2 = (−λ21λ2λ−1

4 λ7,−λ32λ−1
4 λ7, λ

2
2λ

2
3λ

−2
4 λ27,−λ32λ−1

4 λ37, λ
2
2λ

−2
4 λ25λ

2
7,

− λ2λ
−1
4 λ26λ7, λ

2
7).

Ñëåäîâàòåëüíî, N2
3 = h2h5h7 = 1. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî [n50, n6] =

[n50, n5] = 1. Èç ðàâåíñòâ âûøå, ìû âèäèì, ÷òî Hn6
3 = H3 è Hn5

3 = H3. Ëåì-

ìà 3.3.4 âëå÷åò, ÷òî H−1Hn50 = (t, t, t2, t3, t2, t, 1), ãäå t = λ2λ
−1
4 λ7. Ïîýòîìó H

−1
5 Hn50

5 =

H−1
6 Hn50

6 = 1. Ïî ëåììå 1.4.3 ìû èìååì, ÷òî N3 êîììóòèðóåò ñ N5 è N6. Çàìåòèì,

÷òî N3N4 = H3H
n50
4 n50n7. Ìû çíàåì, ÷òî H4 = H5 è H

n50
5 = H5, ïîýòîìó H3H

n50
4 =

H3H4 = h1h2h4h6h7. Èñïîëüçóÿ MAGMA, ìû âèäèì, ÷òî (h1h2h4h6h7n50n7)
3 = 1 è,

ñëåäîâàòåëüíî, (N3N4)
3 = 1.

Òåïåðü ìû äîêàæåì, ÷òî N2
4 = (N4N5)

3 = 1 è [N4, N6] = 1. Ñíà÷àëà çàìåòèì,

÷òî N2
4 = (H4n7)

2 = H4H
n7
4 h7. Èç ðàâåíñòâà äëÿ H

n7 ìû ïîëó÷àåì, ÷òî Hn7
4 = H4h7

è ïîýòîìó N2
4 = 1. Ïîñêîëüêó N4N5 = H4H

n7
5 n7n6 è H4H

n7
5 = H4H

n7
4 = h7, ìû

èìååì (N4N5)
3 = (h7n7n6)

3 = 1. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî [n7, n5] = 1,

ïîýòîìó [N4, N6] = 1 ýêâèâàëåíòíî H−1
4 Hn5

4 = H−1
6 Hn7

6 . Èç ðàâåíñòâ äëÿ Hn7 è Hn5 ,

ìû èìååì H4 = Hn5
4 è H6 = Hn7

6 . Ñëåäîâàòåëüíî, N4 è N6 êîììóòèðóþò.

Íàêîíåö, ìû ïðîâåðèì, ÷òî N2
5 = N2

6 = (N5N6)
3 = 1. Ïîñêîëüêó N2

5 = H5H
n6
5 h6

è N2
6 = H6H

n5
6 h5, ìû èìååì N2

5 = N2
6 = 1. Çàìåòèì, ÷òî N5N6 = H5H

n6
6 n6n5 =

H5(−1, α, 1,−1, α, 1, α)n6n5 = h2h5h7n6n5 = n6n5, ïîýòîìó (N5N6)
3 = (n6n5)

3 = 1.

Çíà÷èò ⟨N2, N3, N4, N5, N6⟩ ≃ S6 è, ñëåäîâàòåëüíî, K ≃ CW (w).
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Òîð 6. Â ýòîì ñëó÷àå w = w1w3w5 ñîïðÿæåí ñ w′ = w1w2w3, è CW (w′) = ⟨w′⟩ ×

⟨w0⟩ × ⟨w5, w6, w7⟩ ≃ Z6 × Z2 × S4.

Ïóñòü n = n1n2n3 è α ∈ Fp òàêîé, ÷òî α2 = −1. Èñïîëüçóÿ MAGMA, ìû âèäèì,

÷òî [n, n5] = [n, n6] = [n, n7] = 1 è n5, n6, n7 ∈ Nσn. Ïîëîæèì

H2 = (−1, α, 1,−1, α,−1, α), H3 = H4 = (−1, α, 1,−1, α, 1, α).

Ïî ëåììå 3.3.4

Hn = (λ−1
3 λ4, λ

−1
2 λ4, λ1λ

−1
3 λ4, λ4, λ5, λ6, λ7).

Òîãäà Hσn
2 = (−1, α, 1,−1, α,−1, α)σ = H2 è H2 ∈ T σn. Íåòðóäíî âèäåòü, ÷òî h6 ∈

T σn è, ñëåäîâàòåëüíî, H3, H4 ∈ T σn. Ïóñòü N2 = H2n5, N3 = H3n6, N4 = H4n7. Ìû

óòâåðæäàåì, ÷òî ⟨N2, N3, N4⟩ ≃ S4.

Ïî ëåììå 3.3.4 èìååì

Hn5 = (λ1, λ2, λ3, λ4, λ4λ
−1
5 λ6, λ6, λ7), H

n6 = (λ1, λ2, λ3, λ4, λ5, λ5λ
−1
6 λ7, λ7),

Hn7 = (λ1, λ2, λ3, λ4, λ5, λ6, λ6λ
−1
7 ).

Òîãäà N2
2 = H2H

n5
2 n2

5 = h2h7h5 = 1. Àíàëîãè÷íî ïîëó÷àåì, ÷òî N2
3 = N2

4 =

h2h5h7 = 1. Áîëåå òîãî, èìååì

N2N3 = H2H
n5
3 n5n6 = H2(−1, α, 1,−1, α, 1, α)n5n6 = h6n5n6, è

N3N4 = H3H
n6
4 n6n7 = H3(−1, α, 1,−1, α,−1, α)n6n7 = h6n6n7.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî (h6n5n6)
3 = (h6n6n7)

3 = 1. Ñëåäîâàòåëüíî,

(N2N3)
3 = (N3N4)

3 = 1 è ⟨N2, N3, N4⟩ ≃ S4.

Ïðåäïîëîæèì, ÷òî q ≡ 3 (mod 4). Ïóñòü β ∈ Fp òàêîé, ÷òî βq+1 = −1,

H1 = (1, β, 1, 1,−α,−1, α), H0 = (1, αβ, 1, 1,−α,−1, α).

Òîãäà αq = −α è Hσn
1 = (1, β−1, 1, 1,−α,−1, α)σ = (1,−β, 1, 1, α,−1,−α) = H1. Ïî-

ýòîìó ìû èìååì H1 ∈ T σn. Ïîñêîëüêó H0 = H1(1, α, 1, 1, 1, 1, 1) è (1, α, 1, 1, 1, 1, 1)σn =

(1, α−1, 1, 1, 1, 1, 1)σ = (1, α, 1, 1, 1, 1, 1), ìû òàêæå ïîëó÷àåì, ÷òî H0 ∈ T σn. Ïóñòü

N1 = H1n è N0 = H0n0. Ìû óòâåðæäàåì, ÷òî K = ⟨N1, N0, N2, N3, N4⟩ � äîïîëíåíèå

äëÿ T σn.
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Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî n6 = h2. Ïî ëåììå 3.3.4 èìååì (Hn)6 =

(λ24,−λ34, λ44, λ64, λ65, λ66, λ67). Ñëåäîâàòåëüíî N6
1 = h2h5h7 = 1.

Èñïîëüçóÿ ðàâåíñòâà âûøå, íàõîäèì

H−1
1 Hn5

1 = H−1
1 Hn6

1 = H−1
1 Hn7

1 = 1, H−1
1 HN0

1 = (1, β−2, 1, 1,−1, 1,−1).

Áîëåå òîãî, ìû âèäèì, ÷òî H−1
2 Hn

2 = H−1
3 Hn

3 = H−1
4 Hn

4 = 1 è H−1
0 Hn

0 =

(1,−β−2, 1, 1, 1, 1, 1). Ñëåäîâàòåëüíî, ïî ëåììå 1.4.3 ïîëó÷àåì, ÷òî [N1, N2] =

[N1, N3] = [N1, N4] = [N1, N0] = 1.

Òåïåðü èìååì H−2
2 = H−2

3 = H−2
4 = (1,−1, 1, 1,−1, 1,−1) = 1. Ñ äðóãîé ñòîðîíû

H−1
0 Hn5

0 = H−1
0 Hn6

0 = H−1
0 Hn7

0 = 1 è, ñëåäîâàòåëüíî, ëåììà 1.4.3 âëå÷åò, ÷òî [N0, N2] =

[N0, N3] = [N0, N4] = 1. ÏîýòîìóK ≃ ⟨N1⟩×⟨N0⟩×⟨N2, N3, N4⟩ ≃ Z6×Z2×S4 ÿâëÿåòñÿ

äîïîëíåíèåì äëÿ T σn.

Ïðåäïîëîæèì, ÷òî q ≡ 1 (mod 4). Ïóñòü α, δ ∈ Fp òàêèå, ÷òî α2 = −1 è δq−1 = −1.

Çàìåòèì, ÷òî αq = α è δq = −δ. Ïîëîæèì

H1 = (1, 1, 1, 1, α,−1,−α) è H0 = (δ4, αδ6, δ8, δ12, δ9, δ6, δ3).

Òîãäà Hσn
1 = (1, 1, 1, 1, α,−1,−α)σ = H1 è ïîýòîìó H1 ∈ T σn. Òåïåðü

Hσn
0 = (δ−8δ12,−αδ6, δ4δ−8δ12, δ12, δ9, δ6, δ3)σ

= (δ4,−αδ6, δ8, δ12,−δ9, δ6,−δ3) = H0

è, ñëåäîâàòåëüíî, H0 ∈ T σn.

Ìû óòâåðæäàåì, ÷òî K = ⟨N1, N2, N3, N4, N0⟩ � äîïîëíåíèå äëÿ T σn. Êàê áû-

ëî ïîêàçàíî âûøå, ìû èìååì (Hn)6 = (λ24,−λ34, λ44, λ64, λ65, λ66, λ67). Ïîýòîìó N6
1 =

(1,−1, 1, 1,−1, 1,−1) = 1.

Èç âû÷èñëåíèé âûøå ïîëó÷àåì H−1
2 Hn

2 = H−1
3 Hn

3 = H−1
4 Hn

4 = 1.

Ïîñêîëüêó H−1Hn = (λ−1
1 λ−1

3 λ4, λ
−2
2 λ4, λ1λ

−2
3 λ4, 1, 1, 1, 1), íàõîäèì

H−1
0 Hn

0 = (1,−1, 1, 1, 1, 1, 1) = h2.

Íàïîìíèì, ÷òî

H−1Hn5 = (1, 1, 1, 1, λ4λ
−2
5 λ6, 1, 1), H

−1Hn6 = (1, 1, 1, 1, 1, λ5λ
−2
6 λ7, 1),
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H−1Hn7 = (1, 1, 1, 1, 1, 1, λ6λ
−2
7 ). Òîãäà H−1

1 Hn5
1 = H−1

1 Hn6
1 = H−1

1 Hn7
1 = 1 è

H−1
1 HN0

1 = H−2
1 = (1, 1, 1, 1,−1, 1,−1) = h5h7 = h2.

Ñëåäîâàòåëüíî, ïî ëåììå 1.4.3 ìû ïîëó÷àåì

[N1, N2] = [N1, N3] = [N1, N4] = [N1, N0] = 1.

Äàëåå H−1
0 Hn5

0 = H−1
0 Hn6

0 = H−1
0 Hn7

0 = 1 è ïî ëåììå 1.4.3 ìû ïîëó÷àåì [N0, N2] =

[N0, N3] = [N0, N4] = 1. Ñëåäîâàòåëüíî K ≃ ⟨N1⟩ × ⟨N0⟩ × ⟨N2, N3, N4⟩ ≃ Z6 × Z2 × S4

� äîïîëíåíèå äëÿ T σn.

Òîð 9. Â ýòîì ñëó÷àå w = w1w2w3w5, è CW (w) = ⟨w0w
2⟩ × ⟨w7⟩ × ⟨w5, w58w59⟩ ≃

Z6 × Z2 ×D8.

Ïóñòü n = h4n1n2n3n5 è α ∈ Fp òàêîé, ÷òî α2 = −1. Îáîçíà÷èì N1 = n0n
2,

N2 = H1n7, N3 = H1h6n5 è N4 = H1h1h4n58n59, ãäå H1 = (−1, α, 1,−1,−α, 1, α). Ìû

óòâåðæäàåì, ÷òî K = ⟨N1, N2, N3, N4⟩ � äîïîëíåíèå äëÿ T σn â Nσn.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, n7] = [n, h6n5] = [n, h1h4n58n59] = 1, ïîýòîìó

n7, h6n5 è h1h4n58n59 ïðèíàäëåæàò Nσn. Òåïåðü ïðîâåðèì, ÷òî H1 ∈ T σn. Ïî ëåì-

ìå 3.3.4

Hn = (λ−1
3 λ4, λ

−1
2 λ4, λ1λ

−1
3 λ4, λ4, λ4λ

−1
5 λ6, λ6, λ7).

Ïðèìåíÿÿ ýòî ðàâåíñòâî ê H1, íàõîäèì

Hn
1 = (−1,−α−1, 1,−1,−(−α)−1, 1, α) = H1.

Òîãäà Hσ
1 = (−1, αq, 1,−1, (−α)q, 1, αq) = (1, αq−1, 1, 1, αq−1, 1, αq−1)H1 = H1 è ïîýòîìó

H1 ∈ T σn. Çíà÷èò N2, N3 è N4 ïðèíàäëåæàò Nσn.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî N6
1 = 1. Òåïåðü ïðîâåðèì, ÷òî [N1, N2] =

1, [N1, N3] = 1 è [N1, N4] = 1. Èñïîëüçóÿ MAGMA, íàõîäèì [N1, n7] = [N1, h6n5] =

[N1, h1h4n58n59] = 1. Ïî ëåììå 3.3.4

H−1HN1 = (λ−1
3 , λ−2

2 , λ1λ
−1
3 λ−1

4 , λ−2
4 , λ−2

5 , λ−2
6 , λ−2

7 ).

Ïîýòîìó H−1
1 HN1

1 = h2h5h7 = 1 è, ñëåäîâàòåëüíî, N1 êîììóòèðóåò ñ N2, N3 è N4 â

ñèëó ëåììû 1.4.3. Çíà÷èò K ≃ ⟨N1⟩ × ⟨N2, N3, N4⟩.
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Òåïåðü äîêàæåì, ÷òî N2
2 = 1 è [N2, N3] = [N2, N4] = 1. Ïîñêîëüêó n2

7 = h7, èìååì

N2
2 = H1H

n7
1 h7. Ïî ëåììå 3.3.4 Hn7 = (λ1, λ2, λ3, λ4, λ5, λ6, λ6λ

−1
7 ) è ïîýòîìó Hn7

1 =

h7H1. Çíà÷èò N
2
2 = h2h5h7h

2
7 = 1. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n7, h6n5] = h7 è

[n7, h1h4n58n59] = 1. Ïî ëåììå 3.3.4

Hn5 = (λ1, λ2, λ3, λ4, λ4λ
−1
5 λ6, λ6, λ7),

Hn58n59 = (λ1λ
−1
6 , λ5λ

−2
6 , λ3λ

−2
6 , λ4λ

−3
6 , λ2λ

−2
6 , λ−1

6 , λ−1
6 λ7).

Ïðèìåíÿÿ ýòè ðàâåíñòâà ê H1, íàõîäèì, ÷òî H
n5
1 = H1, H

n58n59
1 = h2h5H1 = h7H1. Ìû

ïîëó÷èëè ðàíåå, ÷òî Hn7
1 = H1h7, ïîýòîìó h7H

n5
1 = Hn7

1 = Hn58n59
1 . Èç ëåììû 1.4.3

ñëåäóåò, ÷òî [N2, N3] = [N2, N4] = 1.

Òåïåðü ìû ïîêàæåì, ÷òî ⟨N3, N4⟩ ≃ D8. Äëÿ ýòîãî ïðîâåðèì ðàâåíñòâà N2
3 = N2

4 =

(N3N4)
4 = 1. Èñïîëüçóÿ MAGMA, ìû âèäèì, ÷òî (h6n5)

2 = 1 è (h1h4n58n59)
2 = h7.

Ïî ëåììå 3.3.4

(Hh6n5)
2 = (λ21, λ

2
2, λ

2
3, λ

2
4, λ4λ6, λ

2
6, λ

2
7),

(Hh1h4n58n59)
2 = (λ21λ

−1
6 , λ2λ5λ

−2
6 , λ23λ

−2
6 , λ24λ

−3
6 , λ2λ5λ

−2
6 , 1,−λ−1

6 λ27).

Ïðèìåíÿÿ ýòè ðàâåíñòâà ê H1, íàõîäèì N2
3 = N2

4 = 1. Ïîñêîëüêó

(H1h6n5)(H1h1h4n58n59) = (H1H
n5
1 )(h6n5h1h4n58n59)

= (H2
1 )(h6n5h1h4n58n59) = h6n5H1h1h4n58n59,

ìû çàêëþ÷àåì, ÷òî (N3N4)
4 = (h6n5h1h4n58n59)

4 = 1.

Ïîýòîìó K ≃ Z6×Z2×D8 ≃ CW (w) è, ñëåäîâàòåëüíî, K � òðåáóåìîå äîïîëíåíèå.

Òîð 13. Â ýòîì ñëó÷àå w = w3w2w5w4, è CW (w) ≃ Z6 × Z2 × S4. Èñïîëüçóÿ GAP,

âèäèì, ÷òî

CW (w) ≃ ⟨a, b, c, d | a6 = b2 = c2 = d2 = [a, b] = [a, c] = [a, d]

= (bd)2 = (bc)4 = (cd)3 = 1⟩,

è w, w7, w23w24, w20w21 � ýëåìåíòû ãðóïïû CW (w), êîòîðûå óäîâëåòâîðÿþò ýòîìó

ìíîæåñòâó ñîîòíîøåíèé.
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Ïóñòü α, β ∈ Fp òàêèå, ÷òî α2 = −1 è βq−1 = (−1)(q+1)/2. Ïóñòü n = n3n2n5n4, N1 =

H1n, N2 = H2n7, N3 = h4h6n23n24 è N4 = h3h5n20n21, ãäå H1 = (−1, α, 1,−1,−α, 1, α)

è H2 = (1, α,−1, 1, α, 1, β).

Ìû óòâåðæäàåì, ÷òî K = ⟨N1, N2, N3, N4⟩ � äîïîëíåíèå äëÿ T σn â Nσn.

Ñíà÷àëà ïðîâåðèì, ÷òî H1 è H2 ïðèíàäëåæàò T σn. Ïî ëåììå 3.3.4

Hn = (λ1, λ3λ
−1
4 λ5, λ1λ2λ

−1
4 λ5, λ2λ3λ

−1
4 λ5, λ2λ3λ

−1
4 λ6, λ6, λ7).

Ïîýòîìó Hn
1 = H1 è H

n
2 = (1,−α,−1, 1,−α, 1, β). Òîãäà

Hσn
1 = H1(1, (−1)(q−1)/2, 1, 1, (−1)(q−1)/2, 1, (−1)(q−1)/2) = H1

è Hσn
2 = (1, α(−1)(q+1)/2,−1, 1, α(−1)(q+1)/2, 1, βq). Èç ðàâåíñòâà âûøå βq =

β(−1)(q+1)/2, ïîýòîìó Hσn
2 = H2 è, ñëåäîâàòåëüíî, H1, H2 ïðèíàäëåæàò T σn.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî [n, n7] = [n,N3] = [n,N4] = 1 è, ñëåäî-

âàòåëüíî, N1, N2, N3 è N4 ëåæàò â Nσn. Ïîñêîëüêó n
6 = 1, ëåììà 3.3.4 âëå÷åò, ÷òî

(Hn)6 = (λ61, λ
3
1λ

3
6, λ

6
1λ

3
6, λ

6
1λ

6
6, λ

3
1λ

6
6, λ

6
6, λ

6
7). Ïîýòîìó N6

1 = (1,−1, 1, 1,−1, 1,−1) = 1.

Òåïåðü ìû äîêàæåì, ÷òî N1 êîììóòèðóåò ñ N2, N3 è N4. Ïî ëåììå 1.4.3 äîñòàòî÷íî

ïðîâåðèòü, ÷òî H−1
1 HN3

1 = H−1
1 HN4

1 = 1 è H−1
1 Hn7

1 = H−1
2 Hn

2 . Ïî ëåììå 3.3.4 ïîëó÷à-

åì, ÷òî

H−1HN3 = (1, λ−1
2 λ3λ

−1
6 λ7, λ1λ2λ

−1
3 λ−1

6 λ7, λ1λ
−2
6 λ27, λ1λ

−2
6 λ27, λ1λ

−2
6 λ27, 1),

H−1HN4 = (λ−2
1 λ6, λ

−1
1 λ−1

2 λ5, λ
−2
1 λ6, λ

−2
1 λ6, λ

−1
1 λ2λ

−1
5 λ6, 1, 1),

H−1Hn7 = (1, 1, 1, 1, 1, 1, λ6λ
−2
7 ).

Ïîýòîìó H−1
1 HN3

1 = 1, H−1
1 HN4

1 = 1 è H−1
1 Hn7

1 = h7. Ðàíåå ìû ïîëó÷èëè, ÷òî

Hn
2 = (1,−α,−1, 1,−α, 1, β) = h2h5H2 = h7H2 è, ñëåäîâàòåëüíî, H

−1
2 Hn

2 = H−1
1 Hn7

1 .

Ïîýòîìó K ≃ ⟨N1⟩ × ⟨N2, N3, N4⟩.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî N2
3 = N2

4 = (N3N4)
3 = 1, ïîýòîìó îñòà-

ëîñü ïðîâåðèòü, ÷òî N2
2 = (N2N3)

4 = (N2N4)
2 = 1. Ïîñêîëüêó n2

7 = h7, (n7N3)
4 = h2h3

è (n7N4)
2 = h7, ëåììà 3.3.4 âëå÷åò, ÷òî

(Hn7)
2 = (λ21, λ

2
2, λ

2
3, λ

2
4, λ

2
5, λ

2
6,−λ6),
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(Hn7N3)
4 = (λ41,−λ1λ22λ23λ−2

6 ,−λ31λ22λ23λ−2
6 , λ41λ

4
4λ

−4
6 , λ41λ

4
5λ

−4
6 , λ41, λ

2
1),

(Hn7N4)
2 = (λ6, λ

−1
1 λ2λ5, λ

−2
1 λ23λ6, λ

−2
1 λ24λ6, λ

−1
1 λ2λ5λ6, λ

2
6,−λ6).

Ïðèìåíÿÿ ýòè ðàâåíñòâà ê H2 ïîëó÷àåì N2
2 = h2h5h7 = 1, (N2N3)

4 = 1 è (N2N4)
2 =

h2h5h7 = 1. Ïîýòîìó K ≃ CW (w) è, ñëåäîâàòåëüíî, K � äîïîëíåíèå ê T σn.

Òîð 19. Â ýòîì ñëó÷àå w = w2w5w3w4w6, è CW (w) = ⟨w⟩ × ⟨w0⟩ × ⟨w63⟩ ≃ Z8 ×

Z2 × Z2.

Ïóñòü n = n2n5n3n4n6. Ïðèìåíÿÿ MAGMA, âèäèì, ÷òî [n, n63] = 1 è, ñëåäîâàòåëü-

íî, n63 ∈ Nσn.

Ïóñòü α ∈ Fp òàêîé, ÷òî α2 = −1. Ïîëîæèì H2 = (−1, α, 1,−1,−α, 1, α). Ïî

ëåììå 3.3.4

Hn = (λ1, λ3λ
−1
4 λ5, λ1λ2λ

−1
4 λ5, λ2λ3λ

−1
4 λ5, λ2λ3λ

−1
4 λ5λ

−1
6 λ7, λ5λ

−1
6 λ7, λ7).

Èñïîëüçóÿ ýòî ðàâåíñòâî, âèäèì, ÷òî Hσn
2 = Hσ

2 = H2 è, ñëåäîâàòåëüíî, H2 ∈ T σn.

Ïóñòü N2 = H2n63. Ìû óòâåðæäàåì, ÷òî K = ⟨n, n0, N2⟩ � äîïîëíåíèå ê T σn

â Nσn. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî n8 = 1. Ïîñêîëüêó Hn
2 = H2, ìû

èìååì H−1
2 Hn

2 = 1, è ðàâåíñòâî nN2 = N2n ñëåäóåò èç ëåììû 1.4.3. Ïîýòîìó K ≃

⟨n⟩ × ⟨n0, N2⟩.

Ïî ëåììå 3.3.4 Hn63 = (λ−1
1 , λ−2

1 λ2, λ
−3
1 λ3, λ

−4
1 λ4, λ

−3
1 λ5, λ

−2
1 λ6, λ

−1
1 λ7). Òîãäà N

2
2 =

H2H
n63
2 h2h3 = 1. Íàêîíåö, èìååì

H−1
2 Hn0

2 = H−2
2 = (1,−1, 1, 1,−1, 1,−1) = 1

è, ñëåäîâàòåëüíî, N2n0 = n0N2 ïî ëåììå 1.4.3. Ïîýòîìó K = ⟨n⟩ × ⟨n0⟩ × ⟨N2⟩ ≃

Z8 × Z2 × Z2, êàê è óòâåðæäàëîñü.

Òîð 20. Â ýòîì ñëó÷àå w = w23w5w4w3w2 è CW (w) = ⟨w⟩ × ⟨w0⟩ × ⟨w63⟩ ≃ Z12 ×

Z2 × Z2.

Ïóñòü α � ýëåìåíò ïîëÿ Fp òàêîé, ÷òî α2 = −1 è n = n23n5n4n3n2. Ïîëîæèì

N1 = h1n è N2 = H2n63, ãäå H2 = (−1,−α, 1, 1, α,−1, α). Ïî ëåììå 3.3.4

Hn = (λ1, λ1λ
−1
3 λ4λ

−1
6 λ7, λ1λ

−1
3 λ4, λ

2
1λ

−2
3 λ4λ5λ

−1
6 λ7, λ

2
1λ

−2
3 λ4λ7, λ1λ2λ

−1
3 λ7, λ7)
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Èñïîëüçóÿ ýòî ðàâåíñòâî, âèäèì, ÷òî Hn
2 = h2h3H2 è ïîýòîìó H

nσ
2 h2h3 = H2. Âû÷èñ-

ëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî [N1, n63] = h2h3. Ñëåäîâàòåëüíî, H
nσ
2 [N1, n63] = H2

è N2 ∈ Nσn â ñèëó ëåììû 1.4.2.

Ìû óòâåðæäàåì, ÷òî K = ⟨N1, N2, n0⟩ � äîïîëíåíèå ê T σn â Nσn. Âû÷èñëåíèÿ â

MAGMA ïîêàçûâàþò, ÷òî N12
1 = 1. Ïî ëåììå 3.3.4

Hn63 = (λ−1
1 , λ−2

1 λ2, λ
−3
1 λ3, λ

−4
1 λ4, λ

−3
1 λ5, λ

−2
1 λ6, λ

−1
1 λ7).

Òîãäà N2
2 = H2H

n63
2 h2h3 = 1. Äàëåå èìååì, ÷òî

H−1
2 Hn0

2 = H−2
2 = (1,−1, 1, 1,−1, 1,−1) = 1

è, ñëåäîâàòåëüíî, N2n0 = n0N2 ïî ëåììå 1.4.3. Ïîýòîìó K ≃ Z12 × Z2 × Z2, êàê è

óòâåðæäàëîñü.

Òîð 26. Â ýòîì ñëó÷àå w = w1w4w6w3w7, è CW (w) = ⟨w⟩ × ⟨w0⟩ × ⟨w59⟩ ≃ Z12 ×

Z2 × Z2.

Ïóñòü α ∈ Fp òàêîé, ÷òî α2 = −1. Ïîëîæèì n = n1n4n6n3n7, N1 = h2n è

N2 = H2h3n59, ãäå H2 = (1, α, 1, 1,−α,−1, α). Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò,

÷òî [N1, h3n59] = 1 è, ñëåäîâàòåëüíî, h3n59 ∈ Nσn. Ïî ëåììå 3.3.4

Hn = (λ−1
3 λ4, λ2, λ1λ

−1
3 λ4, λ1λ2λ

−1
3 λ5, λ5, λ5λ

−1
7 , λ6λ

−1
7 ).

Èñïîëüçóÿ ýòî ðàâåíñòâî, âèäèì, ÷òî Hσn
2 = Hσ

2 = H2. Ïîýòîìó H2 ∈ Nσn è N2 ∈ Nσn.

Ìû óòâåðæäàåì, ÷òî K = ⟨N1, n0, N2⟩ � äîïîëíåíèå ê T σn â Nσn. Âû÷èñëåíèÿ â

MAGMA ïîêàçûâàþò, ÷òî N12
1 = 1. Ïîñêîëüêó Hn

2 = H2, èìååì H−1
2 Hn

2 = 1. Ñëåäî-

âàòåëüíî, ðàâåíñòâî N1N2 = N2N1 ñëåäóåò èç ëåììû 1.4.3.

Ïî ëåììå 3.3.4

Hn59 = (λ1λ2λ
−1
5 , λ22λ

−1
5 , λ22λ3λ

−2
5 , λ32λ4λ

−3
5 , λ32λ

−2
5 , λ22λ

−2
5 λ6, λ2λ

−1
5 λ7).

Òîãäà N2
2 = H2H

n59
2 h1h4 = 1. Äàëåå, ìû âèäèì, ÷òî H−1

2 Hn0
2 = H−2

2 =

(1,−1, 1, 1,−1, 1,−1) = 1 è â ñèëó ëåììû 1.4.3 èìååì N2n0 = n0N2. Ïîýòîìó ìû

çàêëþ÷àåì, ÷òî K = ⟨N1⟩ × ⟨N2⟩ × ⟨n0⟩ ≃ Z12 × Z2 × Z2, êàê è óòâåðæäàëîñü.

Òîð 30. Â ýòîì ñëó÷àå w = w39w3w5w1w4w6 è CW (w) = ⟨w⟩ × ⟨w0⟩ × ⟨w53⟩ ≃

Z8×Z2×Z2. Ïîëîæèì n = n39n3n5n1n4n6. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, n53] = 1

è, ñëåäîâàòåëüíî, n53 ∈ Nσn.
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Ïóñòü α ∈ Fp òàêîé, ÷òî α2 = −1 è H2 = (1, α,−1,−1,−α, 1,−α). Ïî ëåììå 3.3.4

Hn = (λ3λ
−1
4 λ5λ

−1
7 , λ1λ2λ

−1
4 λ5λ

−1
7 , λ2λ3λ

−2
4 λ25λ

−1
7 , λ1λ2λ3λ

−2
4 λ25λ

−1
7 ,

λ1λ2λ3λ
−2
4 λ25λ

−1
6 , λ1λ

−1
4 λ25λ

−1
6 , λ1λ

−1
4 λ5).

Èñïîëüçóÿ ýòî ðàâåíñòâî, ïîëó÷àåì, ÷òî Hσn
2 = (1,−α,−1,−1, α, 1, α)σ = H2 è, ñëå-

äîâàòåëüíî, H2 ∈ T σn.

Ïóñòü N1 = n è N2 = H2n53. Ìû óòâåðæäàåì, ÷òî K = ⟨N1, n0, N2⟩ � äîïîëíåíèå

äëÿ T σn inNσn. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òîN8
1 = 1. ÏîñêîëüêóHn

2 = H2,

èìååì H−1
2 Hn

2 = 1, è ðàâåíñòâî N1N2 = N2N1 ñëåäóåò èç ëåììû 1.4.3. Ïî ëåììå 3.3.4

Hn53 = (λ1λ
−1
2 λ7, λ

−1
2 λ27, λ

−2
2 λ3λ

2
7, λ

−3
2 λ4λ

3
7, λ

−2
2 λ5λ

2
7, λ

−1
2 λ6λ7, λ7).

Òîãäà N2
2 = H2H

n53
2 h1h4h6 = H2(−1, α,−1, 1,−α,−1,−α)h1h4h6 = 1. Äàëåå H−1

2 Hn0
2 =

H−2
2 = (1,−1, 1, 1,−1, 1,−1) = 1, è â ñèëó ëåììû 1.4.3 ìû èìååì N2n0 = n0N2.

Ïîýòîìó K = ⟨N1⟩ × ⟨N2⟩ × ⟨n0⟩ ≃ Z8 × Z2 × Z2, êàê è óòâåðæäàëîñü.

Ëåììà 3.3.9. Ïðåäïîëîæèì, ÷òî w, ëèáî ww0 ñîïðÿæåí â W ñ îäíèì

èç ñëåäóþùèõ ýëåìåíòîâ: w1w5w3w6, w1w4w3w2, w1w5w3w6w2, w1w4w5w3w53,

w1w4w6w3w5, w1w5w2w3w6w53, w1w4w6w3w5w53, w1w4w6w3w2w5,

w1w4w6w16w3w2w6, w1w4w16w3w2w40, w1w4w6w2w3w7, w1w4w6w3w5w7. Òîãäà T

èìååò äîïîëíåíèå â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå.

Äîêàçàòåëüñòâî. Íàøà ñòðàòåãèÿ îäèíàêîâà âî âñåõ ñëó÷àÿõ. Äëÿ êàæäîãî ýëå-

ìåíòà w âûáåðåì n ∈ T òàêîé, ÷òî π(n) = w è ïðåäúÿâèì ìíîæåñòâî ñîîòíîøå-

íèé, îïðåäåëÿþùèõ CW (w). Çàòåì ìû ïðîâåðÿåì, ÷òî ïîðîæäàþùèå ïîäãðóïïû â

Nσn óäîâëåòâîðÿþò ýòîìó ìíîæåñòâó ñîîòíîøåíèé è ïîðîæäàþò äîïîëíåíèå äëÿ

T σn. Âñå äàííûå ïðèâåäåíû â òàáëèöå 3.4. Â êà÷åñòâå ïðèìåðà ìû ðàññìîòðèì ñëó-

÷àé w = w1w5w3w6, êîòîðûé ñîîòâåòñòâóåò Òîðó 10 â òàáëèöå 3.5. Â ýòîì ñëó÷àå

CW (w) = ⟨ww0⟩ × ⟨w2, w53⟩ × ⟨w2w32w35w46, w2w28w42w43⟩ ≃ Z6 × S3× S3. Èñïîëüçóÿ

GAP, íàõîäèì, ÷òî CW (w) èìååò ñëåäóþùåå êîïðåäñòàâëåíèå:

⟨a, b, c, d, e | a6 = b2 = c2 = d2 = e2 = [a, b] = [a, c] = [a, d] = [a, e]

= (bc)3 = (de)3 = [b, d] = [b, e] = [c, d] = [c, e] = 1⟩
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Áîëåå òîãî, ìîæíî ïðîâåðèòü, ÷òî ww0, w2, w53, w2w32w35w46, w2w28w42w43 óäîâëå-

òâîðÿþò ýòîìó ìíîæåñòâó ñîîòíîøåíèé. Ðàññìîòðèì ýëåìåíòû a = n0n, b = h53n2,

c = h2n53, d = h1h6n2n32n35n46 è e = h1h3h6n2n28n42n43. Òîãäà âû÷èñëåíèÿ â MAGMA

ïîêàçûâàþò, ÷òî a, b, c, d è e óäîâëåòâîðÿþò ñîîòíîøåíèÿì äëÿ CW (w), ïîýòîìó

K = ⟨a, b, c, d, e⟩ � ãîìîìîðôíûé îáðàç ãðóïïû CW (w). Ñ äðóãîé ñòîðîíû èìååì

π(K) = CW (w) è, ñëåäîâàòåëüíî, K ≃ CW (w). Ïóñòü n = n1n5n3n6. Òîãäà, âû÷èñëå-

íèÿ ïîêàçûâàþò, ÷òî [n, a] = [n, b] = [n, c] = [n, d] = [n, e] = 1, îòêóäà a, b, c, d, e ∈ Nσn

â ñèëó ëåììû 1.4.2. Ïîýòîìó K � äîïîëíåíèå äëÿ T σn â Nσn.

Îñòàëüíûå ñëó÷àè ìîãóò áûòü ïðîâåðåíû òàêèì æå îáðàçîì. Ïåðâûé ñòîëáåö

òàáëèöû 3.4 ñîäåðæèò íîìåð òîðà â ñîîòâåòñòâèè ñ òàáëèöåé 3.5. Âòîðîé ñòîëáåö

äëÿ êàæäîãî ýëåìåíòà w ñîäåðæèò ìíîæåñòâî ñîîòíîøåíèé S(w), êîòîðûå îïðåäå-

ëÿþò ãðóïïó CW (w). Òðåòèé ñòîëáåö ñîäåðæèò ïðèìåðû ïîðîæäàþùèõ äîïîëíåíèÿ.

Âñå òàêèå ïîðîæäàþùèå ëåæàò â T . Ïîýòîìó, â êàæäîì ñëó÷àå ìîæíî ïðîâåðèòü,

èñïîëüçóÿ MAGMA, ÷òî ïîðîæäàþùèå óäîâëåòâîðÿþò ñîîòíîøåíèÿì èç S(w). Åñòå-

ñòâåííûé ïðîîáðàç w â T îáîçíà÷àåòñÿ ÷åðåç n. Â êàæäîì èç ñëó÷àåâ ìû âûáèðàåì

ýëåìåíò x ∈ T è ðàññìàòðèâàåì ãðóïïû T σx è Nσx. Îáû÷íî x = n, íî èíîãäà îíè

îòëè÷àþòñÿ. ×òîáû ïðîâåðèòü, ÷òî ïîðîæäàþùèé y ëåæèò â Nσx, äîñòàòî÷íî ïðîâå-

ðèòü, ÷òî [x, y] = 1 è ïðèìåíèòü ëåììó 1.4.2. Ïîýòîìó ýëåìåíòû èç òðåòüåãî ñòîëáöà

ïîðîæäàþò äîïîëíåíèå äëÿ T σx è, ñëåäîâàòåëüíî, N(G, T ) ðàñùåïëÿåòñÿ íàä T ïî

çàìå÷àíèþ 1.3.4.

Äëÿ óäîáñòâà ìû äîáàâèëè âñå ïðîâåðÿåìûå ðàâåíñòâà â [49].

Òàáëèöà 3.4: Ðàñùåïëÿåìûå íîðìàëèçàòîðû ìàêñè-

ìàëüíûõ òîðîâ ãðóïïû Ead
7 (q)

� îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîðîæäàþùèå äîïîëíåíèÿ

äëÿ ãðóïïû CW (w) äëÿ T σx â Nσx

10 a6 = b2 = c2 = d2 = e2 = 1, x = n, a = n0n,

[a, b] = [a, c] = [a, d] = [a, e] = 1, b = h53n2, c = h2n53,

(bc)3 = (de)3 = [b, d] = [b, e] = 1, d = h1h6n2n32n35n46,
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Ïðîäîëæåíèå òàáëèöû 3.4

� îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîðîæäàþùèå äîïîëíåíèÿ

äëÿ ãðóïïû CW (w) äëÿ T σx â Nσx

[c, d] = [c, e] = 1 e = h1h3h6n2n28n42n43

12 a10 = [a, b] = [a, c] = 1, x = n, a = n0n,

b2 = c2 = (bc)3 = 1 b = h7n6, c = h6n7

15 a6 = b2 = c2 = d2 = (cd)3 = 1, a = x = h4n, b = n0,

[a, b] = [a, c] = [a, d] = 1, c = h4n32n35n46,

[b, c] = [b, d] = 1 d = h1h4h6n28n42n43

17 a10 = b2 = [a, b] = 1 a = x = h2n, b = n0

18 a6 = b2 = c2 = 1, a = x = h2n, b = n0,

[a, b] = [a, c] = [b, c] = 1 c = h3h7n53

21 a3 = b2 = c3 = d4 = 1, a = x = n, b = n0, c = n5n6,

[a, b] = [a, c] = [a, d] = 1, d = h1h3h4n1n4n8n22

[b, c] = [b, d] = 1,

c−1a(d−1c−1)2d−1 = 1,

da−1c−1d(dc−1)2d−1cd−1c−1 = 1

22 òàêèå æå êàê è â Òîðå 15 a = x = h1n,

b = n0, c = h33n53,

d = h53n33

23 a12 = b2 = [a, b] = 1 a = x = n, b = n0

24 a9 = b2 = [a, b] = 1 a = x = n, b = n0

25 a6 = [a, b] = [a, c] = [a, d] = 1, x = n, a = x2n0,

d3 = c−1bcb = b2c−2 = 1, b = h1h2h5n3n6n22n32,

bdc−1d−1 = bcdbd−1 = 1 c = h2h3h4h5n3n6n16n38,

d = h1h2h4h6n1n4n6n15n23n46

27 a30 = 1 x = n, a = xn0

29 a14 = 1 x = n, a = xn0
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Òàáëèöà 3.5: Ðàñùåïëÿåìîñòü íîðìàëèçàòîðîâ ìàêñè-

ìàëüíûõ òîðîâ ãðóïïû Ead
7 (q)

� ïðåäñòàâèòåëü w |w| öèêëè÷åñêîå ñòðîåíèå (2, q − 1).T

1 1 1 (q − 1)7 �

2 w1 2 (q − 1)5 × (q2 − 1) �

3 w1w2 2 (q − 1)3 × (q2 − 1)2 �

4 w3w1 3 (q − 1)4 × (q3 − 1) +

5 w2w3w5 2 (q − 1)× (q2 − 1)3 �

6 w1w3w5 6 (q − 1)2 × (q2 − 1)× (q3 − 1) +

7 w1w3w4 4 (q − 1)3 × (q4 − 1) �

8 w1w4w6w53 2 (q − 1)× (q + 1)2 × (q2 − 1)2 �

9 w1w2w3w5 6 (q − 1)× (q2 − 1)× (q + 1)(q3 − 1) +

10 w1w5w3w6 3 (q − 1)× (q3 − 1)2 +

11 w1w4w6w3 4 (q − 1)× (q2 − 1)× (q4 − 1) �

12 w1w4w3w2 5 (q − 1)2 × (q5 − 1) +

13 w3w2w5w4 6 (q − 1)× (q2 − 1)× (q − 1)(q3 + 1) +

14 w3w2w4w16 4 (q − 1)× ((q − 1)(q2 + 1))2 �

15 w1w5w3w6w2 6 (q3 − 1)× (q + 1)(q3 − 1) +

16 w1w4w6w3w53 4 (q − 1)× (q + 1)2 × (q4 − 1) �

17 w1w4w5w3w53 10 (q − 1)× (q + 1)(q5 − 1) +

18 w1w4w6w3w5 6 (q − 1)× (q6 − 1) +

19 w2w5w3w4w6 8 (q − 1)× (q2 − 1)(q4 + 1) +

20 w23w5w4w3w2 12 (q − 1)× (q − 1)(q2 + 1)(q3 + 1) +

21 w1w5w2w3w6w53 3 (q2 + q + 1)2 × (q3 − 1) +

22 w1w4w6w3w5w53 6 (q3 + 1)× (q3 − 1)× (q + 1) +

23 w1w4w6w3w2w5 12 (q3 − 1)(q4 − q2 + 1) +

24 w1w4w16w3w2w6 9 (q − 1)(q6 + q3 + 1) +

25 w1w4w16w3w2w40 6 (q2 − q + 1)× (q − 1)(q4 + q2 + 1) +
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Ïðîäîëæåíèå òàáëèöû 3.5

� ïðåäñòàâèòåëü w |w| öèêëè÷åñêîå ñòðîåíèå (2, q − 1).T

26 w1w4w6w3w7 12 (q3 − 1)× (q4 − 1) +

27 w1w4w6w2w3w7 15 (q5 − 1)(q2 + q + 1) +

28 w3w2w4w16w7 4 (q − 1)(q2 + 1)× (q2 − 1)× (q2 + 1) �

29 w1w4w6w3w5w7 7 q7 − 1 +

30 w39w3w5w1w4w6 8 (q4 + 1)× (q − 1)(q2 + 1) +

Òåîðåìà 3.3.2 äîêàçàíà.

3.4 Èñêëþ÷èòåëüíûå ãðóïïû E8(q)

Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ ïðîñòûå ñâÿçíûå ëèíåéíûå àëãåáðàè÷åñêèå

ãðóïïû G òèïà E8. Îòâåò íà ïðîáëåìó 1 äàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3.4.1. Ïóñòü G � ïðîñòàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà ëèåâà

òèïà E8 íàä ïîëåì Fp. Ïóñòü T � ìàêñèìàëüíûé òîð â ãðóïïå G. Òîãäà NG(T )

ðàñùåïëÿåòñÿ íàä T â òîì è òîëüêî â òîì ñëó÷àå, åñëè p = 2.

Ïðè ïåðåõîäå ê êîíå÷íûì ãðóïïàì G ëèåâà òèïà ñóùåñòâóåò âçàèìíî-îäíîçíà÷íîå

ñîîòâåòñòâèå ìåæäó êëàññàìè G-ñîïðÿæåííûõ ìàêñèìàëüíûõ σ-èíâàðèàíòíûõ òîðîâ

ãðóïïû G è êëàññàìè σ-ñîïðÿæåííîñòè ãðóïïû Âåéëÿ W . Ìû íóìåðóåì êëàññû ñî-

ïðÿæåííîñòè ãðóïïûW è êîðíè ñîîòâåòñòâóþùåé êîðíåâîé ñèñòåìû êàê â [29]. Ïóñòü

∆ = {r1, r2, r3, r4, r5, r7, r8} � ôóíäàìåíòàëüíàÿ ñèñòåìà êîðíåé êîðíåâîé ñèñòåìû E8,

òîãäà r18 = r2 + r4 + r5, r26 = r2 + r4 + r5 + r6, r46 = r1 + r2 + r3 + r4 + r5 + r6 + r7,

r69 = r1 + 2r2 + 2r3 + 3r4 + 2r5 + r6, r74 = r2 + r3 + 2r4 + 2r5 + 2r6 + 2r7 + r8 è

r120 = 2r1 + 3r2 + 4r3 + 6r4 + 5r5 + 4r6 + 3r7 + 2r8. ×åðåç wi áóäåì îáîçíà÷àòü ýëå-

ìåíò ãðóïïûW , ñîîòâåòñòâóþùèé îòðàæåíèþ â ãèïåðïëîñêîñòè, îðòîãîíàëüíîé i-ìó

ïîëîæèòåëüíîìó êîðíþ ri. ×åðåç U îáîçíà÷èì ïîäãðóïïó ãðóïïû W , ïîðîæäåííóþ

ýëåìåíòàìè w1, w2, w3, w4, w5, w6. Îòìåòèì, ÷òî U èçîìîðôíà ãðóïïå Âåéëÿ òèïà E6.

Îòâåò íà ïðîáëåìó 2 äëÿ ãðóïï E8(q) ñîäåðæèòñÿ â ñëåäóþùåé òåîðåìå.
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Òåîðåìà 3.4.2. Ïóñòü G = E8(q), W � ãðóïïà Âåéëÿ ãðóïïû G è w0 � öåíòðàëü-

íàÿ èíâîëþöèÿ â W . Ïóñòü T � ìàêñèìàëüíûé òîð ãðóïïû G, ñîîòâåòñòâóþùèé

ýëåìåíòó w èç W . Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

(1) T íå èìååò äîïîëíåíèÿ â N(G, T ) òîãäà è òîëüêî òîãäà, êîãäà q íå÷åòíî è

õîòÿ áû îäèí èç ýëåìåíòîâ w èëè ww0 ñîïðÿæåí â W ñ îäíèì èç ñëåäóþùèõ

ýëåìåíòîâ:

1, w1, w1w2, w3w1, w2w3w5, w1w3w5, w1w3w4, w1w4w6w69, w1w2w3w5,

w1w4w6w3, w3w2w5w4, w3w2w4w18, w1w4w6w3w69, w2w5w3w4w6,

w26w5w4w3w2, w1w4w6w3w7, w3w2w4w18w7, w46w3w5w1w4w6,

w2w3w5w7, w74w3w2w5w4, w8w1w4w6w3, w1w2w3w6w8w7,

w1w4w3w7w6w8, w4w8w2w5w7w120, w2w3w4w8w7w18, w2w3w4w5w6w8,

w2w4w5w6w7w8w120, w2w3w4w7w120w8w18, w2w3w4w7w120w18w8w74;

(2) ýëåìåíò w èìååò ïîäíÿòèå â N(G, T ) ïîðÿäêà |w|.

Ìû èëëþñòðèðóåì ðåçóëüòàòû òåîðåìû â òàáëèöå 3.9, à òàêæå â îáùåé òàáëèöå

3.10.

Äîêàçàòåëüñòâî òåîðåìû 3.4.1.

Ïîñêîëüêó ñëó÷àé p = 2 ñëåäóåò èç çàìå÷àíèÿ 1.4.1, ìû ïðåäïîëàãàåì äàëåå, ÷òî

q íå÷åòíî. Ìàòðèöà Êàðòàíà (Aij) êîðíåâîé ñèñòåìû E8 èìååò âèä

(Aij) =



2 0 −1 0 0 0 0 0

0 2 0 −1 0 0 0 0

−1 0 2 −1 0 0 0 0

0 −1 −1 2 −1 0 0 0

0 0 0 −1 2 −1 0 0

0 0 0 0 −1 2 −1 0

0 0 0 0 0 −1 2 −1

0 0 0 0 0 0 −1 2



.

Ãðóïïà Âåéëÿ W èìååò ïîðÿäîê 214 · 35 · 52 · 7 è èçîìîðôíà ãðóïïå 2.O+
8 (2) : 2 (â

îáîçíà÷åíèÿõ [25]).
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Ãðóïïó W ìîæíî çàïèñàòü â âèäå W (E8) = ⟨wr1 , . . . , wr8 |(wriwrj)mij = 1⟩, ãäå

mij =


1, åñëè i = j,

2, åñëè Aij = 0,

3, åñëè Aij = −1.

Ïîñêîëüêó ôóíäàìåíòàëüíàÿ ãðóïïà ∆(E8) = 1, òî óíèâåðñàëüíàÿ ãðóïïà ñîâïàäàåò

ñ ãðóïïîé ïðèñîåäèíåííîãî òèïà. Òîãäà ñîãëàñíî [34, Òåîðåìà 1.12.1] èìååì

H = (λ1, . . . , λ8) = 1 ⇔ λ1 = . . . = λ8 = 1.

Ïðåäïîëîæèì, ÷òî ìàêñèìàëüíûé òîð T èìååò äîïîëíåíèå K â ñâîåì íîðìàëèçàòîðå

N . Ïóñòü Ni � ïðîîáðàç ýëåìåíòà wri â K, ãäå i = 1, . . . , 8. Òîãäà Ni = Hinri äëÿ

íåêîòîðûõ Hi èç òîðà T è (NiNj)
mij = 1. Ïóñòü N3 = H3n3, N4 = H4n4, N5 = H5n5,

ãäå

H3 = (ν1, . . . , ν7), H4 = (µ1, . . . , µ7), H5 = (α1, . . . , α7).

Ïîñêîëüêó K ÿâëÿåòñÿ äîïîëíåíèåì, òî äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà N4Nk =

NkN4 ïðè k ∈ {1, 6, 7, 8}, à òàêæå N2
4 = 1.

Â ñèëó ëåììû 3.3.4 èìååì

N2
4 = (µ2

1, µ
2
2, µ

2
3,−µ2µ3µ5, µ

2
5, µ

2
6, µ

2
7, µ

2
8) = 1,

îòêóäà  µ2
i = 1, i ̸= 4,

µ2µ3µ5 = −1.

Èç ðàâåíñòâ N4Nk = NkN4 â ñèëó ëåììû 1.4.3 ïîëó÷àåì, ÷òî

µ2
1 = µ3,

µ2
6 = µ5µ7,

µ2
7 = µ6µ8,

µ2
8 = µ7.

Ñëåäîâàòåëüíî, µ3 = µ7 = 1, µ5 = µ−1
7 = 1, µ2 = −µ−1

3 µ−1
5 = −1. Òàêèì îáðàçîì,

H4 = (µ1,−1, 1, µ4, 1, µ6, 1, µ8).
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Äëÿ ýëåìåíòà N3 = H3n3 ïî ëåììå 3.3.4 èìååì

N2
3 = (ν21 , ν

2
2 ,−ν1ν4, ν24 , ν25 , ν26 , ν27 , ν28) = 1,

îòêóäà  ν2i = 1, i ̸= 3,

ν1ν4 = −1.

Ïîñêîëüêó N3Nk = NkN3 ïðè k ∈ {2, 5, 6, 7, 8}, òî â ñèëó ëåììû 1.4.3 ïîëó÷àåì, ÷òî

ν22 = ν4,

ν25 = ν4ν6,

ν26 = ν5ν7,

ν27 = ν6ν8,

ν28 = ν7.

Ñëåäîâàòåëüíî, ν4 = ν7 = 1, ν6 = ν−1
4 = 1, ν8 = ν−1

6 = 1, ν5 = ν−1
7 = 1, ν1 = −ν−1

4 = −1.

Òàêèì îáðàçîì,

H3 = (−1, ν2, ν3, 1, 1, 1, 1, 1).

Ïîñêîëüêó K ÿâëÿåòñÿ äîïîëíåíèåì, òî äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî (N3N4)
3 = 1.

Ñëåäîâàòåëüíî,

N3N4 = H3n3H4n4 = H3(H4)
n3n3n4 =

(−1, ν2, ν3, 1, 1, 1, 1, 1) · (µ1,−1, 1, µ4, 1, µ6, 1, µ8)
n3n3n4 =

(−1, ν2, ν3, 1, 1, 1, 1, 1) · (µ1,−1, µ1µ4, µ4, 1, µ6, 1, µ8)n3n4 =

(−µ1,−ν2, ν3µ1µ4, µ4, 1, µ6, 1, µ8)n3n4 = Hn3n4.

Ïîñêîëüêó ñîïðÿæåíèå ýëåìåíòîì n3n4 íå ìåíÿåò ýëåìåíòû â âåêòîðå H çà èñ-

êëþ÷åíèåì òðåòüåãî è ÷åòâåðòîãî, òî, â ÷àñòíîñòè,

(N3N4)
3 = (t1, t2, t3, t4, t5, µ

3
6, 1, µ

3
8) = 1,

äëÿ íåêîòîðûõ ti ∈ Fp. Ñëåäîâàòåëüíî, µ3
6 = µ3

8 = 1. Ïîñêîëüêó µ2
6 = µ2

8 = 1, òî

µ6 = µ8 = 1.

Ïðîäåëàåì òîæå ñàìîå äëÿ ýëåìåíòà N5. Ïî ëåììå 3.3.4 èìååì N2
5 =

(α2
1, α

2
2, α

2
3, α

2
4,−α4α6, α

2
6, α

2
7, α

2
8) = 1, îòêóäà α2

i = 1, i ̸= 5,

α4α6 = −1.
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Ïîñêîëüêó N5Nk = NkN5, ãäå k ∈ {1, 2, 3, 7, 8}, òî

α2
1 = α3,

α2
2 = α4,

α2
3 = α1α4,

α2
7 = α6α8,

α2
8 = α7.

Ñëåäîâàòåëüíî, α3 = α4 = α7 = 1, α1 = α−1
4 = 1, α6 = −α−1

4 = −1, α8 = α−1
6 = −1.

Òàêèì îáðàçîì,

H5 = (1, α2, 1, 1, α5,−1, 1,−1).

Òîãäà

N5N4 = H5n5H4n4 = H5(H4)
n5n5n4 =

(1, α2, 1, 1, α5,−1, 1,−1) · (µ1,−1, 1, µ4, 1, 1, 1, 1)
n5n5n4 =

(1, α2, 1, 1, α5,−1, 1,−1) · (µ1,−1, 1, µ4, µ4, 1, 1, 1)n5n4 =

(µ1,−α2, 1, µ4, µ4α5,−1, 1,−1)n5n4 = Hn5n4.

Ñëåäîâàòåëüíî, (N5N4)
3 = (s1, s2, s3, s4, s5,−1, 1,−1), äëÿ íåêîòîðûõ si ∈ Fp. Ïî-

ñêîëüêó p ̸= 2, òî ïîëó÷àåì ïðîòèâîðå÷èå ñ ðàâåíñòâîì (N5N4)
3 = 1.

Äîêàçàòåëüñòâî òåîðåìû 3.4.2.

Ïîñêîëüêó ñëó÷àé p = 2 ñëåäóåò èç çàìå÷àíèÿ 1.4.1, ìû ïðåäïîëàãàåì äàëåå, ÷òî q

íå÷åòíî. Ðàñøèðåííàÿ äèàãðàììà Äûíêèíà òèïà E8 ÿâëÿåòñÿ ñëåäóþùåé

u u u u u u uu
r1

2

r3

4

r4

6

r5

5

r6

4

r7

3

r8

2
r23

u
-1

-r0

Ãðóïïà Âåéëÿ W èçîìîðôíà ãðóïïå (2.O+
8 (2)) : 2 (â îáîçíà÷åíèÿõ [25]). Ïî-

ýòîìó W èìååò öåíòðàëüíóþ èíâîëþöèþ w0. Íåòðóäíî ïðîâåðèòü, ÷òî w0 =

w1w2w5w7w44w71w89w120. Â ãðóïïå W âñåãî 112 êëàññîâ ñîïðÿæåííîñòè. Â îòëè÷èè

îò òèïà E7, â äàííîì ñëó÷àå âîçìîæíî, ÷òî w ∈ W è ww0 ñîïðÿæåíû â W . Âñåãî â

ãðóïïåW èìååòñÿ 22 êëàññà ñîïðÿæåííîñòè ñ òàêèì óñëîâèåì. Âñå îñòàëüíûå êëàññû
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äåëÿòñÿ íà ïàðû òàêèå, ÷òî îäèí êëàññ â ïàðå ïîëó÷àåòñÿ óìíîæåíèåì âñåõ ýëåìåí-

òîâ âòîðîãî íà w0. Ýòà èíôîðìàöèÿ ìîæåò áûòü ïðîâåðåíà â GAP. Ìû ïðèâîäèì 67

ïðåäñòàâèòåëåé ñîïðÿæåííûõ êëàññîâ â òàáëèöå 3.9, îñòàâøèåñÿ 45 ïðåäñòàâèòåëåé

ìîãóò áûòü ïîëó÷åíû óìíîæåíèåì íà w0.

Çàìå÷àíèå 3.4.3. Ïðèâåäåì äâà êîììåíòàðèÿ ê [29, òàáëèöà I]. Ïðåäñòàâèòåëè

êëàññîâ ñîïðÿæåííîñòè ãðóïïû W â ýòîé òàáëèöå áûëè ïîëó÷åíû èç [21].

1. Â ñîîòâåòñòâèè ñ [21, òàáëèöà 11], ýëåìåíò ñ íîìåðîì 50 èìååò äîïóñòèìóþ

äèàãðàììó D5×A2. Ýëåìåíò u = w2w3w5w4w8w6w120 èìååò òàêóþ äèàãðàììó

è ìû âûáèðàåì åãî äëÿ äàëüíåéøèõ âû÷èñëåíèé. Â [29, òàáëèöà I] ïðåäñòà-

âèòåëü u′ = w2w3w5w4w8w6w35 íå èìååò òàêóþ äèàãðàììó, íî u ñîïðÿæåí ñ

u′w0 â W . Ñëåäîâàòåëüíî, ïðåäñòàâèòåëü u′ ñîîòâåòñòâóåò ìàêñèìàëüíîìó

òîðó ïîðÿäêà (q − 1)(q3 + 1)(q4 + 1).

2. Â ñîîòâåòñòâèè ñ [21, òàáëèöà 11], ýëåìåíò ñ íîìåðîì 51 èìååò äîïóñòè-

ìóþ äèàãðàììó D5(a1) × A2. Çàìåòèì, ÷òî â [29, òàáëèöà I] ïðåäñòàâèòåëü

v′ = w26w5w4w3w2w7w8 ñîäåðæèò îïå÷àòêó, ïîñêîëüêó v′ èìååò òàêóþ æå

äîïóñòèìóþ äèàãðàììó êàê è u′.

Ýëåìåíò v = w26w5w4w3w2w120w8 èìååò äèàãðàììó D5(a1)×A2 è ìû âûáèðàåì

åãî äëÿ äàëüíåéøèõ âû÷èñëåíèé. Çàìåòèì, ÷òî öèêëè÷åñêîå ñòðîåíèå ñîîò-

âåòñòâóþùåãî ìàêñèìàëüíîãî òîðà â [29, òàáëèöà I] ÿâëÿåòñÿ ïðàâèëüíûì è

èìååò âèä (q2 + 1)(q6 − 1).

Îáîçíà÷èì n0 = h2h5h7n1n2n5n7n44n71n89n120. Âû÷èñëåíèÿ â MAGMA ïîêàçûâà-

þò, ÷òî n2
0 = 1, [n0, ni] = 1 äëÿ i = 1, . . . , 8 è, ñëåäîâàòåëüíî, n0 ∈ Z(T ). Ìû ðàçäå-

ëÿåì äîêàçàòåëüñòâî íà äâà ñëó÷àÿ. Ñíà÷àëà ðàññìàòðèâàþòñÿ ìàêñèìàëüíûå òîðû,

êîòîðûå íå èìåþò äîïîëíåíèé â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå. Åñëè ìàêñè-

ìàëüíûé òîð T íå èìååò äîïîëíåíèÿ è ñîîòâåòñòâóåò ñîïðÿæåííîìó êëàññó ýëåìåíòà

w ∈ W , òî ìû ïðåäúÿâëÿåì ïîäíÿòèå äëÿ w òàêîãî æå ïîðÿäêà. Çàòåì ðàññìàò-

ðèâàþòñÿ îñòàâøèåñÿ òîðû è äëÿ êàæäîãî èç íèõ ïðåäúÿâëÿþòñÿ ïîðîæäàþùèå ñ

òî÷íîñòüþ äî ñîïðÿæåíèé äëÿ èõ äîïîëíåíèé.



Ãëàâà 3. Íîðìàëèçàòîðû ìàêñèìàëüíûõ òîðîâ â èñêëþ÷èòåëüíûõ ãðóïïàõ 156

Íåðàñùåïëÿåìûå ñëó÷àè.

Íà ïðîòÿæåíèè ýòîãî ïîäðàçäåëà ìû ïðåäïîëàãàåì, ÷òî T � ìàêñèìàëüíûé òîð,

ñîîòâåòñòâóþùèé ñîïðÿæåííîìó êëàññó ýëåìåíòà w ∈ W . Ìû ïèøåì H =

(λ1, λ2, λ3, λ4, λ5, λ6, λ7, λ8) äëÿ ïðîèçâîëüíîãî ýëåìåíòà ãðóïïû T . Ýòà çàïèñü îçíà-

÷àåò, ÷òî H =
8∏
i=1

hri(λi). Îñíîâíîé èíñòðóìåíò, ÷òîáû ïîêàçàòü, ÷òî T íå èìååò

äîïîëíåíèÿ â N(G, T ) � ýòî ñëåäóþùåå óòâåðæäåíèå, êîòîðîå ÿâëÿåòñÿ àíàëîãîì

ëåììû 3.3.6.

Ëåììà 3.4.4. Ïóñòü w ∈ W , è CW (w) ⩾ ⟨w2w5, w61, w97⟩ ≃ Z2 × Z2 × Z2. Ïðåäïîëî-

æèì, ÷òî ýëåìåíò n ∈ N òàêîâ, ÷òî π(n) = w è ýëåìåíòû n2n5, n61, n97 ëåæàò â

Nσn. Òîãäà T σn íå èìååò äîïîëíåíèÿ â Nσn.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì îáðàòíîå, ÷òî T σn èìååò äîïîëíåíèåK âNσn. Ïóñòü

N1, N2, N3 � ýòî ïðîîáðàçû ýëåìåíòîâ w2w5, w61 è w97 â K, ñîîòâåòñòâåííî. Òîãäà

N1 = H1n2n5, N2 = H2n49, N3 = H3n63, ãäå

H1 = (µ1, . . . , µ8), H2 = (α1, . . . , α8), H3 = (β1, . . . , β8),

� ýëåìåíòû ãðóïïû T σn.

Ïîñêîëüêó w2
61 = 1, èìååì N2

2 = 1. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî

n2
61 = h2h3h7. Ïî ëåììå 3.3.4

Hn2
61 = (λ21,−λ1λ22λ−1

6 λ8,−λ1λ23λ−1
6 λ8, λ

2
1λ

2
4λ

−2
6 λ28, λ

2
1λ

2
5λ

−2
6 λ28, λ

2
1λ

2
8,

− λ1λ
−1
6 λ27λ8, λ

2
8).

Ïîýòîìó α1α
2
2α8 = −α6, α

2
1 = α2

8 = 1, α2
4 = α2

5 = α2
6. Ïîñêîëüêó [n2n5, n61] = 1, èç

ëåììû 1.4.3 ñëåäóåò, ÷òî H−1
1 Hn61

1 = H−1
2 Hn2n5

2 . Ïî ëåììå 3.3.4

H−1Hn61 = (1, λ1λ
−1
6 λ8, λ1λ

−1
6 λ8, λ

2
1λ

−2
6 λ28, λ

2
1λ

−2
6 λ28, λ

2
1λ

−2
6 λ28, λ1λ

−1
6 λ8, 1),

H−1Hn2n5 = (1, λ−2
2 λ4, 1, 1, λ4λ

−2
5 λ6, 1, 1, 1).

Ïðèìåíÿÿ ðàâåíñòâà ê H1 è H2, ïîëó÷àåì, ÷òî

(1, µ1µ
−1
6 µ8, µ1µ

−1
6 µ8, µ

2
1µ

−2
6 µ2

8, µ
2
1µ

−2
6 µ2

8, µ
2
1µ

−2
6 µ2

8, µ1µ
−1
6 µ8, 1)

= (1, α−2
2 α4, 1, 1, α4α

−2
5 α6, 1, 1, 1).
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Òîãäà µ1µ
−1
6 µ8 = 1 è, ñëåäîâàòåëüíî, α2

2 = α4 è α
2
5 = α4α6. Ïîñêîëüêó α

2
5 = α2

4 = α2
6,

çàêëþ÷àåì, ÷òî α4 = α6. Òåïåðü ðàâåíñòâî α1α
2
2α8 = −α6 âëå÷åò, ÷òî α1α8 = −1.

Ïîñêîëüêó [n97, n61] = 1, èç ëåììû 1.4.3 ñëåäóåò, ÷òî H−1
3 Hn61

3 = H−1
2 Hn97

2 . Ïî

ëåììå 3.3.4

H−1Hn97 = (λ−2
1 λ28, λ

−2
1 λ28, λ

−3
1 λ38, λ

−4
1 λ48, λ

−3
1 λ38, λ

−2
1 λ28, λ

−1
1 λ8, 1).

Ïîýòîìó

(α−2
1 α2

8, α
−2
1 α2

8, α
−3
1 α3

8, α
−4
1 α4

8, α
−3
1 α3

8, α
−2
1 α2

8, α
−1
1 α8, 1)

= (1, β1β
−1
6 β8, β1β

−1
6 β8, β

2
1β

−2
6 β2

8 , β
2
1β

−2
6 β2

8 , β
2
1β

−2
6 β2

8 , β1β
−1
6 β8, 1).

Ñðàâíèâàÿ âòîðûå è òðåòüè êîîðäèíàòû, íàõîäèì, ÷òî α−2
1 α2

8 = α−3
1 α3

8 è, ñëåäîâà-

òåëüíî, α−1
1 α8 = 1. Ïîñêîëüêó α2

1 = 1, ïîëó÷àåì ïðîòèâîðå÷èå ñ α1α8 = −1.

Òåïåðü ðàññìîòðèì ñëó÷àè, ãäå ëåììà 3.4.4 ìîæåò áûòü ïðèìåíåíà.

Ëåììà 3.4.5. Ïóñòü w, ëèáî ww0 � ýëåìåíò èç âòîðîãî ñòîëáöà òàáëèöû 3.6. Åñëè

ìàêñèìàëüíûé òîð T ñîîòâåòñòâóåò êëàññó ñîïðÿæåííîñòè ýëåìåíòà w, òîãäà T

íå èìååò äîïîëíåíèÿ â N(G, T ). Ïðè ýòîì ýëåìåíò w èìååò ïîäíÿòèå â N(G, T )

ïîðÿäêà |w|.

Äîêàçàòåëüñòâî. Ïî ëåììå 1.4.4, ìû ìîæåì ïðåäïîëàãàòü, ÷òî w � îäèí èç ýëåìåí-

òîâ âòîðîãî ñòîëáöà òàáëèöû 3.6. Èñïîëüçóÿ GAP, íàõîäèì, ÷òî â êàæäîì ñëó÷àå

ñóùåñòâóåò w′ ∈ W , êîòîðûé ñîïðÿæåí ñ w è òàêîé, ÷òî w2w5, w61, w97 ∈ CW (w′).

Ïðèìåðû òàêèõ w′ äëÿ êàæäîãî w ïðèâåäåíû â òàáëèöå 3.6. Ïåðâûé ñòîëáåö ýòîé

òàáëèöû ñîäåðæèò íîìåðà òîðîâ â ñîîòâåòñòâèè ñ òàáëèöåé 3.9, òðåòèé ñîäåðæèò

ïðèìåðû w′ äëÿ w. ×åòâåðòûé ñòîëáåö ñîäåðæèò ýëåìåíòû nw′ ∈ T òàêèå, ÷òî

[nw′ , n2n5] = [nw′ , n61] = [nw′ , n97] = 1 è π(nw′) = w′. Òîãäà ëåììà 1.4.2 âëå÷åò, ÷òî

n2n5, n61 è n97 ïðèíàäëåæàò Nσnw′ â êàæäîì ñëó÷àå. Òåïåðü èç ëåììû 3.4.4 ïîëó÷à-

åì, ÷òî Nσnw′ íå ðàñùåïëÿåòñÿ íàä T σnw′ . Ïî çàìå÷àíèþ 1.3.4, T íå èìååò äîïîëíåíèÿ

â N(G, T ). Íàêîíåö, ïÿòûé ñòîëáåö ñîäåðæèò äðóãîé ïðîîáðàç n′ äëÿ w′ â T òàêîé,

÷òî |w′| = |n′|. Ðàâåíñòâî ïîðÿäêîâ ìîæåò áûòü ïðîâåðåíî â MAGMA. Ïîýòîìó n′ �

ïîäíÿòèå w′ â Nσn′ . Ïîñêîëüêó n0 ∈ Z(T ), òî n′n0 � òðåáóåìîå ïîäíÿòèå äëÿ w
′w0 è

ëåììà äîêàçàíà.
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Òàáëèöà 3.6: Ïðåäñòàâèòåëè ñîïðÿæåííûõ êëàññîâ,

óäîâëåòâîðÿþùèå óñëîâèþ ëåììû 3.4.4

� w w′ ∈ wW ïðîîáðàç äëÿ w′,

ïîäíÿòèå äëÿ w′

1 1 1 1, 1

2 w1 w2 n2, h4n2

3 w1w2 w2w5 n2n5, h4n2n5

4 w3w1 w3w99 n3n99, n3n99

5 w2w3w5 w3w5w2 n3n5n2, h4n3n5n2

6 w1w3w5 w61w99w3 n61n99n3, h6n61n99n3

7 w1w3w4 w2w4w18 h4n2n4n18, h6n2n4n18

8 w1w4w6w69 w2w5w61w97 n2n5n61n97, n2n5n61n97

9 w1w2w3w5 w2w5w3w99 n2n5n3n99,

h4n2n5n3n99

11 w1w4w6w3 w2w97w4w18 h4n2n97n4n18,

h6n2n97n4n18

13 w3w2w5w4 w3w99w88w95 n3n99n88n95,

n3n99n88n95

14 w3w2w4w18 w3w2w4w18 h4n3n2n4n18,

n3n2n4n18

16 w1w4w6w3w69 w2w3w61w98w99 n2n3n61n98n99,

h4n2n3n61n98n99

19 w2w5w3w4w6 w3w7w4w18w98 h4n3n7n4n18n98,

h4n3n7n4n18n98

20 w26w5w4w3w2 w2w3w4w18w102 h4n2n3n4n18n102,

h6n2n3n4n18n102

26 w1w4w6w3w7 w2w7w4w18w102 h4n2n7n4n18n102,

h6n2n7n4n18n102
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Ïðîäîëæåíèå òàáëèöû 3.6

� w w′ ∈ wW ïðîîáðàç äëÿ w′,

ïîäíÿòèå äëÿ w′

28 w3w2w4w18w7 w3w2w4w18w7 h4n3n2n4n18n7,

n3n2n4n18n7

30 w46w3w5w1w4w6 w2w3w120w86w87w99 h4n2n3n120n86n87n99,

n2n3n120n86n87n99

31 w2w3w5w7 w2w5w61w98 n2n5n61n98,

h4h8n2n5n61n98

32 w74w3w2w5w4 w3w61w4w18w98 h4n3n61n4n18n98,

h1h2n3n61n4n18n98

33 w8w1w4w6w3 w3w7w5w61w99 n3n7n5n61n99,

h4n3n7n5n61n99

35 w1w2w3w6w8w7 w2w7w61w4w18w98 h4n2n7n61n4n18n98,

h6n2n7n61n4n18n98

37 w4w8w2w5w7w120 w2w3w7w4w18w61 h4n2n3n7n4n18n61,

n2n3n7n4n18n61

42 w2w3w4w5w6w8 w3w7w61w4w18w98 h4n3n7n61n4n18n98,

n3n7n61n4n18n98

48 w2w4w5w6w7w8w120 w2w3w7w4w18w61w98 h4n2n3n7n4n18n61n98,

n2n3n7n4n18n61n98

Îñòàâøèåñÿ ñëó÷àè ðàññìàòðèâàþòñÿ â ñëåäóþùåé ëåììå.

Ëåììà 3.4.6. Ïóñòü w, ëèáî ww0 � îäèí èç ñëåäóþùèõ ýëåìåíòîâ: w1w4w3 ·w7w6w8,

w2w3w4w8w120w18, w2w3w4w7w120w8w18, w2w3w4w7w120w18w8w74.

Ïðåäïîëîæèì, ÷òî T � ìàêñèìàëüíûé òîð, êîòîðûé ñîîòâåòñòâóåò ñîïðÿ-

æåííîìó êëàññó ýëåìåíòà w. Òîãäà T íå èìååò äîïîëíåíèÿ â N(G, T ), íî w èìååò

ïîäíÿòèå â N(G, T ) ïîðÿäêà |w|.

Äîêàçàòåëüñòâî. Ðàññìîòðèì êàæäûé ñëó÷àé äëÿ w îòäåëüíî.
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Òîð 36. Â ýòîì ñëó÷àå w = w1w4w3w7w6w8, è

CW (w) = ⟨w1w4w3, w7w6w8, w0, w6w8w69w91, w20w24w29w35⟩

≃ (Z4 × Z4 × Z2 × Z2)⋊ Z2,

ïðè ýòîì

⟨w1w4w3, w7w6w8, w0, w6w8w69w91⟩

= ⟨w1w4w3⟩ × ⟨w7w6w8⟩ × ⟨w0⟩ × ⟨w6w8w69w91⟩ ≃ Z4 × Z4 × Z2 × Z2.

Îáîçíà÷èì n = n1n4n3n7n6n8. Ïóñòü N1 = H1n1n4n3, N2 = H2n7n6n8 è N3 =

H3n6n8n69n91 � ïðîîáðàçû w1w4w3, w7w6w8 è w6w8w69w91 â K, ãäå H1 = (αi), H2 = (βi)

è H3 = (µi).

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî [n, n1n4n3] = [n, n7n6n8] =

[n, n6n8n69n91] = 1. Ïî ëåììå 1.4.2 èìååì n1n4n3, n7n6n8, n6n8n69n91 ∈ Nσn è

H1, H2, H3 ∈ T σn.

Ïîñêîëüêó (w7w6w8)
4 = 1, èìååì N4

2 = 1. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî

(n7n6n8)
4 = h6h8 è, ñëåäîâàòåëüíî, ëåììà 3.3.4 âëå÷åò, ÷òî

(Hn7n6n8)
4 = (λ41, λ

4
2, λ

4
3, λ

4
4, λ

4
5,−λ35, λ25,−λ5).

Ïîýòîìó β5 = −1 è β4
1 = 1.

Ïîñêîëüêó [n1n4n3, n7n6n8] = 1, èç ëåììû 1.4.3 ñëåäóåò, ÷òî H−1
1 Hn7n6n8

1 =

H−1
2 Hn1n4n3

2 . Èñïîëüçóÿ MAGMA, âèäèì, ÷òî

H−1Hn7n6n8 = (1, 1, 1, 1, 1, λ5λ
−2
6 λ7, λ5λ

−1
6 λ−1

8 , λ7λ
−2
8 ),

H−1Hn1n4n3 = (λ−1
1 λ−1

3 λ4, 1, λ1λ
−2
3 λ4, λ1λ2λ

−1
3 λ−1

4 λ5, 1, 1, 1, 1).

Ïîýòîìó èìååì, ÷òî β4 = β1β3, β
2
3 = β1β4 è β1β2β5 = β3β4. Ñëåäîâàòåëüíî, β

2
3 =

β1β4 = β1(β1β3). Çíà÷èò β3 = β2
1 è β4 = β1β3 = β3

1 . Ïîñêîëüêó β5 = −1 è β4
1 = 1,

ïîëó÷àåì, ÷òî β1β2(−1) = β3β4 = β5
1 = β1. Ïîýòîìó β2 = −1.

Ïîñêîëüêó [n6n8n69n91, n7n6n8] = 1, ëåììà 1.4.3 âëå÷åò, ÷òî H−1
3 Hn7n6n8

3 =

H−1
2 Hn6n8n69n91

2 . Èñïîëüçóÿ MAGMA, âèäèì, ÷òî

H−1Hn6n8n69n91 = (λ−2
2 λ5, ∗, ∗, ∗, ∗, ∗, ∗, ∗).
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Ïîýòîìó β−2
2 β5 = 1; ïðîòèâîðå÷èå ñ β2 = β5 = −1.

Òåïåðü ïðèâåäåì ïîäíÿòèå äëÿ w. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî

(h5n)
4 = 1. Ïîýòîìó h5n � òðåáóåìîå ïîäíÿòèå äëÿ w â Nσh5n.

Òîð 41. Â ýòîì ñëó÷àå w = w2w3w4w8w120w18 è

CW (w) = ⟨w2w0⟩ × ⟨i, j, k⟩ ≃ Z6 × (SL2(3) : Z4),

ãäå i = w6w19w26, j = w4w13w40 è k = w1w2w4w6w48w51. Èñïîëüçóÿ GAP, ìîæíî

ïðîâåðèòü, ÷òî

⟨i, j, k⟩ ≃ ⟨a, b, c | a4 = b4 = c3 = [a, b] = ca3b2cb3 = 1⟩

è i, j, k óäîâëåòâîðÿþò ýòèì ñîîòíîøåíèÿì.

Ïîëîæèì n = n2n3n4n8n120n18 è a = h6n6n19n26. Òîãäà, èñïîëüçóÿ MAGMA, âè-

äèì, ÷òî [n, a] = 1 è, ñëåäîâàòåëüíî, a ∈ Nσn. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò äî-

ïîëíåíèå K äëÿ T σn. Ïóñòü N1 = H1n, N2 = H2a è N0 = H0h2h3h5n0 � ïðîîáðàçû

ýëåìåíòîâ w, i è w0 â K, ãäå H1 = (µi), H0 = (βi) è H2 = (αi).

Ïîñêîëüêó [n, a] = 1, ëåììà 3.3.4 âëå÷åò H−1
1 Ha

1 = H−1
2 Hn

2 . Ïî ýòîé æå ëåììå

íàõîäèì, ÷òî

H−1Hn = (λ−2
8 , λ−1

2 λ3λ
−1
4 λ5λ

−3
8 , λ1λ

−1
4 λ6λ

−4
8 , λ23λ

−2
4 λ6λ

−6
8 , λ−1

2 λ3λ
−1
5 λ6λ

−5
8 ,

λ−4
8 , λ−3

8 , λ7λ
−3
8 ),

H−1Ha = (1, λ−1
2 λ3λ

−1
6 λ7, λ1λ

−1
5 λ7, λ1λ

−1
2 λ3λ

−1
5 λ−1

6 λ27, λ1λ
−1
2 λ3λ

−1
5 λ−1

6 λ27,

λ1λ
−2
6 λ27, 1, 1).

Ïîýòîìó çàêëþ÷àåì, ÷òî α7α
3
8 = α3

8 = α2
8 = 1. Çíà÷èò α7 = α8 = 1. Òîãäà

(1, µ−1
2 µ3µ

−1
6 µ7, µ1µ

−1
5 µ7, µ1µ

−1
2 µ3µ

−1
5 µ−1

6 µ2
7, µ1µ

−1
2 µ3µ

−1
5 µ−1

6 µ2
7, µ1µ

−2
6 µ2

7, 1, 1)

= (1, α−1
2 α3α

−1
4 α5, α1α

−1
4 α6, α

2
3α

−2
4 α6, α

−1
2 α3α

−1
5 α6, 1, 1, 1).

Ïîñêîëüêó ïðîèçâåäåíèå âòîðîé è òðåòüåé êîîðäèíàò íà ëåâîé ñòîðîíå ðàâåíñòâà ðàâ-

íî ÷åòâåðòîé êîîðäèíàòå, èìååì (α−1
2 α3α

−1
4 α5)(α1α

−1
4 α6) = α2

3α
−2
4 α6, îòêóäà α1α5 =
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α2α3. Áîëåå òîãî, ÷åòâåðòàÿ è ïÿòàÿ êîîðäèíàòû ñîâïàäàþò ñ ëåâîé ñòîðîíû ðàâåí-

ñòâà, îòêóäà α2
3α

−2
4 α6 = α−1

2 α3α
−1
5 α6 è, ñëåäîâàòåëüíî, α2α3 = α2

4α
−1
5 .

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî a4 = h2h3 è, ñëåäîâàòåëüíî, ëåììà 3.3.4 âëå÷åò,

÷òî

(Ha)4 = (λ41,−λ1λ22λ23λ−2
5 λ27,−λ31λ22λ23λ−2

5 λ27, λ
4
1λ

4
4λ

−4
5 λ47, λ

4
1λ

4
7, λ

2
1λ

4
7, λ

4
7, λ

4
8).

Ïîýòîìó, çàêëþ÷àåì, ÷òî −α−1
1 = α2

2α
2
3α

−2
5 α2

7, α
2
1 = 1. Ïîñêîëüêó α7 = 1, èìååì

−α1α
2
5 = α2

2α
2
3. Îäíàêî, ìû çíàåì, ÷òî α1α5 = α2α3 è, ñëåäîâàòåëüíî, α1 = −1.

Òåïåðü èç α2α3 = α2
4α

−1
5 ïîëó÷àåì, ÷òî α2

5 = −α2
4.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî [a, n0] = 1. Ïî ëåììå 1.4.3 çàêëþ÷àåì,

÷òî H−1
0 Ha

0 = H−1
2 Hn0

2 . Òîãäà

H−1
2 Hn0

2 = (α−2
1 , α−2

2 , α−2
3 , α−2

4 , α−2
5 , α−2

6 , α−2
7 , α−2

8 ).

Ïðèìåíÿÿ ðàâåíñòâî âûøå äëÿ H−1Ha, âèäèì, ÷òî

H−1
0 Ha

0 = (∗, ∗, ∗, β1β−1
2 β3β

−1
5 β−1

6 β2
7 , β1β

−1
2 β3β

−1
5 β−1

6 β2
7 , ∗, ∗, ∗).

Ïîñêîëüêó α2
4 = −α2

5, ïîëó÷àåì ïðîòèâîðå÷èå.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî n12 = 1 è ïîýòîìó n � ïîäíÿòèå äëÿ w â Nσn.

Òîãäà nn0 � ïîäíÿòèå äëÿ ww0.

Òîð 49. Â ýòîì ñëó÷àå w = w2w3w4w7w120w8w18 è

CW (w) = ⟨w0⟩ × ⟨w⟩ × ⟨w11w12, w4w17, w76w86⟩

≃ Z2 × Z4 × (((Z4 × Z4) : Z3) : Z2).

Ïîëîæèì n = h4n2n3n4n7n120n8n18. Çàìåòèì, ÷òî w15w119w8 ∈ CW (w). Èñïîëüçóÿ

MAGMA, âèäèì, ÷òî [h2n15n119n8, n] = 1 è, ñëåäîâàòåëüíî, h2n15n119n8 ∈ Nσn.

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò äîïîëíåíèå K äëÿ T σn â Nσn. Òîãäà N0 = H0n0,

N1 = H1n, N2 = H2h2n15n119n8 ïðèíàäëåæèò K äëÿ íåêîòîðûõ H0, H1 = (µi) è

H2 = (αi).

Ïîñêîëüêó [n, h2n15n119n8] = 1, èç ëåììû 1.4.3 âûòåêàåò, ÷òî H−1
2 HN1

2 = H−1
1 HN2

1 .
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Ïî ëåììå 3.3.4

H−1HN1 = (λ−2
7 λ28, λ

−1
2 λ3λ

−1
4 λ5λ

−3
7 λ38, λ1λ

−1
4 λ6λ

−4
7 λ48, λ

2
3λ

−2
4 λ6λ

−6
7 λ68,

λ−1
2 λ3λ

−1
5 λ6λ

−5
7 λ58, λ

−4
7 λ48, λ6λ

−4
7 λ28, λ

−1
7 ),

H−1HN2 = (λ−2
8 , λ−3

8 , λ−4
8 , λ−6

8 , λ−5
8 , λ−4

8 , λ6λ
−2
7 λ−2

8 , λ6λ
−1
7 λ−2

8 ).

Ïîñëå ïðèìåíåíèÿ ýòèõ ðàâåíñòâ ê H−1
2 HN1

2 = H−1
1 HN2

1 âèäèì, ÷òî òðåòüÿ è øå-

ñòàÿ êîîðäèíàòû íà ïðàâîé ñòîðîíå ñîâïàäàþò, ïîýòîìó ïîëó÷àåì α1α
−1
4 α6α

−4
7 α4

8 =

α−4
7 α4

8 è, ñëåäîâàòåëüíî, α1α
−1
4 α6 = 1. Áîëåå òîãî, êâàäðàò âòîðîé êîîðäèíàòû ðàâåí

÷åòâåðòîé êîîðäèíàòå, îòêóäà íàõîäèì (α−1
2 α3α

−1
4 α5α

−3
7 α3

8)
2 = α2

3α
−2
4 α6α

−6
7 α6

8 è, ñëå-

äîâàòåëüíî, α−2
2 α2

5 = α6. Íàêîíåö, ïîñêîëüêó ïÿòàÿ êîîðäèíàòà ðàâíà ïðîèçâåäåíèþ

ïåðâîé è âòîðîé êîîðäèíàò, çàêëþ÷àåì, ÷òî

(α−2
7 α2

8)(α
−1
2 α3α

−1
4 α5α

−3
7 α3

8) = α−1
2 α3α

−1
5 α6α

−5
7 α5

8.

Ñëåäîâàòåëüíî, α−1
4 α2

5 = α6.

Ïîñêîëüêó [h2n15n119n8, n0] = 1, èìååì H−1
0 HN2

0 = H−1
2 HN0

2 = H−2
2 =

(α−2
1 , α−2

2 , α−2
3 , α−2

4 , α−2
5 , α−2

6 , α−2
7 , α−2

8 ). Èñïîëüçóåì òàêèå æå ðàâåíñòâà êîîðäèíàò íà

ïðàâîé ñòîðîíå ýòîãî ðàâåíñòâà êàê è â ïðåäûäóùåì àáçàöå è ïîëó÷àåì, ÷òî α2
3 = α2

6,

α4
2 = α2

4 è α
2
1α

2
2 = α2

5. Âûøå áûëî ïîëó÷åíî, ÷òî α
2
5α

−2
2 = α6, ïîýòîìó α

2
1 = α6.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî (h2n15n119n8)
4 = h2h5. Ïî ëåììå 3.3.4

(Hh2n15n119n8)
4 = (λ41λ

−2
6 ,−λ42λ−3

6 , λ43λ
−4
6 , λ44λ

−6
6 ,−λ45λ−5

6 , 1, 1, 1).

Ïîýòîìó α4
2 = −α3

6. Ñ äðóãîé ñòîðîíû, ïîñêîëüêó α4
2 = α2

4, èìååì α
2
4 = −α3

6. Âîçâåäÿ â

êâàäðàò ðàâåíñòâî α1α
−1
4 α6 = 1, ïîëó÷àåì α2

1(−α−1
6 ) = 1; ïðîòèâîðå÷èå ñ ðàâåíñòâîì

α2
1 = α6.

Ïîñêîëüêó (h6n)
4 = 1 è, ñëåäîâàòåëüíî, h6n � òðåáóåìîå ïîäíÿòèå äëÿ w â Nσh6n.

Òîãäà h6nn0 � ïîäíÿòèå äëÿ ww0.

Òîð 59. Â ýòîì ñëó÷àå w = w2w3w4w7w120w18w8w74 è

CW (w) = ⟨w1w99, w2w5, w4w17, w6w35, w9w79⟩

≃ (Z4.((Z2 × Z2 × Z2 × Z2) : A6)) : Z2.
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Áîëåå òîãî, ãðóïïà CW (w) èçîìîðôíà ñëåäóþùåé ãðóïïå:

⟨a, b, c, d, e | a2 = b2 = c2 = d2 = e2 = (ab)2 = (ac)3 = (ad)3 = (ae)4

= (bc)4 = (bd)3 = (be)2 = (cd)2 = (ce)3 = (de)2 = aceaecbacb = 1⟩,

ïðè ýòîì ýëåìåíòû w1w99, w2w5, w4w17, w6w35, w9w79 óäîâëåòâîðÿþò îïðåäåëÿþùåìó

íàáîðó ñîîòíîøåíèé.

Ïóñòü n = h4n2n3n4n7n120n18n8n74. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî

[n, h3h5n1n99] = [n, h4h7n2n5] = [n, h3h8n9n79] = 1. Ïîýòîìó h3h5n1n99, h4h7n2n5,

h3h8n9n79 ∈ Nσn. Ïóñòü N1, N2, N3, N4 � ïðîîáðàçû w, a, b è e â K, ñîîòâåòñòâåííî.

Òîãäà N1 = H1n, N2 = H2h3h5n1n99, N3 = H3h4h7n2n5 è N4 = H4h3h8n9n79, ãäå

H1 = (µi), H2, H3 = (βi) è H4 = (αi) ÿâëÿþòñÿ ýëåìåíòàìè ãðóïïû T σn.

Ïîñêîëüêó b2 = 1, èìååì N2
3 = 1. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî (h4h7n2n5)

2 = 1.

Ïî ëåììå 3.3.4

(HN3)
2 = (λ21, λ4, λ

2
3, λ

2
4, λ4λ6, λ

2
6, λ

2
7, λ

2
8).

Ïîýòîìó β4 = β6 = 1 è β2
1 = β2

3 = β2
7 = β2

8 = 1.

Ïîñêîëüêó [a, b] = 1 è [h3h5n1n99, h4h7n2n5] = 1, èç ëåììû 1.4.3 âûòåêàåò

H−1
3 HN2

3 = H−1
2 HN3

2 . Ïî ëåììå 3.3.4

H−1HN2 = (λ−2
1 λ23λ

−1
4 λ6λ

−1
7 , t2, t2, t4, t3, t2, t2, t), ãäå t = λ3λ

−1
4 λ6λ

−1
7 ;

H−1HN3 = (1, λ−2
2 λ4, 1, 1, λ4λ

−2
5 λ6, 1, 1, 1).

Ïðèìåíÿÿ ïîëó÷åííûå ðàâåíñòâà ê H2 è H3, íàõîäèì, ÷òî β−2
1 β2

3β
−1
4 β6β

−1
7 =

β3β
−1
4 β6β

−1
7 = 1. Ïîñêîëüêó β4 = β6 = β2

1 = β2
3 = 1, çàêëþ÷àåì, ÷òî β3 = 1 è,

ñëåäîâàòåëüíî, β7 = 1.

Ïîñêîëüêó [w, b] = 1, ëåììà 3.3.4 âëå÷åò

H−1
3 HN1

3 = H−1
1 HN3

1 .

Ïî ýòîé æå ëåììå èìååì

H−1HN1 = (∗, ∗, ∗, ∗, ∗, ∗, ∗, λ−1
1 ).
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Ïðèìåíÿÿ ïîñëåäíåå ñîîòíîøåíèå ê H3 è èñïîëüçóÿ ðàâåíñòâî äëÿ H−1HN3 , íà-

õîäèì, ÷òî

(∗, ∗, ∗, ∗, ∗, ∗, ∗, β−1
1 ) = (∗, ∗, ∗, ∗, ∗, ∗, ∗, 1),

ñëåäîâàòåëüíî, β1 = 1.

Ïîñêîëüêó [b, e] = 1 è [h4h7n2n5, h3h8n9n79] = h2h8, ëåììà 3.3.4 âëå÷åò, ÷òî

H−1
3 HN4

3 = H−1
4 HN3

4 h2h8. Ïî ýòîé æå ëåììå èìååì

H−1HN4 = (λ−2
1 λ4λ

−1
7 , λ−1

1 λ3λ
−1
7 , λ−2

1 λ4λ
−1
7 , λ−2

1 λ23λ
−2
7 , λ−2

1 λ23λ
−2
7 ,

λ−2
1 λ23λ

−2
7 , λ−2

1 λ23λ
−2
7 , λ−1

1 λ3λ
−1
7 ).

Ïîñêîëüêó β1 = β3 = β4 = β7 = 1, ïîëó÷àåì, ÷òî H−1
3 HN4

3 = 1. Âû÷èñëÿÿ H−1
4 HN3

4 ,

íàõîäèì, ÷òî h2h8 = (1, α−2
2 α4, 1, 1, α4α

−2
5 α6, 1, 1, 1); ïðîòèâîðå÷èå.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî n4 = 1, ïîýòîìó n � ïîäíÿòèå äëÿ w â Nσn òàêîãî

æå ïîðÿäêà. Òîãäà nn0 � òðåáóåìîå ïîäíÿòèå äëÿ ww0.

Ðàñùåïëÿåìûå ñëó÷àè.

Ìû ðàññìàòðèâàåì âñå ñëó÷àè â îäíîì êëþ÷å. Ñíà÷àëà äîêàæåì ñëåäóþùóþ ëåììó

äëÿ ìàêñèìàëüíûõ òîðîâ íå÷åòíîãî ïîðÿäêà.

Ëåììà 3.4.7. Ïóñòü w ∈ W è ýëåìåíòû x1, x2, . . . , xm ïîðîæäàþò ãðóïïó CW (w).

Ïðåäïîëîæèì, ÷òî n ∈ N òàêîé, ÷òî π(n) = w è ñóùåñòâóþò y1, y2, . . . , ym ∈ T

òàêèå, ÷òî π(yi) = xi. Åñëè |T σn| íå÷åòåí, òî ⟨y1, y2, . . . , ym⟩ � äîïîëíåíèå äëÿ T σn

â Nσn.

Äîêàçàòåëüñòâî. Ïîñêîëüêó x1, x2, . . . , xm ïîðîæäàþò CW (w), ñóùåñòâóåò ìíîæå-

ñòâî îïðåäåëÿþùèõ ñîîòíîøåíèé S äëÿ CW (w) òàêîå, ÷òî ýëåìåíòû x1, x2, . . . , xm

óäîâëåòâîðÿþò S. Ïîýòîìó êàæäîå ñîîòíîøåíèå èç S âûïîëíÿåòñÿ è äëÿ y1, y2, . . . , ym

ñ òî÷íîñòüþ äî íåêîòîðûõ ýëåìåíòîâ ãðóïïû T σn. Ïóñòü h � îäèí èç òàêèõ ýëåìåí-

òîâ. Ïî ïðåäïîëîæåíèþ ëåììû y1, y2, . . . , ym � ýëåìåíòû T , îòêóäà h ∈ T . Ïîñêîëüêó

T ∩ T σn ⩽ H, èìååì h ∈ T σn ∩H. Îäíàêî H � ýëåìåíòàðíàÿ àáåëåâà 2-ãðóïïà è, ñëå-

äîâàòåëüíî, H∩ T σn = 1. Ïîýòîìó âñå ñîîòíîøåíèÿ èç S âåðíû è äëÿ ⟨y1, y2, . . . , ym⟩,

è, ñëåäîâàòåëüíî, ýòà ãðóïïà ÿâëÿåòñÿ äîïîëíåíèåì äëÿ T σn.
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Íàøà ñòðàòåãèÿ îäèíàêîâà âî âñåõ ñëó÷àÿõ. Äëÿ ýëåìåíòà w ìû íàõîäèì n ∈ T

òàêîé, ÷òî π(n) = w è ìíîæåñòâî ñîîòíîøåíèé, îïðåäåëÿþùèõ ãðóïïó CW (w). Çàòåì

ìû ïðèâîäèì ýëåìåíòû â Nσn, êîòîðûå óäîâëåòâîðÿþò ýòîìó ìíîæåñòâó ñîîòíîøå-

íèé. Âñå äàííûå ïðèâåäåíû â òàáëèöå 3.7. Êàê èëëþñòðèðóþùèé ïðèìåð, ðàññìîòðèì

ñëó÷àé w = w1w5w3w6, êîòîðûé ñîîòâåòñòâóåò Òîðó 10 â òàáëèöå 3.9. Â ýòîì ñëó÷àå

CW (w) ≃ Z3 × ((Z2 × S3× S3× S3) : Z2).

Ìîæíî ïðîâåðèòü â GAP, ÷òî ãðóïïà CW (w) èçîìîðôíà ñëåäóþùåé ãðóïïå, çàäàííîé

ìíîæåñòâîì ñîîòíîøåíèé:

⟨a, b, c, d, e, f, g, i, j | a3 = b2 = c2 = d2 = e2 = f 2 = g2 = i2 = j2 = R(a)

= R(b) = [c, e] = [c, f ] = [c, g] = [c, i] = [d, e] = [d, f ] = [d, g] = [d, i]

= [e, g] = [e, i] = [f, g] = [f, i] = (cd)3 = (ef)3 = (gi)3 = jcje = jdjf

= jgjbg = jijbi = 1⟩.

Äëÿ êðàòêîñòè ìû èñïîëüçóåì çàïèñü R(x), êîòîðàÿ îáîçíà÷àåò, ÷òî x êîììóòèðó-

åò ñî âñåìè äðóãèìè ïîðîæäàþùèìè. Òåïåðü, åñëè âçÿòü a = w, b = w0, c = w2,

d = w69, e = w8, f = w120, g = w2w37w40w57, i = w2w32w51w52 è j = w1w34w36w84,

òî âñå ýòè ýëåìåíòû ëåæàò â CW (w) è óäîâëåòâîðÿþò ñîîòíîøåíèÿì, ïðèâåäåííûì

âûøå. Íàêîíåö, ïîëîæèì a = n1n5n3n6, b = n0, c = h69n2, d = h2n69, e = h120n8,

f = h8n120, g = h1h6n2n37n40n57, i = h1h3h6n2n32n51n52, j = h2h8n1n34n36n84 è

K = ⟨a, b, c, d, e, f, g, i, j⟩. Òîãäà π(K) = CW (w). Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò,

÷òî ïîðîæäàþùèå ãðóïïû K óäîâëåòâîðÿþò ìíîæåñòâó ñîîòíîøåíèé äëÿ CW (w),

ïîýòîìó K ≃ CW (w). Ñ äðóãîé ñòîðîíû, a êîììóòèðóåò ñ äðóãèìè ïîðîæäàþùèìè

ãðóïïû K, ïîýòîìó a, b, c, d, e, f, g, i, j ëåæàò â Nσa ïî ëåììå 1.4.2. Ñëåäîâàòåëüíî,

Nσa ðàñùåïëÿåòñÿ íàä T σa.

Äðóãèå ñëó÷àè ïðîâåðÿþòñÿ ïîäîáíûì îáðàçîì. Ðàçäåëèì èíôîðìàöèþ íà äâå

÷àñòè. Òàáëèöà 3.7 ñîäåðæèò èíôîðìàöèþ äëÿ ìàêñèìàëüíûõ òîðîâ ÷åòíîãî ïîðÿäêà.

Ïåðâûé ñòîëáåö òàáëèöû 3.7 ñîäåðæèò íîìåðà òîðîâ â ñîîòâåòñòâèè ñ òàáëèöåé 3.9.

Âòîðîé ñòîëáåö äëÿ êàæäîãî w ñîäåðæèò ìíîæåñòâî ñîîòíîøåíèé S(w), êîòîðûå

îïðåäåëÿþò CW (w). Êàê è âûøå, ìû èñïîëüçóåì çàïèñü R(x), êîòîðàÿ îáîçíà÷àåò,
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÷òî x êîììóòèðóåò ñî âñåìè îñòàëüíûìè ïîðîæäàþùèìè. Òðåòèé ñòîëáåö ñîäåðæèò

ïðèìåðû ýëåìåíòîâ, êîòîðûå ïîðîæäàþò äîïîëíåíèå. Âñå òàêèå ïîðîæäàþùèå ëåæàò

â T . Ïîýòîìó, íåòðóäíî ïðîâåðèòü â MAGMA, ÷òî ýòè ïîðîæäàþùèå óäîâëåòâîðÿþò

ñîîòíîøåíèÿì èç S(w). Åñòåñòâåííûé ïðîîáðàç ýëåìåíòà w â T îáîçíà÷àåòñÿ ÷åðåç n.

Â êàæäîì ñëó÷àå ìû âûáèðàåì ýëåìåíò x, êîòîðûé îïðåäåëÿåò ãðóïïó T σx. Îáû÷íî

x = n, íî èíîãäà îíè îòëè÷àþòñÿ. ×òîáû ïðîâåðèòü, ÷òî ïîðîæäàþùèé y ëåæèò â

Nσx, äîñòàòî÷íî ïðîâåðèòü, ÷òî [x, y] = 1 è ïðèìåíèòü ëåììó 1.4.2.

Â òàáëèöå 3.8 ïðèâåäåíà èíôîðìàöèÿ äëÿ ìàêñèìàëüíûõ òîðîâ íå÷åòíîãî ïî-

ðÿäêà. Ïåðâûé ñòîëáåö ýòîé òàáëèöû ñîäåðæèò íîìåðà ìàêñèìàëüíûõ òîðîâ â ñî-

îòâåòñòâèè ñ òàáëèöåé 3.9. Âòîðîé ñòîëáåö ñîäåðæèò ïðèìåðû ýëåìåíòîâ, êîòîðûå

ïîðîæäàþò äîïîëíåíèå. Âñå òàêèå ïîðîæäàþùèå ëåæàò â T . Åñòåñòâåííûé ïðîîáðàç

ýëåìåíòà w â T îáîçíà÷àåòñÿ ÷åðåç n. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî äëÿ êàæäîãî

ïîðîæäàþùåãî y âåðíî, ÷òî [n, y] = 1 è, ñëåäîâàòåëüíî, â êàæäîì ñëó÷àå y ∈ Nσn

ïî ëåììå 1.4.2. Ëåììà 3.4.7 âëå÷åò, ÷òî âî âñåõ ýòèõ ñëó÷àÿõ ïðèâåäåííûå ýëåìåíòû

ïîðîæäàþò ñîîòâåòñòâóþùèå äîïîëíåíèÿ.

Äëÿ óäîáñòâà âñå ïðîâåðÿåìûå ðàâåíñòâà âûëîæåíû â [50].

Òàáëèöà 3.7: Ðàñùåïëÿåìûå íîðìàëèçàòîðû ìàêñè-

ìàëüíûõ òîðîâ ÷åòíîãî ïîðÿäêà ãðóïïû E8(q)

� îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîðîæäàþùèå äîïîëíåíèÿ

äëÿ CW (w) äëÿ T σx â Nσx

10 a3 = b2 = c2 = d2 = e2 = f 2 = 1, a = x = n, b = n0,

g2 = i2 = j2 = 1, R(a), R(b), c = h69n2, d = h2n69,

[c, e] = [c, f ] = [c, g] = [c, i] = 1, e = h120n8, f = h8n120,

[d, e] = [d, f ] = [d, g] = [d, i] = 1, g = h1h6n2n37n40n57,

[e, g] = [e, i] = [f, g] = [f, i] = 1, i = h1h3h6n2n32n51n52,

(cd)3 = (ef)3 = (gi)3 = 1, j = h2h8n1n34n36n84

jcje = jdjf = jgjbg = jijbi = 1

12 a10 = b2 = c2 = d2 = e2 = 1, x = n, a = nn0, b = h2h5n6,

R(a), (bc)3 = (bd)2 = (be)2 = 1, c = h2h5h6n7, d = h2h5h6h7n8,
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Ïðîäîëæåíèå òàáëèöû 3.7

� îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîðîæäàþùèå äîïîëíåíèÿ

äëÿ CW (w) äëÿ T σx â Nσx

(cd)3 = (ce)2 = (de)3 = 1 e = h6h8n120

15 a6 = b2 = c2 = d2 = e2 = f 2 = 1, a = x = h4n, b = n0,

R(a), R(b), (cd)3 = (ef)3 = 1, c = h120n8, d = h8n120,

(ce)2 = (cf)2 = (de)2 = (df)2 = 1 e = h1h4h6n32n51n52,

f = h4n37n40n57

17 a10 = b2 = c2 = d2 = (cd)3 = 1, a = x = h2n, b = n0,

R(a), R(b) c = h2h5h7n8, d = h8n120

18 a6 = b2 = c2 = d2 = e2 = 1, a = x = h2n, b = n0,

(de)3 = [c, d] = [c, e] = 1, c = h2h3h5n69, d = h2h5h7n8,

R(a), R(b), e = h8n120

21 a2 = b2 = c2 = d12 = e6 = 1, x = n, a = n0, b = h120n8,

(bc)3 = [b, d] = [b, e] = 1, c = h8n120,

[c, d] = [c, e] = 1, R(a), d = h4h5n1n2n6n4n17n26,

[d8, e] = (d6e−1)3 = 1, e = h6n1n2n6n18n33n45

d6e2d6e−2 = ed8(d−1e)2d−1 = 1

22 a6 = b2 = c2 = d2 = e2 = f 2 = 1, a = x = h1h4h6n, b = n0,

R(a), R(b), (cd)3 = (ef)3 = 1, c = h120n8, d = h8n120,

(ce)2 = (cf)2 = (de)2 = (df)2 = 1 e = h69n32, f = h32n69

23 a12 = b2 = c2 = d2 = (cd)3 = 1, a = x = n, b = n0,

R(a), R(b) c = h120n8, d = h8n120

24 a18 = b2 = c2 = (bc)3 = 1, x = n, a = xn0, b = h120n8,

[a, b] = [a, c] = 1 c = h8n120

25 a6 = b2 = c2 = (bc)3 = 1, R(a), x = n, a = x2n0,

d4 = e3 = 1, b = h120n8, c = h8n120,

ded−1ede = (e−1d)3 = 1, d = h1h2h5n3n6n25n37,

[b, d] = [b, e] = [c, d] = [c, e] = 1 e = h1h2h4h6n1n4n6n17n26n57
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Ïðîäîëæåíèå òàáëèöû 3.7

� îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîðîæäàþùèå äîïîëíåíèÿ

äëÿ CW (w) äëÿ T σx â Nσx

27 a30 = b2 = aba−1b−1 = 1 x = n, a = xn0, b = h6h8n120

29 a14 = b2 = aba−1b−1 = 1 x = n, a = xn0, b = h1h4h6h8n120

34 a6 = b2 = c2 = d2 = e2 = f 2 = 1, a = x = h4h7n, b = n0,

(de)3 = [c, d] = [c, e] = 1, c = h1h2h4h6n2,

R(a), R(b), d = h3h4n32n51n52,

fcfa3c = fdfa3bd = fefa3be = 1 e = h1h4h6n37n40n57,

f = h4h5h6h7n1n28n42n84

38 a10 = b2 = c2 = (bc)4 = 1, x = h3h7n, a = xn0,

[a, b] = [a, c] = 1 b = h8n97n98, c = h2h5h7n8

39 a6 = b2 = c2 = d2 = 1, a = x = h3h8n, b = n0,

R(a), R(b), [c, d] = 1 c = h3h5h7n1, d = h4h5h7h8n120

40 a6 = b6 = c2 = d2 = (cd)3 = 1, a = x = h3n, b = n7n8n0,

R(a), [b, c] = [b, d] = 1 c = h3h5n23n24, d = h2h5n105n106

43 a2 = b18 = c4 = 1, x = h7n, a = n0,

b−1(c−1b)2c−1b−1 = 1, R(a), b = h1h4h5h7n1n6n63n4n8n19n51,

(b−1c−1)2c−1(bcb2)3c−1b−2cbc = 1 c = h4n1n4n3n32

44 a30 = b2 = [a, b] = 1 a = x = h4n, b = n0

45 a20 = b2 = [a, b] = 1 a = x = h5n, b = n0

46 a14 = b2 = [a, b] = 1 a = x = h8n, b = n0

47 a8 = b2 = [a, b] = 1 a = x = h2n, b = n0

50 a24 = b2 = [a, b] = 1 a = x = n, b = n0

51 a12 = b6 = [a, b] = 1 a = x = h1n,

b = h2h5h7n1n2n5n8n7n44n71n89

52 a12 = b2 = c2 = 1, R(a), R(b) a = x = h7n, b = n0,

c = h2h5h7n8

53 a18 = b2 = [a, b] = 1 a = x = h7n, b = n0

54 a6 = b2 = c4 = d3 = 1, a = x = h120n, b = n0,



Ãëàâà 3. Íîðìàëèçàòîðû ìàêñèìàëüíûõ òîðîâ â èñêëþ÷èòåëüíûõ ãðóïïàõ 170

Ïðîäîëæåíèå òàáëèöû 3.7

� îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîðîæäàþùèå äîïîëíåíèÿ

äëÿ CW (w) äëÿ T σx â Nσx

cdc−1dcd = (d−1c)3 = 1, c = h1h2h5n3n6n25n37,

R(a), R(b) d = h1h2h4h6n1n4n6n17n26n57

55 a12 = b2 = [a, b] = 1 a = x = h1n, b = n0

60 a12 = b2 = c2 = (bc)3 = 1, a = x = h4n,

[a, b] = [a, c] = 1 b = h1h3h4h6h7n69n70,

c = h2h7n78n79

61 a8 = b4 = c3 = (bc)4 = 1, a = x = n, b = h2n2n109n10n11,

acabc−1bcb−1a4b, R(a) c = h2h5h8n1n2n7n29n18n44n56n119

Òàáëèöà 3.8: Ðàñùåïëÿåìûå íîðìàëèçàòîðû ìàêñè-

ìàëüíûõ òîðîâ íå÷åòíîãî ïîðÿäêà ãðóïïû E8(q)

� Ïîðîæäàþùèå äîïîëíåíèÿ äëÿ T σn â Nσn

56 a = n2n0, b = h1h4n1n4n18n44,

c = h1h3h5h6h7h8n1n2n64n116n26n28n32n120

57 a = n, b = h2h3h4h5h7n1n2n5n44n28n45n56n114,

c = h1h2h3h4h5h6n1n4n6n8n58n63n96n113

58 a = nn0, b = h1h5h8n49n67

62 a = n, b = h4h5h6h8n1n5n20n71n10n38n44n67,

c = h1h2h3h5h6h8n1n5n20n78n18n33n49n63,

d = h1h2h3h6h7h8n8n99n59n120

63 a = n2, b = h3h5n2n32n10n63, c = h2h4n4n2,

d = h1h2h5h6h7h8n8n104n58n120, e = n61n67

64 a = n

65 a = n

66 a = n
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� Ïîðîæäàþùèå äîïîëíåíèÿ äëÿ T σn â Nσn

67 a = n, b = h3h5h6n18n45n92n112, c = h2h3h4n2n29n4n17

Òàáëèöà 3.9: Ðàñùåïëÿåìîñòü íîðìàëèçàòîðîâ ìàêñè-

ìàëüíûõ òîðîâ ãðóïïû E8(q)

� ïðåäñòàâèòåëü w |w| òîð T

1 1 1 (q − 1)8 �

2 w1 2 (q − 1)6 × (q2 − 1) �

3 w1w2 2 (q − 1)4 × (q2 − 1)2 �

4 w3w1 3 (q − 1)5 × (q3 − 1) �

5 w2w3w5 2 (q − 1)2 × (q2 − 1)3 �

6 w1w3w5 6 (q − 1)3 × (q2 − 1)× (q3 − 1) �

7 w1w3w4 4 (q − 1)4 × (q4 − 1) �

8 w1w4w6w69 2 (q − 1)2 × (q + 1)2 × (q2 − 1)2 �

9 w1w2w3w5 6 (q − 1)2 × (q2 − 1) �

×(q + 1)(q3 − 1)

10 w1w5w3w6 3 (q − 1)2 × (q3 − 1)2 +

11 w1w4w6w3 4 (q − 1)2 × (q2 − 1)× (q4 − 1) �

12 w1w4w3w2 5 (q − 1)3 × (q5 − 1) +

13 w3w2w5w4 6 (q − 1)2 × (q2 − 1) �

×(q − 1)(q3 + 1)

14 w3w2w4w18 4 (q − 1)2 × ((q − 1)(q2 + 1))2 �

15 w1w5w3w6w2 6 (q − 1)× (q3 − 1) +

×(q + 1)(q3 − 1)

16 w1w4w6w3w69 4 (q − 1)2 × (q + 1)2 × (q4 − 1) �

17 w1w4w5w3w69 10 (q − 1)2 × (q + 1)(q5 − 1) +

18 w1w4w6w3w5 6 (q − 1)2 × (q6 − 1) +
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� ïðåäñòàâèòåëü w |w| òîð T

19 w2w5w3w4w6 8 (q − 1)2 × (q2 − 1)(q4 + 1) �

20 w26w5w4w3w2 12 (q − 1)2 × (q − 1)(q2 + 1)(q3 + 1) �

21 w1w5w2w3w6w69 3 (q − 1)× (q2 + q + 1)2 × (q3 − 1) +

22 w1w4w6w3w5w69 6 (q − 1)× (q3 + 1)× (q3 − 1) +

×(q + 1)

23 w1w4w6w3w2w5 12 (q − 1)× (q3 − 1)(q4 − q2 + 1) +

24 w1w4w18w3w2w6 9 (q − 1)× (q − 1)(q6 + q3 + 1) +

25 w1w4w18w3w2w48 6 (q − 1)× (q2 − q + 1) +

×(q − 1)(q4 + q2 + 1) +

26 w1w4w6w3w7 12 (q − 1)× (q3 − 1)× (q4 − 1) �

27 w1w4w6w2w3w7 15 (q − 1)× (q5 − 1)(q2 + q + 1) +

28 w3w2w4w18w7 4 (q2 − 1)× ((q2 + 1)(q − 1))2 �

29 w1w4w6w3w5w7 7 (q − 1)× (q7 − 1) +

30 w46w3w5w1w4w6 8 (q − 1)(q4 + 1)× (q − 1)(q2 + 1) �

31 w2w3w5w7 2 (q2 − 1)4 �

32 w74w3w2w5w4 6 (q2 − 1)2 × (q + 1)(q3 − 1) �

33 w8w1w4w6w3 4 (q2 − 1)2 × (q4 − 1) �

34 w1w5w3w6w2w8 6 (q + 1)(q3 − 1)× (q + 1)(q3 − 1) +

35 w1w2w3w6w8w7 12 (q + 1)(q3 − 1)× (q4 − 1) �

36 w1w4w3w7w6w8 4 (q4 − 1)× (q4 − 1) �

37 w4w8w2w5w7w120 4 (q2 − 1)2 × (q2 + 1)2 �

38 w1w8w2w4w5w6 10 (q2 − 1)× (q + 1)(q5 − 1) +

39 w1w2w4w6w5w7 6 (q2 − 1)× (q6 − 1) +

40 w2w3w5w7w4w8 6 (q2 − 1)× (q6 − 1) +

41 w2w3w4w8w7w18 12 (q − 1)(q2 + 1)× (q2 + 1)(q3 − 1) �

42 w2w3w4w5w6w8 8 (q2 − 1)× (q2 − 1)(q4 + 1) �

43 w1w5w8w2w3w6w69 6 (q2 + q + 1)2 × (q + 1)(q3 − 1) +
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� ïðåäñòàâèòåëü w |w| òîð T

44 w1w5w7w2w3w6w8 30 (q + 1)(q2 + q + 1)(q5 − 1) +

45 w1w4w2w3w6w8w7 20 (q + 1)(q2 + 1)(q5 − 1) +

46 w1w4w6w3w5w7w120 14 (q + 1)(q7 − 1) +

47 w1w3w4w5w6w7w8 8 (q8 − 1) +

48 w2w4w5w6w7w8w120 8 (q2 − 1)× (q2 + 1)× (q4 + 1) �

49 w2w3w4w7w120w8w18 4 (q2 + 1)2 × (q4 − 1) �

50 w2w3w5w4w8w6w120 24 (q + 1)(q3 − 1)(q4 + 1) +

51 w26w5w4w3w2w120w8 12 (q2 + 1)(q6 − 1) +

52 w1w4w6w3w2w5w8 12 (q2 − 1)(q2 + q + 1)(q4 − q2 + 1) +

53 w1w4w18w3w2w6w8 18 (q2 − 1)(q6 + q3 + 1) +

54 w1w4w18w3w2w48w8 6 (q2 − q + 1)2 × (q + 1)(q3 − 1) +

55 w2w3w4w5w6w7w8 12 (q2 − 1)(q6 + 1) +

56 w1w2w3w5w6w8w120w69 3 (q2 + q + 1)4 +

57 w1w4w2w3w6w8w7w120 5 (q4 + q3 + q2 + q + 1)2 +

58 w1w3w4w5w6w7w8w120 9 (q2 + q + 1)× (q6 + q3 + 1) +

59 w2w3w4w7w120w18w8w74 4 (q2 + 1)4 �

60 w2w3w5w7w4w6w8w114 12 (q2 + 1)× (q6 + 1) +

61 w4w6w8w113w3w5w32w7 8 (q4 + 1)2 +

62 w1w2w3w4w5w6w8w120 12 (q4 − q2 + 1)(q2 + q + 1) +

×(q2 + q + 1)

63 w1w4w6w8w3w32w5w120 6 (q4 + q2 + 1)× (q2 + q + 1) +

×(q2 − q + 1)

64 w1w2w3w4w5w6w7w8 30 q8 + q7 − q5 − q4 − q3 + q + 1 +

65 w1w4w6w8w32w5w7w120 24 q8 − q4 + 1 +

66 w1w4w6w8w32w2w5w7 20 q8 − q6 + q4 − q2 + 1 +

67 w2w32w5w7w1w4w6w65 12 (q4 − q2 + 1)2 +

Òåîðåìà 3.4.2 äîêàçàíà.
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Îáúåäèíåííûå ðåçóëüòàòû.

Â ýòîì ðàçäåëå ìû îáúåäèíÿåì ðåçóëüòàòû òåîðåì 3.2.2, 3.5 è 3.4.2 â îäíîé òàáëè-

öå. Èíôîðìàöèÿ äëÿ ëèåâûõ òèïîâ E7 è E8 âçÿòà èç òàáëèö 3.5 è 3.9, ñîîòâåòñòâåííî.

Ñèìâîë '+' èñïîëüçóåòñÿ, åñëè ñîîòâåòñòâóþùèé òîð èìååò äîïîëíåíèå â ñâîåì àëãåá-

ðàè÷åñêîì íîðìàëèçàòîðå, èíà÷å èñïîëüçóåòñÿ ñèìâîë '�' â ñîîòâåòñòâóþùåé ÿ÷åéêå

òàáëèöû. Ñèìâîë '±' äëÿ ñëó÷àÿ 14 îçíà÷àåò, ÷òî àëãåáðàè÷åñêèé íîðìàëèçàòîð ðàñ-

ùåïëÿåòñÿ íàä òîðîì òîãäà è òîëüêî òîãäà, êîãäà q ≡ ε1 (mod 4).

Òàáëèöà 3.10: Ðàñùåïëÿåìîñòü íîðìàëèçàòîðîâ â

El(q), ãäå l ∈ {6, 7, 8}

òîð ïðåäñòâ. Eε
6 E7 E8 òîð ïðåäñòâ. E8

1 1 � � � 35 αβγζϑη �

2 α � � � 36 αδγηζϑ �

3 αβ � � � 37 δϑβεηλ �

4 γα + + � 38 αϑβδεζ +

5 βγε � � � 39 αβδζεη +

6 αγε + + � 40 βγεηδϑ +

7 αγδ � � � 41 βγδϑηρ �

8 αδζµ � � � 42 βγδεζϑ �

9 αβγε + + � 43 αεϑβγζµ +

10 αεγζ + + + 44 αεηβγζϑ +

11 αδζγ � � � 45 αδβγζϑη +

12 αδγβ + + + 46 αδζγεηλ +

13 γβεδ + + � 47 αγδεζηϑ +

14 γβδρ ± � � 48 βδεζηϑλ �

15 αεγζβ + + + 49 βγδηλϑρ �

16 αδζγµ � � � 50 βγεδϑζλ +

17 αδεγµ + + + 51 πεδγβλϑ +
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òîð ïðåäñòâ. Eε
6 E7 E8 òîð ïðåäñòâ. E8

18 αδζγε + + + 52 αδζγβεϑ +

19 βεγδζ + + � 53 αδργβζϑ +

20 πεδγβ + + � 54 αδργβνϑ +

21 αεβγζµ + + + 55 βγδεζηϑ +

22 αδζγεµ + + + 56 αβγεζϑλµ +

23 αδζγβε + + + 57 αδβγζϑηλ +

24 αδργβζ + + + 58 αγδεζηϑλ +

25 αδργβν + + + 59 βγδηλρϑκ �

26 αδζγη + � 60 βγεηδζϑψ +

27 αδζβγη + + 61 δζϑωγεξη +

28 γβδρη � � 62 αβγδεζϑλ +

29 αδζγεη + + 63 αδζϑγξελ +

30 τγεαδζ + � 64 αβγδεζηϑ +

31 βγεη � 65 αδζϑξεηλ +

32 κγβεδ � 66 αδζϑξβεη +

33 ϑαδζγ � 67 βξεηαδζυ +

34 αεγζβϑ +

3.5 Èñêëþ÷èòåëüíûå ãðóïïû F4(q)

Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ ïðîñòûå ñâÿçíûå ëèíåéíûå àëãåáðàè÷åñêèå

ãðóïïû G òèïà F4. Îòâåò íà ïðîáëåìó 1 äàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3.5.1. Ïóñòü G � ïðîñòàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà ëèåâà

òèïà F4 íàä ïîëåì Fp. Ïóñòü T � ìàêñèìàëüíûé òîð â ãðóïïå G. Òîãäà NG(T )

ðàñùåïëÿåòñÿ íàä T â òîì è òîëüêî â òîì ñëó÷àå, åñëè p = 2.

Ïðè ïåðåõîäå ê êîíå÷íûì ãðóïïàì G ëèåâà òèïà ñóùåñòâóåò âçàèìíî-îäíîçíà÷íîå

ñîîòâåòñòâèå ìåæäó êëàññàìè G-ñîïðÿæåííûõ ìàêñèìàëüíûõ σ-èíâàðèàíòíûõ òîðîâ
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ãðóïïû G è êëàññàìè σ-ñîïðÿæåííîñòè ãðóïïû Âåéëÿ W . Ïóñòü ∆ = {r1, r2, r3, r4} �

ôóíäàìåíòàëüíàÿ ñèñòåìà êîðíåé êîðíåâîé ñèñòåìû F4. Ìû ïîëàãàåì, ÷òî r8 = r1 +

r2 + r3, r16 = r2 + 2r3 + 2r4 è r21 = r1 + 2r2 + 3r3 + 2r4. ×åðåç wi áóäåì îáîçíà÷àòü

ýëåìåíò ãðóïïû W , ñîîòâåòñòâóþùèé îòðàæåíèþ â ãèïåðïëîñêîñòè, îðòîãîíàëüíîé

i-ìó ïîëîæèòåëüíîìó êîðíþ ri.

Îòâåò íà ïðîáëåìó 2 äëÿ ãðóïï F4(q) ñîäåðæèòñÿ â ñëåäóþùåé òåîðåìå, ãäå íàé-

äåíû ìèíèìàëüíûå äîáàâëåíèÿ ê ìàêñèìàëüíûì òîðàì â èõ àëãåáðàè÷åñêèõ íîðìà-

ëèçàòîðàõ.

Òåîðåìà 3.5.2. Ïóñòü G = F4(q),W � ãðóïïà Âåéëÿ ãðóïïû G è w0 � öåíòðàëüíàÿ

èíâîëþöèÿ â W . Ïðåäïîëîæèì, ÷òî ìàêñèìàëüíûé òîð T ãðóïïû G ñîîòâåòñòâó-

åò ýëåìåíòó w èç W è M � äîáàâëåíèå ê T â N(G, T ) ìèíèìàëüíîãî ïîðÿäêà. Òîãäà

|M ∩ T | ⩽ 8 è ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) |M ∩ T | = 1 òîãäà è òîëüêî òîãäà, êîãäà ëèáî q ÷åòíî, ëèáî ïîðÿäîê ýëåìåíòà

w íå äåëèò 4. Äðóãèìè ñëîâàìè, T èìååò äîïîëíåíèå â N(G, T ) òîëüêî â ýòèõ

ñëó÷àÿõ.

(2) |M∩T | = 2 òîãäà è òîëüêî òîãäà, êîãäà q íå÷åòíî è õîòÿ áû îäèí èç ýëåìåíòîâ

w èëè ww0 ñîïðÿæåí â W ñ îäíèì èç ñëåäóþùèõ ýëåìåíòîâ: w3, w16w3, w3w2,

w2w1w16 èëè w16w3w2.

(3) |M ∩ T | = 4 òîãäà è òîëüêî òîãäà, êîãäà q íå÷åòíî è w ñîïðÿæåí â W ñ îäíèì

èç ñëåäóþùèõ ýëåìåíòîâ: 1, w0, w6w3, w8w16w3w2, w2 ïðè q ≡ 1 (mod 4) èëè w0w2

ïðè q ≡ 3 (mod 4).

(4) |M ∩T | = 8 òîãäà è òîëüêî òîãäà, êîãäà ëèáî q ≡ 3 (mod 4) è w ñîïðÿæåí ñ w2,

ëèáî q ≡ 1 (mod 4) è w ñîïðÿæåí ñ w2w0.

Äëÿ àëãåáðàè÷åñêèõ ãðóïï ëèåâà òèïà F4 â ðàáîòå [9] íàéäåíû ìèíèìàëüíûå ïî-

ðÿäêè ïîäíÿòèé äëÿ ýëåìåíòîâ, ïðèíàäëåæàùèõ òàê íàçûâàåìûì ðåãóëÿðíûì èëè

ýëëèïòè÷åñêèì êëàññàì ñîïðÿæåííîñòè ãðóïïû W . Â ÷àñòíîñòè, àâòîðû çàìåòèëè,

÷òî ñóùåñòâóåò ýëëèïòè÷åñêèé ýëåìåíò ïîðÿäêà 4 òàêîé, ÷òî ëþáîå åãî ïîäíÿòèå èìå-
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åò ïîðÿäîê 8. Â ñëåäóþùåé òåîðåìå íàéäåíû ìèíèìàëüíûå ïîðÿäêè ïîäíÿòèé äëÿ

âñåõ ýëåìåíòîâ ãðóïïû Âåéëÿ â ñîîòâåòñòâóþùèõ àëãåáðàè÷åñêèõ íîðìàëèçàòîðàõ.

Òåîðåìà 3.5.3. Ïóñòü G = F4(q) è W � ãðóïïà Âåéëÿ ãðóïïû G. Ïóñòü T �

ìàêñèìàëüíûé òîð ãðóïïû G, ñîîòâåòñòâóþùèé ýëåìåíòó w èçW . Òîãäà w èìååò

ïîäíÿòèå â N(G, T ) ïîðÿäêà |w|, çà èñêëþ÷åíèåì ñëåäóþùèõ ñëó÷àåâ:

(1) q íå÷åòíî è w ñîïðÿæåí ñ w16w3w2 èëè w21w8w3w2.

(2) q ≡ 3 (mod 4) è w ñîïðÿæåí ñ w3w2 èëè w2w1w16.

Ðåçóëüòàòû òåîðåì 3.5.2 è 3.5.3 ïðîèëëþñòðèðîâàíû â òàáëèöàõ 3.11 è 3.12, ñîîò-

âåòñòâåííî. Îòìåòèì, ÷òî îáå òåîðåìû âåðíû äëÿ ãðóïï F4(2) è 2.F4(2) (â îáîçíà÷å-

íèÿõ [25]). Â ñëó÷àå q > 2 ñóùåñòâóåò òîëüêî îäíà êîíå÷íàÿ ãðóïïà ëèåâà òèïà F4

íàä ïîëåì ïîðÿäêà q. Îòìåòèì òàêæå, ÷òî åñëè ýëåìåíò ãðóïïû N(G, T ) ÿâëÿåòñÿ

ïîäíÿòèåì äëÿ w, òî î÷åâèäíî îí òàêæå ÿâëÿåòñÿ ïîäíÿòèåì è â ãðóïïå NG(T ).

Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Ìàòðèöà Êàðòàíà (Aij) êîðíåâîé ñèñòåìû F4 èìååò âèä

(Aij) =


2 −1 0 0

−1 2 −1 0

0 −2 2 −1

0 0 −1 2

 .

Ãðóïïà ÂåéëÿW (F4) ðàçðåøèìà è åå ïîðÿäîê ðàâåí 27 ·32. Åå ìîæíî çàïèñàòü â âèäå

W (F4) = ⟨wr1 , . . . , wr4|(wriwrj)nij = 1⟩, ãäå

nij =



1, åñëè i = j,

2, åñëè ri è rj íå ñîåäèíåíû ðåáðîì,

3, åñëè ri è rj ñîåäèíåíû ðåáðîì êðàòíîñòè 1,

4, åñëè ri è rj ñîåäèíåíû ðåáðîì êðàòíîñòè 2.

Ïîñêîëüêó ∆(F4) = 1, òî óíèâåðñàëüíàÿ è ïðèñîåäèíåííàÿ ãðóïïû âèäà F4(Fp) ñîâ-

ïàäàþò.
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Äëÿ âû÷èñëåíèÿ ïðîèçâåäåíèé ýëåìåíòîâ â ãðóïïå N ìû èñïîëüçóåì

MAGMA [53]. Âñå âû÷èñëåíèÿ ìîãóò áûòü âûïîëíåíû òàêæå è â îíëàéí MAGMA-

êàëüêóëÿòîðå [48]. Â ðàáîòå èñïîëüçîâàëàñü âåðñèÿ Magma V2.25-5. Âñå ïîäãîòîâè-

òåëüíûå êîìàíäû ìîãóò áûòü íàéäåíû â [51]. Íàøè âû÷èñëåíèÿ äëÿ N ñîîòâåòñòâó-

þò ïîðÿäêó è ñòðóêòóðíûì êîíñòàíòàì, îïðåäåëåííûì â ðàíåå. Äëÿ âû÷èñëåíèé â

ãðóïïå W ìû èñïîëüçóåì GAP[52]. Îòìåòèì, ÷òî ëþáîå èñïîëüçóåìîå âû÷èñëåíèå â

äàííîé ðàáîòå ñ ïîìîùüþ MAGMA è GAP ìîæåò áûòü ïðîâåðåíî íåïîñðåäñòâåííî.

Ñëåäóþùåå óòâåðæäåíèå ÿâëÿåòñÿ îñíîâíûì èíñòðóìåíòîì ïðè âû÷èñëåíèè ñòå-

ïåíåé è êîììóòàòîðîâ ýëåìåíòîâ â N .

Ëåììà 3.5.4. Ïóñòü Φ � ñèñòåìà êîðíåé òèïà F4 è r1, r2, r3, r4 � åå ôóíäàìåí-

òàëüíûå êîðíè. Ïóñòü r ∈ Φ, wr � îòðàæåíèå è A = (aij) � ìàòðèöà ýëåìåíòà

wr â áàçèñå r1, r2, r3, r4. Ïðåäïîëîæèì, ÷òî H = (λ1, λ2, λ3, λ4) � ýëåìåíò ãðóïïû

T , è îïðåäåëèì

B =


a11 a12 2a13 2a14

a21 a22 2a23 2a24

a31/2 a32/2 a33 a34

a41/2 a42/2 a43 a44

 .

Òîãäà âûïîëíåíû ñëåäóþùèå óòâåðæäåíèÿ:

(1) Hnr = (λ′1, λ
′
2, λ

′
3, λ

′
4), ãäå λ

′
i = λbi11 · λbi22 · λbi33 · λbi44 ;

(2) Åñëè a, b ∈ T è Ha = (λc111 λc122 λc133 λc144 , λc211 λc222 λc233 λc244 , λc311 λc322 λc333 λc344 , λc411 λc422 λc433 λc444 ),

Hb = (λd111 λd122 λd133 λd144 , λd211 λd222 λd233 λd244 , λd311 λd322 λd333 λd344 , λd411 λd422 λd433 λd444 ), òî

Hab = (λe111 λe122 λe133 λe144 , λe211 λe222 λe233 λe244 , λe311 λe322 λe333 λe344 , λe411 λe422 λe433 λe444 ),

ãäå ìàòðèöà (eij) ÿâëÿåòñÿ ïðîèçâåäåíèåì ìàòðèö (cij) è (dij);

(3) (Hn)m = (λ′1, λ
′
2, λ

′
3, λ

′
4)n

m, ãäå m � öåëîå ïîëîæèòåëüíîå ÷èñëî, λ′i = λci11 · λci22 ·

λci33 · λci44 è cij � ýëåìåíòû ìàòðèöû
m−1∑
t=0

Bt.

Äîêàçàòåëüñòâî. (1). Ïîñêîëüêó hs(λ)
nr = hwr(s)(λ), òî

Hnr = hr1(λ1)
nrhr2(λ2)

nrhr3(λ3)
nrhr4(λ4)

nr =
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hwr(r1)(λ1)
nrhwr(r2)(λ2)

nrhwr(r3)(λ3)
nrhwr(r4)(λ4)

nr .

Ïî îïðåäåëåíèþ, wr(ri) = a1ir1 + a2ir2 + a3ir3 + a4ir4. Åñëè s = wr(r1), òî

χs,λ1(a) = λ
2(s,a)
(s,s)

1 = λ
a112(r1,a)

(s,s)

1 λ
a212(r2,a)

(s,s)

1 λ
a312(r3,a)

(s,s)

1 λ
a412(r4,a)

(s,s)

1 .

Ïîñêîëüêó (s, s) = (r1, r1) = (r2, r2) = 2(r3, r3) = 2(r4, r4), èìååì

χs,λ1(a) = χr1,λa111
(a)χr2,λa211

(a)χ
r3,λ

a31/2
1

(a)χ
r4,λ

a41/2
1

(a)

è, ñëåäîâàòåëüíî, hwr(r1)(λ1)
nr = (λa111 , λa211 , λ

a31/2
1 , λ

a41/2
1 ). Àíàëîãè÷íî ïîëó÷àåì, ÷òî

hwr(r2)(λ2)
nr = (λa122 , λa222 , λ

a32/2
2 , λ

a42/2
2 ). Â ñèëó ðàâåíñòâ

(wr(r3), wr(r3)) = (r1, r1)/2 = (r2, r2)/2 = (r3, r3) = (r4, r4),

èìååì

χwr(r3),λ3(a) = χ
r1,λ

2a13
3

(a)χ
r2,λ

2a23
3

(a)χr3,λa333
(a)χr4,λa433

(a).

Òîãäà hwr(r3)(λ3)
nr = (λ2a133 , λ2a233 , λa333 , λa433 ) è, àíàëîãè÷íî hwr(r4)(λ4)

nr =

(λ2a144 , λ2a244 , λa344 , λa444 ). Íàêîíåö, íàõîäèì, ÷òî

Hnr = (λa111 , λa211 , λ
a31/2
1 , λ

a41/2
1 )(λa122 , λa222 , λ

a32/2
2 , λ

a42/2
2 )(λ2a133 , λ2a233 , λa333 , λa433 )·

·(λ2a144 , λ2a244 , λa344 , λa444 ) = (λb111 λb122 λb133 λb144 , λb211 λb222 λb233 λb244 , λb311 λb322 λb333 λb344 , λb411 λb422 λb433 λb444 ),

÷òî è òðåáîâàëîñü ïîêàçàòü.

(2). Ïîñêîëüêó Hab = (Hb)a, ïîëó÷àåì, ÷òî

Hab = (λd111 λd122 λd133 λd144 , λd211 λd222 λd233 λd244 , λd311 λd322 λd333 λd344 , λd411 λd422 λd433 λd444 )a.

Ñîãëàñíî ïóíêòó (1), åñëè λ′1 � ïåðâàÿ êîîðäèíàòà Hab, òî

λ′1 = (λd111 λd122 λd133 λd144 )c11·(λd211 λd222 λd233 λd244 )c12·(λd311 λd322 λd333 λd344 )c13·(λd411 λd422 λd433 λd444 )c14 =

= λd11c11+d21c12+d31c13+d41c141 λd21c12+d22c22+d32c13+d42c142 ·

· λd13c11+d23c12+d33c13+d43c143 λd14c11+d24c12+d34c13+d44c144 .

Òàêèì îáðàçîì, åñëè (eij) � ýëåìåíòû ìàòðèöû, ÿâëÿþùåéñÿ ïðîèçâåäåíèåì ìàòðèö

(cij) è (dij), òî λ
′
1 = λe111 λe122 , λe133 λe144 . Âûðàæåíèÿ äëÿ äðóãèõ êîîðäèíàò ýëåìåíòà Hab

ïîëó÷àþòñÿ àíàëîãè÷íûì îáðàçîì.
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(3). Çàìåòèì, ÷òî (Hn)m = Hn0
Hn1

Hn2
. . . Hnm−1

nm. Èç ïóíêòà (2) ñëåäóåò, ÷òî

Hni

= (λ
bi11
1 λ

bi12
2 λ

bi13
3 λ

bi14
4 , λ

bi21
1 λ

bi22
2 λ

bi23
3 λ

bi24
4 , λ

bi31
1 λ

bi32
2 λ

bi33
3 λ

bi34
4 , λ

bi41
1 λ

bi42
2 λ

bi43
3 λ

bi44
4 ),

ãäå bijk � ýëåìåíòû ìàòðèöû Bi. Ïåðåìíîæàÿ âûðàæåíèÿ äëÿ Hni
äëÿ âñåõ i ∈

{0, . . . ,m− 1}, ïîëó÷àåì òðåáóåìîå ðàâåíñòâî äëÿ (Hn)m.

Ïîñêîëüêó ìû ÷àñòî èñïîëüçóåì ëåììó 3.5.4 ïðè äîêàçàòåëüñòâå îñíîâíûõ ðå-

çóëüòàòîâ, ïðîèëëþñòðèðóåì åå ïðèìåíåíèå íà ñëåäóþùåì ïðèìåðå.

Ïðèìåð 3.5.5. Ðàññìîòðèì ýëåìåíòû w = w3w2 è n = n3n2. Íåñëîæíî ïîíÿòü,

÷òî ìàòðèöû A è B äëÿ w èìåþò ñëåäóþùèé âèä.

A =


1 0 0 0

1 −1 1 0

2 −2 1 1

0 0 0 1

 , B =


1 0 0 0

1 −1 2 0

1 −1 1 1

0 0 0 1

 .

Ïóñòü H = (λ1, λ2, λ3, λ4) � ïðîèçâîëüíûé ýëåìåíò òîðà T . Òîãäà ïî ëåììå 3.5.4(1)

ìû ìîæåì èñïîëüçîâàòü ñòðîêè ìàòðèöû B, ÷òîáû âû÷èñëèòü Hn. À èìåííî,

Hn = (λ1, λ1λ
−1
2 λ23, λ1λ

−1
2 λ3λ4, λ4).

Òåïåðü âû÷èñëÿåì ìàòðèöó C = B0 +B +B2 +B3:

C =


4 0 0 0

4 0 0 4

2 0 0 4

0 0 0 4

 .

Ëåãêî ïîñ÷èòàòü, ÷òî n4 = h3. Òîãäà â ñèëó ëåììû 3.5.4(3) ïîëó÷àåì, ÷òî

(Hn)4 = (λ41, λ
4
1λ

4
4, λ

2
1λ

4
4, λ

4
4)n

4 = (λ41, λ
4
1λ

4
4,−λ21λ44, λ44).

Â ÷àñòíîñòè, åñëè α � ýëåìåíò èç ïîëÿ Fp òàêîé, ÷òî α2 = −1, òî ((α, 1, 1, 1)n)4 =

1.
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Â êà÷åñòâå ïðèëîæåíèÿ ëåììû 3.5.4 ìû äîêàæåì âñïîìîãàòåëüíûé ðåçóëüòàò, êî-

òîðûé ÷àñòî èñïîëüçóåòñÿ íàìè ïðè äîêàçàòåëüñòâå îòñóòñòâèÿ äîïîëíåíèé. Îí îñíî-

âûâàåòñÿ íà òîì ôàêòå, ÷òî ýëåìåíò w = w21w8w3w2 íå èìååò ïîäíÿòèé â N ïîðÿäêà

|w|.

Ëåììà 3.5.6. Ïóñòü w = w21w8w3w2 è n = n21n8n3n2. Ðàññìîòðèì ïðîèçâîëüíûé

ýëåìåíò H ∈ T . Òîãäà âûïîëíåíû ñëåäóþùèå óòâåðæäåíèÿ:

(1) (Hn)4 = n4 = h3.

(2) Åñëè u ∈ N , òî (Hnu)4 = hu3 .

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 3.5.4(1) ïîëó÷àåì, ÷òî Hn =

(λ−1
1 , λ−1

1 λ−1
2 λ23λ

−2
4 , λ−1

2 λ3λ
−1
4 , λ−1

4 ). Òîãäà èç ëåììû 3.5.4(3) ñëåäóåò, ÷òî

(Hn)4 = n4. Èñïîëüçóÿ MAGMA, íàõîäèì, ÷òî n4 = h3. Åñëè u ∈ N , òî

(Hnu)4 = ((Hu−1
n)u)4 = ((Hu−1

n)4)u = hu3 .

Äîêàçàòåëüñòâî òåîðåìû 3.5.1.

Ïîñêîëüêó ñëó÷àé p = 2 ñëåäóåò èç çàìå÷àíèÿ 1.4.1, òî äàëåå ìû ñ÷èòàåì, ÷òî

q íå÷åòíî. Ïðåäïîëîæèì, ÷òî ìàêñèìàëüíûé òîð T èìååò äîïîëíåíèå K â ñâîåì

íîðìàëèçàòîðå N . Ïóñòü Ni � ïðîîáðàç ýëåìåíòà wri â K, ãäå i = 1, . . . , 4. Òîãäà

Ni = Hinri è (NiNj)
nij = 1. Ïóñòü

H1 = (κ1, κ2, κ3, κ4), H2 = (ρ1, ρ2, ρ3, ρ4),

H3 = (µ1, µ2, µ3, µ4), H4 = (ν1, ν2, ν3, ν4).

Ïîñêîëüêó [n2, n4] = 1, òî ïî ëåììå 1.4.3 ïîëó÷àåì, ÷òî H−1
2 Hn4

2 = H−1
4 Hn2

4 .

Â ñèëó ëåììû 3.5.4 èìååì

Hn2 = (λ1, λ
−1
2 λ1λ

2
3, λ3, λ4), Hn4 = (λ1, λ2, λ3, λ

−1
4 λ3).

Ñëåäîâàòåëüíî,

(1, 1, 1, ρ−2
4 ρ3) = (1, ν−2

2 ν1ν
2
3 , 1, 1),
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îòêóäà, â ÷àñòíîñòè, ñëåäóåò ρ24 = ρ3. Äàëåå,

1 = N2
2 = H2(H2)

n2h2(−1) = (ρ1, ρ2, ρ3, ρ4) · (ρ1, ρ−1
2 ρ1ρ

2
3, ρ3, ρ4)h2(−1) =

(ρ21,−ρ1ρ23, ρ23, ρ24).

Ïîëó÷àåì, ÷òî ρ21 = ρ23 = ρ24 = 1 è ρ1ρ
2
3 = −1. Òàêèì îáðàçîì, ρ1 = −1 è ρ3 = ρ24 = 1.

Àíàëîãè÷íî íàéäåì ñîîòíîøåíèÿ äëÿ ýëåìåíòà H3 = (µ1, µ2, µ3, µ4). Ïîñêîëüêó

N1N3 = N3N1, òî ïî ëåììå 1.4.3 èìååì H
−1
1 Hn3

1 = H−1
3 Hn1

3 . Â ñèëó ëåììû 3.5.4 èìååì

Hn1 = (λ−1
1 λ2, λ2, λ3, λ4), Hn3 = (λ1, λ2, λ

−1
3 λ2λ4, λ4).

Ñëåäîâàòåëüíî,

(µ−2
1 µ2, 1, 1, 1) = (1, 1, κ−2

3 κ3κ4, 1),

îòêóäà, â ÷àñòíîñòè, ñëåäóåò µ2 = µ2
1. Äàëåå,

1 = N2
3 = H3(H3)

n3h3(−1) = (µ1, µ2, µ3, µ4) · (µ1, µ2, µ
−1
3 µ2µ4, µ4)h3(−1) =

(µ2
1, µ

2
2,−µ2µ4, µ

2
4).

Ñëåäîâàòåëüíî, µ2
1 = µ2

2 = µ2
4 = 1 è µ2µ4 = −1. Òàêèì îáðàçîì, µ2 = µ2

1 = 1 è µ4 = −1.

Â èòîãå ïîëó÷àåì, ÷òî

H2 = (−1, ρ2, 1, ρ4), H3 = (µ1, 1, µ3,−1), ρ24 = µ2
1 = 1.

Ìû õîòèì ïîêàçàòü, ÷òî ðàâåíñòâî (N2N3)
4 = 1 íå âûïîëíÿåòñÿ äëÿ ïîëó÷åííûõ

H2, H3. Äåéñòâèòåëüíî,

N2N3 = H2(H3)
n2n2n3 = (−µ1, ρ2µ1µ

2
3, µ3,−ρ4)n2n3 = Hn2n3.

Ïîëîæèì t1 = −µ1, t2 = ρ2µ1µ
2
3, t3 = µ3, t4 = −ρ4. Â ñèëó ëåììû 3.5.4 èìååì

(N2N3)
4 = (t41, t

4
1t

4
4, t

2
1t

4
4, t

4
4)(n2n3)

4 = (n2n3)
4.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî (n2n3)
4 = h3. Ïðîäåìîíñòðèðóåì êàê

ýòè âû÷èñëåíèÿ ìîãóò áûòü ïðîäåëàíû ñàìîñòîÿòåëüíî. Íàì ïîòðåáóþòñÿ çíà÷åíèÿ

ñëåäóþùèõ êîíñòàíò (ñì. ðàçäåë 1.2): ζ = ηα3,α2 = −1, ξ = ηr2,r2+2r3 = 1. Òîãäà

(n2n3)
4 = (nr2n

nr3
r2 hr3(−1))2 = (nr2hr2+2r3(ζ)nr2+2r3hr3(−1))2 =
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nr2hr2+2r3(ζ)nr2+2r3hr3(−1) · nr2nr2+2r3hr2+2r3(ζ)hr3(−1) =

hr2+2r3(ζ)
nr2n

nr2
r2+2r3

hr3(−1)nr2hr2(−1)nr2+2r3hr2+2r3(ζ)hr3(−1) =

hr2+2r3(ζ)hr2+2r3(ξ)nr2+2r3hr2+r3(−1)hr2(−1)nr2+2r3hr2+2r3(ζ)hr3(−1) =

hr2+2r3(ζ)hr2+2r3(ξ)hr2+r3(−1)nr2+2r3hr2(−1)nr2+2r3hr2+2r3(−1)hr2+2r3(ζ)hr3(−1) =

hr2+2r3(ζ
2)hr2+2r3(ξ)h−r3(−1)hr2(−1)hr2(−1)hr3(−1)hr3(−1) =

hr2+2r3(ξ)h−r3(−1) = hr2(ξ)hr3(ξ)hr3(−1) = hr3(−1).

Òàê êàê p ̸= 2, òî (N2N3)
4 = hr3(−1) ̸= 1. Ïðîòèâîðå÷èå.

Äîêàçàòåëüñòâî òåîðåì 3.5.2 è 3.5.3

Ïîñêîëüêó ñëó÷àé p = 2 ñëåäóåò èç çàìå÷àíèÿ 1.4.1, òî äàëåå ìû ñ÷èòàåì, ÷òî q

íå÷åòíî. Ìû ïðåäïîëàãàåì, ÷òî G � êîíå÷íàÿ ãðóïïà ëèåâà òèïà F4 íàä ïîëåì èç q

ýëåìåíòîâ. Äèàãðàììà Äûíêèíà òèïà F4 èìååò ñëåäóþùèé âèä.

u u u u
r1 r2

⟩
r3 r4

Õîðîøî èçâåñòíî, ÷òî â ýòîì ñëó÷àå ãðóïïà Âåéëÿ W èçîìîðôíà ãðóïïå GO+
4 ≃

21+4 : (S3× S3) (â îáîçíà÷åíèÿõ [25]). Ïîýòîìó W èìååò öåíòðàëüíóþ èíâîëþöèþ

w0. Âñåãî â ãðóïïå W èìååòñÿ 25 êëàññîâ ñîïðÿæåííîñòè. Ñðåäè èõ ïðåäñòàâèòå-

ëåé èìååòñÿ ñåìü ýëåìåíòîâ w òàêèõ, ÷òî w è ww0 ñîïðÿæåíû â W . Îñòàëüíûå

18 êëàññîâ ìîãóò áûòü ðàçáèòû íà ïàðû wW è (ww0)
W äëÿ ïîäõîäÿùèõ ýëåìåí-

òîâ w. Ìû âûáèðàåì ïðåäñòàâèòåëåé ñîïðÿæåííûõ êëàññîâ ñîãëàñíî[37]. Â ÷àñòíî-

ñòè, èìååì w0 = w21w8w6w3. Ìû áóäåì òàêæå èñïîëüçîâàòü äðóãîå ïðåäñòàâëåíèå

w0 = w1w3w14w2.

Ñîãëàñíî ïðåäëîæåíèþ 1.3.1, â ãðóïïå G èìååòñÿ 25 êëàññîâ ñîïðÿæåííîñòè ìàê-

ñèìàëüíûõ òîðîâ. Ìû íóìåðóåì èõ â ïîðÿäêå, óêàçàííîì â òàáëèöå 3.11. Ïðè äî-

êàçàòåëüñòâå òåîðåìû 3.5.2 ìû ðàññìàòðèâàåì êàæäûé êëàññ ñîïðÿæåííîñòè ìàêñè-

ìàëüíûõ òîðîâ ïî îòäåëüíîñòè. Â êà÷åñòâå ýëåìåíòà ãðóïïû W , ñîîòâåòñòâóþùåãî

êëàññó ñîïðÿæåííîñòè íåêîòîðîãî ìàêñèìàëüíîãî òîðà, ìû èñïîëüçóåì w ñîãëàñíî

òàáëèöå 3.11. Äëÿ êàæäîãî w ìû âûáèðàåì ýëåìåíò n òàêîé, ÷òî π(n) = w è íàõî-

äèì ìèíèìàëüíûé ïîðÿäîê äîáàâëåíèÿ ê ãðóïïå T σn â Nσn. Åñëè äîïîëíåíèÿ ê T σn
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íå ñóùåñòâóåò, òî ìû íàõîäèì ìèíèìàëüíûé ïîðÿäîê ïîäíÿòèÿ ýëåìåíòà w â Nσn è

âûïèñûâàåì ñàìî ïîäíÿòèå ìèíèìàëüíîãî ïîðÿäêà. Âñå âû÷èñëåíèÿ, èñïîëüçóåìûå

äëÿ äîêàçàòåëüñòâ, ìîãóò áûòü íàéäåíû â [51].

Òîðû 1 è 17. Â ýòîì ñëó÷àå w = 1 èëè w = w0, ñîîòâåòñòâåííî. Ïðåäïîëîæèì,

÷òî n = 1 è M � äîáàâëåíèå ê T = T σn â Nσn. Ïîñêîëüêó w21w8w3w2 ∈ CW (w),

ëåììà 3.5.6 âëå÷åò, ÷òî h3 ∈ M ∩ T . Îáîçíà÷èì ÷åðåç x ïðîîáðàç ýëåìåíòà w4 â M .

Òîãäà íàõîäèì, ÷òî hx3 = hn4
3 = h3h4. Ïîñêîëüêó M ∩T � íîðìàëüíàÿ ïîäãðóïïà â M ,

èìååì ⟨h3, h4⟩ ⩽M ∩ T .

Òåïåðü ïîêàæåì, ÷òî ñóùåñòâóåò äîáàâëåíèå M òàêîå, ÷òî M ∩ T = ⟨h3, h4⟩. Õî-

ðîøî èçâåñòíî, ÷òî

CW (w) ≃ W (F4) ≃ ⟨a, b, c, d | a2, b2, c2, d2, (ab)3, [a, c], [a, d], (bc)4, [b, d], (cd)3⟩.

Áîëåå òîãî, îòðàæåíèÿ w1, w2, w3 è w4 ïîðîæäàþò ãðóïïó CW (w) è óäîâëåòâîðÿþò

ýòîìó ìíîæåñòâó îïðåäåëÿþùèõ ñîîòíîøåíèé. Ïóñòü

a = h2n1, b = h1n2, c = h4n3, è d = h3n4.

Ìû óòâåðæäàåì, ÷òî ãðóïïàM = ⟨a, b, c, d⟩ ÿâëÿåòñÿ äîáàâëåíèåì ïîðÿäêà 4·|CW (w)|

ê T σn. Äåéñòâèòåëüíî, èñïîëüçóÿ MAGMA, âèäèì, ÷òî a2 = b2 = c2 = d2 = (ab)3 =

[a, d] = [b, d] = (cd)3 = 1 è [a, c] = (bc)4 = h3. Áîëåå òîãî, ãðóïïà M íîðìàëèçóåò

ãðóïïó L = ⟨h3, h4⟩. Ïîýòîìó L � íîðìàëüíàÿ ïîäãðóïïà â M è ôàêòîðãðóïïà M/L

� ãîìîìîðôíûé îáðàç ãðóïïû CW (w). Ñëåäîâàòåëüíî, èìååì |M | ⩽ 4 · |CW (w)|. Ñ

äðóãîé ñòîðîíû, ìû çíàåì, ÷òî M/(M ∩ T ) ≃ CW (w), è ïîýòîìó |M | = |M ∩ T | ·

|CW (w)| ≥ 4·|CW (w)|. Çíà÷èò, |M | = 4·|CW (w)| èM∩T = ⟨h3, h4⟩, êàê è óòâåðæäàëîñü

ðàíåå.

Çàìåòèì, ÷òî åäèíè÷íûé ýëåìåíò ãðóïïû Nσn � òðåáóåìîå ïîäíÿòèå äëÿ w = 1 è

n0 � ïîäíÿòèå ïîðÿäêà 2 äëÿ w0.

Òîðû 2 è 9. Â ýòîì ñëó÷àå w = w2 èëè w = w2w0, ñîîòâåòñòâåííî. Èñïîëüçóÿ

GAP, âèäèì, ÷òî

CW (w) = ⟨w2⟩ × ⟨w0⟩ × ⟨w4, w8, w13⟩ ≃ Z2 × Z2 × S4 .
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Åñëè w = w2, òî ïîëîæèì n = n2 è ε = 1, è åñëè w = w0w2, òî ïîëîæèì n = n0n2 è

ε = −1. Îáîçíà÷èì T = T σn. Ïî ëåììå 3.5.4, íàõîäèì, ÷òî

Hn = (λε1, λ
ε
1λ

−ε
2 λ2ε3 , λ

ε
3, λ

ε
4).

Ïðåäïîëîæèì, ÷òî M � äîáàâëåíèå ê T òàêîå, ÷òî ÷èñëî |T ∩M | ìèíèìàëüíî.

Âû÷èñëåíèÿ â GAP ïîêàçûâàþò, ÷òî (w21w8w3w2)
w7 ∈ CW (w). Òîãäà ëåììà 3.5.6

âëå÷åò, ÷òî ýëåìåíò h4 = hn7
3 ïðèíàäëåæèò ãðóïïå M ∩ T . Îáîçíà÷èì ïðîèçâîëüíûé

ïðîîáðàç ýëåìåíòà w8 â M ÷åðåç a. Ïîñêîëüêó M ∩ T íîðìàëüíà â M , íàõîäèì, ÷òî

ha4 = hn8
4 = h3h4 ∈ T ∩M . Ñëåäîâàòåëüíî, èìååì L = ⟨h3, h4⟩ ⩽ T ∩M .

Ïðåäïîëîæèì, ÷òî εq ≡ 1 (mod 4) è ñóùåñòâóåò äîáàâëåíèå M ê ãðóïïå T òàêîå,

÷òî M ∩ T = L. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, n4] = [n, n8] = [n, n13] = 1, è

ïîýòîìó ýëåìåíòû n4, n8, n13 ïðèíàäëåæàò ãðóïïåNσn ïî ëåììå 1.4.2. Òîãäà íàéäóòñÿ

ýëåìåíòû H0 = (µi), H1 = (αi), H2 = (βi) è H3 = (γi) â T òàêèå, ÷òî ýëåìåíòû H0n0,

H1n2, H2n4 è H3n13 ïðèíàäëåæàò M .

Ïîñêîëüêó M/L ≃ CW (w) è w2
2 = 1, èìååì a2 ∈ L. Ïî ëåììå 3.5.4 íàõîäèì, ÷òî

(Hn2)
2 = (λ21,−λ1λ23, λ23, λ24).

Ñëåäîâàòåëüíî, α2
1 = 1 è α1α

2
3 = −1. Ïîñêîëüêó H1 ∈ T , çàêëþ÷àåì, ÷òî αεq−1

1 =

αεq−1
3 = αεq−1

4 = 1 è αεq1 α
−εq
2 α2εq

3 = α2. Çíà÷èò, α
εq+1
2 = α1α

2
3 = −1. Àíàëîãè÷íî äëÿ

ýëåìåíòîâ H0, H2 è H3 íàõîäèì, ÷òî µ
εq+1
2 = µ1µ

2
3 è µ

εq−1
3 = µεq−1

4 = βεq−1
4 = γεq−1

4 = 1.

Ïîñêîëüêó w0 ëåæèò â öåíòðå Z(CW (w)) è [n0, n2] = [n0, n4] = [n0, n13] = 1, ëåì-

ìà 1.4.3 âëå÷åò, ÷òî H−1
0 Hn2

0 = H−2
1 k1, H

−1
0 Hn4

0 = H−2
2 k2 è H−1

0 Hn13
0 = H−2

3 k3, ãäå

k1, k2, k3 ∈ L. Ïî ëåììå 3.5.4 èìååì

H−1Hn2 = (1, λ1λ
−2
2 λ23, 1, 1), H

−1Hn4 = (1, 1, 1, λ3λ
−2
4 ), H−1Hn13 = (1, λ21λ

−2
3 , λ21λ

−2
3 , λ1λ

−1
3 ).

Ñëåäîâàòåëüíî, ïîëó÷àåì, ÷òî µ1µ
−2
2 µ2

3 = α−2
2 , µ3µ

−2
4 = ±β−2

4 è µ1µ
−1
3 = ±γ−2

4 .

Òîãäà (α−2
2 )(εq+1)/2 = α

−(εq+1)
2 = −1, è ïîýòîìó µ

(εq+1)/2
1 µ

−(εq+1)
2 µεq+1

3 = −1. Ïîñêîëü-

êó µεq+1
2 = µ1µ

2
3, èìååì, ÷òî µ

(εq−1)/2
1 = −µ−(εq−1)

3 = −1. Ïî ïðåäïîëîæåíèþ, ÷èñ-

ëî (εq − 1)/2 ÷åòíî. Òîãäà (µ3µ
−2
4 )(εq−1)/2 = (±β−2

4 )(εq−1)/2 = β
−(εq−1)
4 = 1, ïîýòîìó

µ
(εq−1)/2
3 = µεq−1

4 = 1. Íàêîíåö, âèäèì, ÷òî (µ1µ
−1
3 )(εq−1)/2 = (±γ−2

4 )(εq−1)/2 = γεq−1
4 = 1;

ïðîòèâîðå÷èå ñ ðàâåíñòâàìè µ
(εq−1)/2
1 = −1 = −µ(εq−1)/2

3 .
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Ïðåäïîëîæèì òåïåðü, ÷òî εq ≡ −1 (mod 4). Ïîêàæåì, ÷òî ñóùåñòâóåò äîáàâëåíèå

M òàêîå, ÷òî T ∩M = ⟨h3, h4⟩. Ðàññìîòðèì ýëåìåíò ζ â Fp òàêîé, ÷òî ζεq+1 = −1.

Ïîëîæèì

H0 = (−1, ζ
εq+3

2 , 1, 1), H1 = (−1, ζ, 1, 1).

Ìû óòâåðæäàåì, ÷òî M = ⟨H1n2, H0n0, n4, n8, n13⟩ � òðåáóåìîå äîáàâëåíèå. Èñ-

ïîëüçóÿ MAGMA, âèäèì, ÷òî [n, n2] = [n, n0] = [n, n4] = [n, n8] = [n, n13] = 1 è,

ñëåäîâàòåëüíî, n2, n0, n4, n8 è n13 � ýëåìåíòû ãðóïïû Nσn. Ïðîâåðèì, ÷òî H0 è H1

ïðèíàäëåæàò ãðóïïå T . Èç ðàâåíñòâà âûøå äëÿHn ïîëó÷àåìHn
0 = (−1,−ζ−ε εq+3

2 , 1, 1)

è Hn
1 = (−1,−ζ−ε, 1, 1). Ïîñêîëüêó εq + 3 ≡ 2 (mod 4), çàêëþ÷àåì, ÷òî

(−ζ−ε
εq+3

2 )q = −ζ(1−εq−1) εq+3
2 = −ζ

εq+3
2 ζ−(1+εq) εq+3

2 = −ζ
εq+3

2 (−1)
εq+3

2 = ζ
εq+3

2 .

Ñëåäîâàòåëüíî,

Hσn
0 = H0 è H

σn
1 = (−1,−ζ−εq, 1, 1) = (−1, (−ζ−1−εq)ζ, 1, 1) = H1.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî hn2
3 = hn0

3 = hn8
3 = h3, h

n4
3 = hn13

3 = hn8
4 = h3h4 è

hn2
4 = hn0

4 = hn4
4 = hn13

4 = h4. Îòêóäà ñëåäóåò, ÷òî L � íîðìàëüíàÿ ïîäãðóïïà â M .

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî n2
4 = n2

13 = (n4n13)
2 = h4, n

2
8 = h3 è

(n4n8)
3 = (n8n13)

3 = 1. Ýòî âëå÷åò, ÷òî L ÿâëÿåòñÿ ïîäãðóïïîé â ãðóïïå ⟨n4, n8, n13⟩

è ⟨n4, n8, n13⟩/L ≃ S4.

Òåïåðü ïðîâåðèì, ÷òî ⟨H1n2, H0n0⟩ ≃ Z2 × Z2. Ìû çíàåì, ÷òî (Hn0)
2 = 1

äëÿ ëþáîãî ýëåìåíòà H ∈ T . Ïîñêîëüêó Hn2 = (λ1, λ1λ
−1
2 λ23, λ3, λ4), íàõîäèì, ÷òî

(H1n2)
2 = H1H

n2
1 h2 = 1. Èç ëåììû 1.4.3 âûòåêàåò, ÷òî [H1n2, H0n0] = 1 òîãäà è òîëü-

êî òîãäà, êîãäà H−1
1 Hn0

1 = H−1
0 Hn2

0 . Çàìåòèì, ÷òî H−1
1 Hn0

1 = (1, ζ−2, 1, 1). Èñïîëüçóÿ

ðàâåíñòâî âûøå äëÿ Hn2 , íàõîäèì

H−1
0 Hn2

0 = (−1, ζ−
εq+3

2 , 1, 1)(−1,−ζ−
εq+3

2 , 1, 1) = (1,−ζ−(εq+3), 1, 1) = (1, ζ−2, 1, 1).

Ñëåäîâàòåëüíî, [H1n2, H0n0] = 1, è ïîýòîìó ⟨H1n2, H0n0⟩ ≃ Z2 × Z2.

Îñòàëîñü äîêàçàòü, ÷òî êîììóòàòîðû ýëåìåíòîâ H1n2 è H0n0 ñ ýëåìåíòàìè n4, n8,

n13 ëåæàò â ãðóïïå L. Âî-ïåðâûõ, âèäèì, ÷òî n2 è n0 êîììóòèðóþò ñ n4, n8, n13. Ïî

ëåììå 1.4.3, äîñòàòî÷íî ïðîâåðèòü, ÷òî H−1
1 Hn4

1 , H−1
0 Hn4

0 , H−1
1 Hn8

1 , H−1
0 Hn8

0 , H−1
1 Hn13

1

è H−1
0 Hn13

0 � ýëåìåíòû ãðóïïû L. Ïî ëåììå 3.5.4,
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H−1Hn4 = (1, 1, 1, λ3λ
−2
4 ), H−1Hn8 = (λ−2

1 λ24, λ
−2
1 λ24, λ

−1
1 λ4, 1), H

−1Hn13 =

(1, λ21λ
−2
3 , λ21λ

−2
3 , λ1λ

−1
3 ).

Ïðèìåíÿÿ ýòè ðàâåíñòâà ê H0 è H1, î÷åâèäíî, ïîëó÷àåì ýëåìåíòû ãðóïïû L.

Ñëåäîâàòåëüíî, çàêëþ÷àåì, ÷òî M/L � ãîìîìîðôíûé îáðàç ãðóïïû Z2 × Z2 × S4 ≃

CW (w). Ñ äðóãîé ñòîðîíû, ìû çíàåì, ÷òîM/(T ∩M) ≃ CW (w) è ïîýòîìó L =M ∩T .

Çíà÷èò, â ýòîì ñëó÷àå M � äîáàâëåíèå ê ãðóïïå T ìèíèìàëüíîãî ïîðÿäêà.

Òåïåðü äîêàæåì, ÷òî äëÿ ëþáîãî ÷èñëà q ãðóïïà M = ⟨n0, n2, n4, n8, n13⟩ � äîáàâ-

ëåíèå ê T â Nσn òàêîå, ÷òî T ∩M = ⟨h2, h3, h4⟩. Ìû óæå ïîêàçàëè âûøå, ÷òî M �

ïîäãðóïïà â Nσn è ⟨n4, n8, n13⟩/⟨h3, h4⟩ ≃ S4. Áîëåå òîãî, ýëåìåíòû n2 è n0 ëåæàò â

öåíòðå ãðóïïû M . Çíà÷èò, ãðóïïà ⟨h2⟩ íîðìàëüíà â M . Îáîçíà÷èì L = ⟨h2, h3, h4⟩.

Òîãäà L � íîðìàëüíàÿ ïîäãðóïïà â M è âåðíî, ÷òî M/L ≃ Z2 × Z2 × S4 ≃ CW (w).

Ñëåäîâàòåëüíî, çàêëþ÷àåì, ÷òî M � äîáàâëåíèå ê T â N . Ìû ïîêàçàëè âûøå, ÷òî

ëþáîå äîáàâëåíèå ê ãðóïïå T ñîäåðæèò ïîäãðóïïó ⟨h3, h4⟩, è åñëè εq ≡ 1(mod 4),

òî ëþáîå äîáàâëåíèå èìååò ïîðÿäîê íå ìåíüøå, ÷åì 8 · |CW (w)|. Çíà÷èò, åñëè εq ≡ 1

(mod 4), òî M � äîáàâëåíèå ê T ìèíèìàëüíîãî ïîðÿäêà.

Ìû çíàåì, ÷òî w2 è w2w0 � ýëåìåíòû ïîðÿäêà 2. Ëåãêî âèäåòü, ÷òî ýëåìåíòû h1n2

è h1n2n0 � òðåáóåìûå ïîäíÿòèÿ ê íèì ïîðÿäêà 2.

Òîðû 3 è 10. Â ýòîì ñëó÷àå w = w3 èëè w = w0w3. Âû÷èñëåíèÿ â GAP ïîêàçû-

âàþò, ÷òî ãðóïïà CW (w) èçîìîðôíà Z2×Z2×S4 è èìååò ñëåäóþùåå êîïðåäñòàâëåíèå

⟨a, b, c, d, e | a2, b2, c2, d2, e2, [a, b], [a, c], [a, d], [a, e], [b, c], [b, d], [b, e], (cd)3, (de)3, (ce)2⟩.

Áîëåå òîãî, ýëåìåíòû w3, w14w21w1, w1, w16 è w14 ïîðîæäàþò CW (w) è óäîâëåòâîðÿþò

ýòîìó ìíîæåñòâó ñîîòíîøåíèé.

Ïóñòü n = n3. Ïðåäïîëîæèì, ÷òî M � äîáàâëåíèå ê ãðóïïå T = T σn â Nσn.

Èñïîëüçóÿ GAP, âèäèì, ÷òî (w21w8w3w2)
w5 ∈ CW (w). Èç ëåììû 3.5.6 âûòåêàåò, ÷òî

h3 = hn5
3 ∈M ∩ T . Ïîýòîìó çàêëþ÷àåì, ÷òî |M | ≥ 2 · |CW (w)|.

Òåïåðü ïîêàæåì, ÷òî ñóùåñòâóåò äîáàâëåíèå M òàêîå, ÷òî M ∩ T = ⟨h3⟩. Ïóñòü

a = n3, b = h4n14n21n1, c = h2h4n1, d = h1n16, è e = h2h4n14.

Ìû óòâåðæäàåì, ÷òî ãðóïïà M = ⟨a, b, c, d, e⟩ � òðåáóåìîå äîáàâëåíèå.



Ãëàâà 3. Íîðìàëèçàòîðû ìàêñèìàëüíûõ òîðîâ â èñêëþ÷èòåëüíûõ ãðóïïàõ 188

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî L = ⟨h3⟩ � íîðìàëüíàÿ ïîäãðóïïà â M . Áîëåå

òîãî, âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

[a, b] = [a, c] = [a, d] = [a, e] = [b, c] = [b, d] = [b, e] = c2 = d2 = e2 = (de)3 = 1,

a2 = b2 = (cd)3 = (ce)2 = h3.

Ïî ëåììå 1.4.2, ýëåìåíòû a, b, c, d è e ïðèíàäëåæàò ãðóïïå Nσn. Òîãäà ôàêòîðãðóïïà

M/L ÿâëÿåòñÿ ãîìîìîðôíûì îáðàçîì ãðóïïû CW (w), è ïîýòîìó |M | ⩽ 2 · |CW (w)|.

Ñ äðóãîé ñòîðîíû, ìû çíàåì, ÷òî |M | ≥ 2 · |CW (w)|. Çíà÷èò, |M | = 2 · |CW (w)| è

M ∩ T = L, êàê è óòâåðæäàëîñü âûøå.

Çàìåòèì, ÷òî ýëåìåíòû w3 è w0w3 èìåþò ïîðÿäîê 2. Òîãäà ýëåìåíòû h2n3 è

h2n0n3 � ïîäíÿòèÿ ê íèì ïîðÿäêà 2.

Òîð 4. Â ýòîì ñëó÷àå w = w6w3 è ýëåìåíò w ñîïðÿæåí ñ ww0 â W . Âû÷èñëåíèÿ

â GAP ïîêàçûâàþò, ÷òî

CW (w) = ⟨w2, w3⟩ × ⟨w21, w24⟩ ≃ D8 ×D8.

Ïóñòü n = n6n3 è M � äîáàâëåíèå ê T = T σn â Nσn. Âû÷èñëåíèÿ â GAP ïîêà-

çûâàþò, ÷òî w21w8w3w2 ∈ CW (w). Ëåììà 3.5.6 âëå÷åò, ÷òî h3 ∈ L = M ∩ T è, ñëåäî-

âàòåëüíî, |L| ≥ 2. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, n2] = [n, h1n3] = [n, n24] = 1,

ïîýòîìó ýëåìåíòû n2, h1n3 è n24 ïðèíàäëåæàò Nσn.

Òåïåðü äîêàæåì, ÷òî |L| > 2. Ïðåäïîëîæèì ïðîòèâíîå, ÷òî L = ⟨h3⟩. Ðàññìîòðèì

a = H1n2 è b = H2n24 � ïðîîáðàçû ýëåìåíòîâ w2 è w24 â M , ãäå H1 = (α1, α2, α3, α4)

è H2 = (β1, β2, β3, β4).

Ïîñêîëüêó w2
2 = 1, èìååì a2 ∈ L. Ïî ëåììå 3.5.4, íàõîäèì, ÷òî (α2

1,−α1α
2
3, α

2
3, α

2
4) ∈

L. Çíà÷èò, α2
1 = α2

4 = 1 è α2
3 = −α1.

Ïî ëåììå 3.5.4, ïîëó÷àåì, ÷òî H−1
2 Hn2

2 = H−1
1 Hn24

1 t, ãäå t ∈ L. Òîãäà

(1, β1β
−2
2 β2

3 , 1, 1) = (α−2
1 , α−3

1 , α−2
1 , α−1

1 )t. Ñëåäîâàòåëüíî, α1 = 1 è −α2
3 = β1β

−2
2 β2

3 = 1.

Ïîñêîëüêó w2
24 = 1, èìååì b2 ∈ L. Èç ðàâåíñòâà n2

24 = h2h4 è ëåììû 3.5.4 ñëåäóåò,

÷òî b2 = (1,−β−3
1 β2

2 , β
−2
1 β2

3 ,−β−1
1 β2

4), è ïîýòîìó β3
1 = −β2

2 , β1 = −β2
4 . Ìû çíàåì, ÷òî

β1β
−2
2 β2

3 = 1, ñëåäîâàòåëüíî, β2
3 = β−1

1 β2
2 = −β2

1 . Ïîñêîëüêó H1 è H2 ïðèíàäëåæàò

òîðó T , èìååì Hσn
1 = H1 è H

σn
2 = H2. Ïî ëåììå 3.5.4,

Hn = (λ1, λ
2
1λ

−1
2 λ24, λ1λ

−1
3 λ24, λ4).
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Îòêóäà íàõîäèì, ÷òî H1 = Hσn
1 = (αq1, α

2q
1 α

−q
2 α2q

4 , α
q
1α

−q
3 α2q

4 , α
q
4). Òîãäà α

q−1
1 = αq−1

4 = 1

è α3 = α1α
−q
3 α2

4. Çíà÷èò, α
q+1
3 = α1α

2
4 = 1. Ñ äðóãîé ñòîðîíû, αq+1

3 = (α2
3)

(q+1)/2 =

(−1)(q+1)/2, îòêóäà ïîëó÷àåì, ÷òî ÷èñëî q + 1 äåëèòñÿ íà 4. Ïîñêîëüêó H2 = Hσn
2 =

(βq1 , β
2q
1 β

−q
2 β2q

4 , β
q
1β

−q
3 β2q

4 , β
q
4), çàêëþ÷àåì, ÷òî β

q−1
1 = βq−1

4 = 1 è β3 = βq1β
−q
3 β2q

4 . Òîãäà

βq+1
3 = β1β

2
4 = −β2

1 = β2
3 . Ñëåäîâàòåëüíî, β

q−1
3 = 1. Ïîñêîëüêó β2

1 = −β2
3 , èìååì

βq−1
1 = (−1)(q−1)/2βq−1

3 = (−1)(q−1)/2 = −1; ïðîòèâîðå÷èå. Çíà÷èò, |L| > 2, è ïîýòîìó

|L| ≥ 4.

Íàïîìíèì, ÷òî w è w0 ñîïðÿæåíû â W . Îáîçíà÷èì n = n6n3, åñëè q + 1 äåëèòñÿ

íà 4 è n = n0n6n3, åñëè q − 1 äåëèòñÿ íà 4. Ïóñòü T = T σn. Ïðåäïîëîæèì, ÷òî

α � ýëåìåíò ïîëÿ Fp òàêîé, ÷òî α2 = −1 è ðàññìîòðèì ýëåìåíò H1 = (1, 1, α, 1).

Ìû óòâåðæäàåì, ÷òî M = ⟨H1n2, h1n3, n21, n24⟩ � äîáàâëåíèå ê T â Nσn ïîðÿäêà

4 · |CW (w)|. Âî-ïåðâûõ, çàìåòèì, ÷òî n2
24 = h2h4 è (h1n3)

2 = h3. Ñëåäîâàòåëüíî,

L = ⟨h3, h2h4⟩ ⩽M ∩T . Èñïîëüçóÿ MAGMA, âèäèì, ÷òî hn2
3 = hn3

3 = hn24
3 = hn21

3 = h3,

(h2h4)
n2 = (h2h4)

n3 = (h2h4)
n24 = h2h4 è (h2h4)

n21 = h2h3h4. Ñëåäîâàòåëüíî, L �

íîðìàëüíàÿ ïîäãðóïïà â M .

Òåïåðü äîêàæåì, ÷òî H1 ∈ T . Ïî ëåììå 3.5.4,

Hn6n3 = (λ1, λ
2
1λ

−1
2 λ24, λ1λ

−1
3 λ24, λ4),

Hn0n6n3 = (λ−1
1 , λ−2

1 λ2λ
−2
4 , λ−1

1 λ3λ
−2
4 , λ−1

4 ).

Åñëè q ≡ −1 (mod 4), òî Hn
1 = (1, 1, α−1, 1). Ïîýòîìó

Hσn
1 = (1, 1, α−q, 1) = (1, 1, α · α−1−q, 1) = (1, 1, α · (−1)(q+1)/2, 1) = H1.

Àíàëîãè÷íî åñëè q ≡ 1 (mod 4), òî Hn
1 = (1, 1, α, 1) è, ñëåäîâàòåëüíî,

Hσn
1 = (1, 1, αq, 1) = (1, 1, α · α−1+q, 1) = (1, 1, α · (−1)(q−1)/2, 1) = H1.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, n2] = [n, h1n3] = [n, n21] = [n, n24] = 1, ïîýòîìó M

� ïîäãðóïïà â Nσn ïî ëåììå 1.4.2.

Òåïåðü ïðîâåðèì, ÷òî M/L ≃ CW (w). Èñïîëüçóÿ MAGMA, âèäèì, ÷òî

(h1n3)
2 = n2

21 = [h1n3, n21] = (n21n24)
4 = h3, n

2
24 = [h1n3, n24] = h2h4.
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Çíà÷èò, äîñòàòî÷íî äîêàçàòü, ÷òî (H1n2)
2, [H1n2, n21], [H1n2, n24] è (H1n2h1n3)

4 � ýëå-

ìåíòû ãðóïïû L. Ïîñêîëüêó n2
2 = h2, èìååì (Hn2)

2 = (λ21,−λ1λ23, λ23, λ24), ñëåäîâà-

òåëüíî, (H1n2)
2 = h3 ∈ L. Ïîñêîëüêó [n2, n21] = [n2, n24] = 1, ëåììà 1.4.3 âëå÷åò, ÷òî

êîììóòàòîðû [H1n2, n21] è [H1n2, n24] ïðèíàäëåæèò L, åñëè H1 = Hn21
1 = Hn24

1 . Ïî

ëåììå 3.5.4,

Hn21 = (λ1λ
−2
4 , λ2λ

−4
4 , λ3λ

−3
4 , λ−1

4 ), Hn24 = (λ−1
1 , λ−3

1 λ2, λ
−2
1 λ3, λ

−1
1 λ4).

Ïðèìåíÿÿ ýòè ðàâåíñòâà êH1, âèäèì, ÷òîH1 = Hn21
1 = Hn24

1 , ÷òî è òðåáîâàëîñü. Íàêî-

íåö, ïîñêîëüêó (n2h1n3)
4 = h3, ëåììà 3.5.4 âëå÷åò, ÷òî (Hn2h1n3)

4 = (Hh1h2n2n3)
4 =

(λ41, λ
4
1λ

4
4,−λ21λ44, λ44) è, ñëåäîâàòåëüíî, (H1n2h1n3)

4 = h3 ∈ L. Çíà÷èò, ôàêòîðãðóïïà

M/L � ãîìîìîðôíûé îáðàç ãðóïïû CW (w), â ÷àñòíîñòè, |M | äåëèò 4 · |CW (w)|. Ñ äðó-

ãîé ñòîðîíû, M/(M ∩ T ) ≃ CW (w) è L ⩽ M ∩ T . Ñëåäîâàòåëüíî, |M | = 4 · |CW (w)|,

L =M ∩ T è M � äîáàâëåíèå ê òîðó T ïîðÿäêà 4 · |CW (w)|.

Ìû çíàåì, ÷òî ïîðÿäêè ýëåìåíòîâ w6w3 è w6w3w0 ðàâíû 2. Èñïîëüçóÿ MAGMA,

âèäèì, ÷òî h1n6n3 è h1n6n3n0 � ýëåìåíòû ïîðÿäêà 2, ïîýòîìó îíè ÿâëÿþòñÿ òðåáóå-

ìûìè ïîäíÿòèÿìè.

Òîð 5. Â ýòîì ñëó÷àå w = w16w3 è ýëåìåíò w ñîïðÿæåí ñ ww0 â W . Èñïîëüçóÿ

GAP, âèäèì, ÷òî

CW (w) = ⟨w3, w6, w16, w24⟩ ≃ Z2 × Z2 × Z2 × Z2.

Ðàññìîòðèì ýëåìåíò n = n16n3 è ãðóïïó T = T σn. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî

[n, n3] = [n, h2n6] = [n, n16] = 1, ñëåäîâàòåëüíî, ýëåìåíòû n3, h2n6 è n16 ïðèíàäëåæàò

Nσn ïî ëåììå 1.4.2.

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò äîáàâëåíèå K ê ãðóïïå T . Îáîçíà÷èì ÷åðåç H1, H2

è H3 ýëåìåíòû ãðóïïû T òàêèå, ÷òî a = H1n3, b = H2h2n6 è c = H3n16 ïðèíàäëåæàò

ãðóïïå K. Ïóñòü H1 = (αi), H2 = (βi), H3 = (γi), ãäå 1 ⩽ i ⩽ 4.

Ïî ëåììå 3.5.4,

Hn3 = (λ1, λ2, λ2λ
−1
3 λ4, λ4), H

n6 = (λ1, λ
2
1λ

−1
2 λ24, λ1λ

−1
2 λ3λ4, λ4), H

n16 =

(λ1, λ1λ2λ
−2
4 , λ1λ3λ

−2
4 , λ1λ

−1
4 ).
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Ïîñêîëüêó n2
3 = h3, çàêëþ÷àåì, ÷òî a

2 = H1H
n3
1 h3 = (α2

1, α
2
2,−α2α4, α

2
4). Ïîýòîìó

èìååì α2
1 = α2

2 = α2
4 = 1 è α2α4 = −1.

Ïîñêîëüêó n2
16 = h2h3h4, íàõîäèì, ÷òî c

2 = (γ21 ,−γ1γ22γ−2
4 ,−γ1γ23γ−2

4 ,−γ1). Îòêóäà

ñëåäóåò, ÷òî γ1 = −1 è γ22 = γ24 = γ23 .

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n3, n16] = 1. Ëåììà 1.4.3 âëå÷åò, ÷òî H−1
1 Hn16

1 =

H−1
3 Hn3

3 . Èç ðàâåíñòâ âûøå äëÿHn3 èHn16 , çàêëþ÷àåì, ÷òî (1, α1α
−2
4 , α1α

−2
4 , α1α

−2
4 ) =

(1, 1, γ2γ
−2
3 γ4, 1). Îòêóäà íàõîäèì, ÷òî α1α

−2
4 = 1, è ïîýòîìó α1 = 1. Òîãäà γ23 = γ2γ4.

Ìû âèäåëè âûøå, ÷òî γ23 = γ22 , îòêóäà γ2 = γ4.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [h2n6, n16] = 1. Ëåììà 1.4.3 âëå÷åò, ÷òîH−1
2 Hn16

2 =

H−1
3 Hn6

3 . Èç ðàâåíñòâ âûøå äëÿ Hn6 è Hn16 , çàêëþ÷àåì, ÷òî (1, β1β
−2
4 , β1β

−2
4 , β1β

−2
4 ) =

(1, γ21γ
−2
2 γ24 , γ1γ

−1
2 γ4, 1). Ïîñêîëüêó γ2 = γ4 è γ1 = −1, èìååì (1, β1β

−2
4 , β1β

−2
4 , β1β

−2
4 ) =

(1, 1,−1, 1); ïðîòèâîðå÷èå.

Ðàññìîòðèì ýëåìåíò n = h1n16n3 è ãðóïïó T = T σn. Îáîçíà÷èì

a = n3, b = n6, c = h1n16, è d = h1h2n24.

Ìû óòâåðæäàåì, ÷òî ãðóïïà M = ⟨a, b, c, d⟩ � äîáàâëåíèå ê T â Nσn ïîðÿäêà 2 ·

|CW (w)|. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, a] = [n, b] = [n, c] = [n, d] = 1, è ïîýòîìó

ýëåìåíòû a, b, c è d ïðèíàäëåæàò Nσn. Áîëåå òîãî, a
2 = h3, îòêóäà L = ⟨h3⟩ ⩽M ∩T .

Äàëåå, âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

ha3 = hb3 = hc3 = hd3 = h3, a2 = b2 = [a, b] = [a, d] = [b, c] = [c, d] = h3,

è c2 = d2 = [a, c] = [b, d] = 1. Çíà÷èò, L � íîðìàëüíàÿ ïîäãðóïïà â M è ôàêòîðãðóïïà

M/L � ãîìîìîðôíûé îáðàç ãðóïïû CW (w). Ñ äðóãîé ñòîðîíû, ìû çíàåì, ÷òîM/(M∩

T ) ≃ CW (w). Ñëåäîâàòåëüíî, |M | = 2 · |CW (w)| è M ∩ T = L, êàê è óòâåðæäàëîñü

ðàíåå.

Íàêîíåö, âèäèì, ÷òî (h1h2n16n3)
2 = 1 è, ñëåäîâàòåëüíî, h1h2n16n3 � òðåáóåìîå

ïîäíÿòèå ïîðÿäêà 2 äëÿ w.

Òîðû 6 è 21. Â ýòîì ñëó÷àå w = w2w1 èëè w = w0w2w1, ñîîòâåòñòâåííî. Âû÷èñ-

ëåíèÿ â GAP ïîêàçûâàþò, ÷òî

CW (w) = ⟨w0w2w1⟩ × ⟨w4, w19⟩ ≃ Z6 × S3 .
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Ðàññìîòðèì ýëåìåíò n = n2n1 è îáîçíà÷èì a = n0n2n1, b = h3h4n4 è c = h4n19.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, a] = [n, b] = [n, c] = 1 è, ñëåäîâàòåëüíî, ýëåìåíòû

a, b è c ïðèíàäëåæàò Nσn ïî ëåììå 1.4.2. Ìû óòâåðæäàåì, ÷òî ãðóïïà K = ⟨a, b, c⟩ �

äîïîëíåíèå ê T σn. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî a6 = 1 = [a, b] = [a, c] = 1

è b2 = c2 = (bc)3 = 1. Çíà÷èò, K � ãîìîìîðôíûé îáðàç ãðóïïû Z6 × S3. Ñ äðóãîé

ñòîðîíû, CW (w) ≃ Nσn/T σn ≃ K/(K ∩ T σn). Ñëåäîâàòåëüíî, K ≃ CW (w), è ïîýòîìó

K � äîïîëíåíèå ê T σn â Nσn òàê æå, êàê è ê T σn0n â Nσn0n.

Òîðû 7 è 20. Â ýòîì ñëó÷àå w = w3w4 èëè w = w0w3w4, ñîîòâåòñòâåííî. Âû÷èñ-

ëåíèÿ â GAP ïîêàçûâàþò, ÷òî

CW (w) = ⟨w0w3w4⟩ × ⟨w1, w24⟩ ≃ Z6 × S3 .

Ðàññìîòðèì ýëåìåíò n = n3n4. Îáîçíà÷èì ýëåìåíòû a = n0n3n4, b = h2h4n1 è c =

h1n24. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, a] = [n, b] = [n, c] = 1, è ïîýòîìó a, b

è c ïðèíàäëåæàò Nσn ïî ëåììå 1.4.2. Ìû óòâåðæäàåì, ÷òî ãðóïïà K = ⟨a, b, c⟩ �

äîïîëíåíèå ê T σn. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî a6 = [a, b] = [a, c] = 1

è b2 = c2 = (bc)3 = 1. Ïîýòîìó K � ãîìîìîðôíûé îáðàç ãðóïïû Z6 × S3. Ñ äðóãîé

ñòîðîíû, âåðíî, ÷òî K/(K ∩ T σn) ≃ CW (w). Ñëåäîâàòåëüíî, èìååì, ÷òî K ≃ CW (w),

è ïîýòîìó K � äîïîëíåíèå ê T σn â Nσn òàê æå, êàê è ê T σn0n â Nσn0n.

Òîðû 8 è 19. Â ýòîì ñëó÷àå w = w3w2 èëè w = w0w3w2, ñîîòâåòñòâåííî. Áîëåå

òîãî,

CW (w) = ⟨w3w2⟩ × ⟨w8, w24⟩ ≃ Z4 ×D8.

Ïóñòü n = n3n2 è ε = 1, åñëè w = w3w2, è n = n0n3n2 è ε = −1, åñëè w = w0w3w2.

Ïóñòü M � äîáàâëåíèå ê ãðóïïå T = T σn â Nσn. Ïîñêîëüêó x = w21w8w3w2 ∈

CW (w), ëåììà 3.5.6 âëå÷åò, ÷òî h3 ∈M , è ïîýòîìó h3 ∈M ∩ T .

Ïîêàæåì, ÷òî ñóùåñòâóåò äîáàâëåíèå M òàêîå, ÷òî M ∩ T = ⟨h3⟩. Ïóñòü a =

n3n2 è b = h2n8. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, a] = [n, b] = [n, n24] = 1 è,

ñëåäîâàòåëüíî, ýëåìåíòû a, b è n24 ïðèíàäëåæàò Nσn. Áîëåå òîãî, âåðíî, ÷òî h3 =

ha3 = hb3 = hn24
3 , îòêóäà ⟨h3⟩ � íîðìàëüíàÿ ïîäãðóïïà â Nσn. Òåïåðü âèäèì, ÷òî a

4 =

b2 = h3 è [a, b] = 1. Çíà÷èò, äîñòàòî÷íî íàéòè ýëåìåíò c = H3n24, ãäå H3 ∈ T , òàêîé,

÷òî [a, c], c2 è (cb)4 � ýëåìåíòû ãðóïïû L = ⟨h3⟩. Äåéñòâèòåëüíî, ïóñòü M = ⟨a, b, c⟩.
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Òîãäà ôàêòîðãðóïïà M/L � ãîìîìîðôíûé îáðàç ãðóïïû Z4×D8. Ñ äðóãîé ñòîðîíû,

ìû çíàåì, ÷òîM/(M ∩T ) = CW (w) è L ⩽M ∩T , çíà÷èò,M ∩T = L èM/L ≃ CW (w).

Ïî ëåììå 3.5.4,

Hn = (λε1, λ
ε
1λ

−ε
2 λ2ε3 , λ

ε
1λ

−ε
2 λε3λ

ε
4, λ

ε
4).

Ïðåäïîëîæèì, ÷òî εq ≡ 1(mod 4). Ïóñòü H3 = (−1,−1, α, 1), ãäå ýëåìåíò α ∈

Fp òàêîé, ÷òî α2 = −1. Òîãäà íàõîäèì, ÷òî Hn
3 = (−1,−1, αε, 1). Ïîñêîëüêó αεq =

(α2)
εq−1

2 α = (−1)
εq−1

2 α = α, èìååìHσn
3 = (−1,−1, αεq, 1) = H3. Ñëåäîâàòåëüíî,H3 ∈ T

è c = H3n24 ∈ Nσn.

Èç ðàâåíñòâà âûøå íàõîäèì, ÷òî Hn3n2
3 = H3. Èç ëåììû 1.4.3 ñëåäóåò, ÷òî [a, c] =

1.

Ïîñêîëüêó n2
24 = h2h4, ëåììà 3.5.4 âëå÷åò, ÷òî

(Hn24)
2 = (1,−λ−3

1 λ22, λ
−2
1 λ23,−λ−1

1 λ24).

Ïðèìåíÿÿ ýòî ðàâåíñòâî ê H3, ïîëó÷àåì c2 = (1, 1,−1, 1) = h3 ∈ L. Èñïîëüçóÿ

MAGMA, âèäèì, ÷òî (n24h2n8)
4 = h3. Òåïåðü ëåììà 3.5.4 âëå÷åò, ÷òî

(Hn24h2n8)
4 = (1, λ−4

1 λ42λ
−4
4 ,−λ−2

1 λ43λ
−4
4 , 1).

Ñëåäîâàòåëüíî, (cb)4 = (1, 1,−1, 1) = h3 ∈ L. Çíà÷èò, â ýòîì ñëó÷àå ýëåìåíòû a, b è c

ïîðîæäàþò äîáàâëåíèå ïîðÿäêà 2 · |CW (w)|.

Ïðåäïîëîæèì, ÷òî εq ≡ −1 (mod 4). Ïóñòü ζ � ýëåìåíò ïîëÿ Fp òàêîé, ÷òî ζ
q2−1

2 =

−1 è ïîëîæèì

H3 = (ζεq+1, ζ
3(εq+1)2

4 , ζ
q2−1

4 ζεq+1, ζ
(εq+1)2

4 ).

Òîãäà èìååì

Hn
3 = (ζq+ε, ζq+εζ

−3ε(εq+1)2

4 (−1)ζ2q+2ε, ζq+εζ
−3ε(εq+1)2

4 ζε
q2−1

4 ζq+εζε
(εq+1)2

4 , ζε
(εq+1)2

4 ) =

(ζq+ε,−ζ
−3εq2+6q+9ε

4 , ζ
−εq2+4q+5ε

4 , ζ
εq2+2q+ε

4 ).

Òåïåðü âû÷èñëèì êîîðäèíàòû ýëåìåíòà Hσn
3 . Íàõîäèì, ÷òî(

ζq+ε
)q

= ζq
2+εq = ζ1+εq,

(−ζ
−3εq2+6q+9ε

4 )q = ζ
−3εq3+6q2+9εq

4 = −ζ
3q2+6εq+3

4 ζ
3(q2−1)(1−εq)

4 = −ζ
3(εq+1)2

4 (−1)
3(1−εq)

2 = ζ
3(εq+1)2

4 ,
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(ζ
−εq2+4q+5ε

4 )q = ζ
−εq3+4q2+5εq

4 = ζ
q2−1

4 ζεq+1ζ
(q2−1)(3−εq)

4 = ζ
q2−1

4 ζεq+1(−1)
(3−εq)

2 = ζ
q2−1

4 ζεq+1,

(ζ
εq2+2q+ε

4 )q = ζ
εq3+2q2+εq

4 = ζ
(εq+1)2

4 ζ
(q2−1)(εq+1)

4 = ζ
(εq+1)2

4 (−1)
(εq+1)

2 = ζ
(εq+1)2

4 .

Ñëåäîâàòåëüíî, Hσn
3 = H3, è ïîýòîìó H3 ∈ T .

Ïîñêîëüêó [a, n24] = 1, ëåììà 1.4.3 âëå÷åò, ÷òî [a, c] ∈ L, åñëè H−1
3 Hn3n2

3 ∈ L.

Çàìåòèì, ÷òî

H−1Hn3n2 = (1, λ1λ
−2
2 λ23, λ1λ

−1
2 λ4, 1).

Ñëåäîâàòåëüíî,

H−1
3 Hn3n2

3 = (1, ζεq+1ζ
−3(εq+1)2

2 ζ
q2−1

2 ζ2εq+2, ζεq+1ζ
−3(εq+1)2

4 ζ
(εq+1)2

4 , 1) =

(1,−ζ −3q2+3
2 , ζ

−q2+1
2 , 1) = h3.

Ïðèìåíÿÿ ðàâåíñòâî âûøå äëÿ (Hn24)
2 ê H3, ïîëó÷àåì

c2 = (1,−ζ−3εq−3ζ
3(εq+1)2

2 , ζ−2εq−2ζ
q2−1

2 ζ2εq+2,−ζ−εq−1ζ
(εq+1)2

2 ) =

(1,−ζ 3q2−3
2 ,−1,−ζ q2−1

2 ) = h3.

Íàêîíåö, ïîñêîëüêó

(Hn24h2n8)
4 = (1, λ−4

1 λ42λ
−4
4 ,−λ−2

1 λ43λ
−4
4 , 1),

èìååì

(cb)4 = (1, ζ−4εq−4ζ3(εq+1)2ζ−(εq+1)2 ,−ζ−2εq−2ζq
2−1ζ4εq+4ζ−(εq+1)2 , 1) =

(1, ζ2q
2−2,−ζ0, 1) = h3 ∈ L.

Çíà÷èò, ýëåìåíòû a, b è c ïîðîæäàþò äîáàâëåíèå ïîðÿäêà 2 · |CW (w)|.

Ëåãêî âèäåòü, ÷òî ýëåìåíò w0w3w2 ñîïðÿæåí ñ w21w8w3w2 â W . Èç ëåììû 3.5.6

ñëåäóåò, ÷òî ìèíèìàëüíûé ïîðÿäîê ïîäíÿòèÿ ýëåìåíòà w0w3w2 ðàâåí 8.

Òåïåðü äîêàæåì, ÷òî ñóùåñòâóåò ïîäíÿòèå ýëåìåíòà w3w2 ïîðÿäêà 4 òîãäà è òîëü-

êî òîãäà, êîãäà q ≡ 1(mod 4). Ïóñòü n = n3n2. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî

n4 = h3. Ïî ëåììå 3.5.4,

Hn = (λ1, λ1λ
−1
2 λ23, λ1λ

−1
2 λ3λ4, λ4),

(Hn)4 = (λ41, λ
4
1λ

4
4,−λ21λ44, λ44).
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Ïóñòü q ≡ −1(mod 4). Ïðåäïîëîæèì, ÷òî (H1n)
4 = 1, ãäå H1 ∈ T è H1 =

(µ1, µ2, µ3, µ4). Òîãäà µ
4
4 = 1 è µ2

1µ
4
4 = −1. Ïîýòîìó µ2

1 = −1. Ïîñêîëüêó H1 ∈ T , èìå-

åì Hσn
1 = H1. Òîãäà µ

q
1 = µ1 è, ñëåäîâàòåëüíî, µ

q−1
1 = 1. Ïîñêîëüêó ÷èñëî (q − 1)/2

íå÷åòíî, íàõîäèì, ÷òî µq−1
1 = (µ2

1)
(q−1)/2 = (−1)(q−1)/2 = −1; ïðîòèâîðå÷èå. Çíà÷èò, â

ýòîì ñëó÷àå ìèíèìàëüíûé ïîðÿäîê ïîäíÿòèÿ ðàâåí 8.

Ïóñòü q ≡ 1 (mod 4) è ζ � ýëåìåíò ïîëÿ Fp òàêîé, ÷òî ζ2(q
2+1) = −1. Ðàññìîò-

ðèì ýëåìåíò H1 = (ζq
2+1, ζq+1, ζ, 1). Ìû óòâåðæäàåì, ÷òî H1n � ïîäíÿòèå ýëåìåí-

òà w3w2 ïîðÿäêà 4. Âî-ïåðâûõ, ïðîâåðèì, ÷òî H1 ∈ T . Èç ðàâåíñòâà âûøå âèäèì,

÷òî Hn
1 = (ζq

2+1, ζq
2−q+2, ζq

2−q+1, 1). Òîãäà Hσn
1 = (ζq

3+q, ζq
3−q2+2q, ζq

3−q2+q, 1). Ïî-

ñêîëüêó 4 äåëèò q − 1, èìååì ζ(q
2+1)(q−1) = 1, îòêóäà ζq

3+q = ζq
2+1. Ñëåäîâàòåëüíî,

Hσn
1 = (ζq

2+1, ζq
2−q2+q+1, ζq

2−q2+1, 1) = H1 è H1 ∈ T .

Ïîñêîëüêó (ζq
2+1)2 = −1, ðàâåíñòâî äëÿ (Hn)4 âëå÷åò, ÷òî (H1n)

4 = 1, êàê è

óòâåðæäàëîñü ðàíåå.

Òîð 11. Â ýòîì ñëó÷àå w = w2w1w16 è ýëåìåíòû w ñîïðÿæåí ñ ww0 â W . Áîëåå

òîãî, âèäèì, ÷òî

CW (w) = ⟨w,w0, w10⟩ ≃ Z4 × Z2 × Z2.

Ðàññìîòðèì ýëåìåíò n = n2n1n16 è ãðóïïó T = T σn. Ïðåäïîëîæèì, ÷òî ñóùåñòâó-

åò äîïîëíåíèå K ê òîðó T . Çàìåòèì, ÷òî [n, n0] = 1 è ïîýòîìó n0 ∈ Nσn. Ðàññìîòðèì

ýëåìåíòû H1n è H2n0 â ãðóïïå K, ãäå H1 = (α1, α2, α3, α4) è H2 = (µ1, µ2, µ3, µ4),

êîòîðûå ñîîòâåòñòâóþò ýëåìåíòàì w è w0, ñîîòâåòñòâåííî.

Ïîñêîëüêó n4 = h3h4, ëåììà 3.5.4 âëå÷åò, ÷òî

Hn = (λ2λ
−2
4 , λ1λ

2
3λ

−4
4 , λ1λ3λ

−2
4 , λ1λ

−1
4 ), (Hn)4 = (λ43λ

−4
4 , λ83λ

−8
4 ,−λ63λ−6

4 ,−λ23λ−2
4 ).

Ïîñêîëüêó w4 = 1, èìååì −α2
3α

−2
4 = 1 è, ñëåäîâàòåëüíî, α2

3 = −α2
4. Ëåì-

ìà 1.4.3 âëå÷åò, ÷òî H−1
1 Hn0

1 = H−1
2 Hn

2 , è ïîýòîìó (α−2
1 , α−2

2 , α−2
3 , α−2

4 ) =

(µ−1µ2µ
−2
4 , µ1µ

−1
2 µ2

3µ
−4
4 , µ1µ

−2
4 , µ1µ

−2
4 ). Ñëåäîâàòåëüíî, α−2

3 = µ1µ
−2
4 = α−2

4 ; ïðîòèâî-

ðå÷èå ñ ðàâåíñòâîì α2
3 = −α2

4.

Çíà÷èò, êàæäîå äîáàâëåíèå ê T èìååò ïîðÿäîê ïî êðàéíåé ìåðå 2 · |CW (w)|. Ðàñ-

ñìîòðèì ãðóïïó M = ⟨n, n0, n10⟩. Ìû óòâåðæäàåì, ÷òî M � äîáàâëåíèå ê T òàêîå,

÷òî M ∩ T � ãðóïïà ïîðÿäêà 2. Âî-ïåðâûõ, âèäèì, ÷òî [n, n0] = [n, n10] = 1, ïî-
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ýòîìó n0 è n10 ïðèíàäëåæàò ãðóïïå Nσn. Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî

(h3h4)
n = (h3h4)

n10 = (h3h4)
n0 = h3h4, n

2
0 = [n0, n10] = 1 è n4 = n2

10 = h3h4. Ñëåäî-

âàòåëüíî, L � íîðìàëüíàÿ ïîäãðóïïà â M è M/L ≃ CW (w). Çíà÷èò, M ∩ T = L è

|M | = 2 · |CW (w)|, êàê è óòâåðæäàëîñü.

Ïóñòü q ≡ −1 (mod 4). Â ýòîì ñëó÷àå äîêàæåì, ÷òî äëÿ w íå ñóùåñòâóåò ïîäíÿòèé

ïîðÿäêà 4. Ïðåäïîëîæèì, ÷òî (H1n)
4 = 1, ãäå H1 = (µ1, µ2, µ3, µ4) ïðèíàäëåæèò

ãðóïïå T . Èñïîëüçóÿ ðàâåíñòâî âûøå äëÿ (Hn)4, íàõîäèì, ÷òî µ2
3 = −µ2

4. Ïîñêîëüêó

H1 ∈ T , èìååì Hσn
1 = H1. Ñëåäîâàòåëüíî, µ

q
1µ

q
3µ

−2q
4 = µ3 è µq1µ

−q
4 = µ4. Îòêóäà

µq+1
4 = µq1 = µ1−q

3 µ2q
4 , è ïîýòîìó µq−1

4 = µq−1
3 . Ñ äðóãîé ñòîðîíû, ìû çíàåì, ÷òî

µ2
3 = −µ2

4 è, ñëåäîâàòåëüíî, µ
q−1
3 = (−1)(q−1)/2µq−1

4 . Ïîñêîëüêó ÷èñëî (q−1)/2 íå÷åòíî,

ìû ïðèõîäèì ê ïðîòèâîðå÷èþ.

Ïóñòü q ≡ 1 (mod 4) è ýëåìåíò ζ ∈ Fp òàêîé, ÷òî ζq
3+q2+q+1 = −1. Ïîëîæèì

H1 = (ζq
3+1,−ζ1−q, ζ −q3−q2−q+1

2 , ζ). Ìû óòâåðæäàåì, ÷òî H1n � ïîäíÿòèå ïîðÿäêà 4

äëÿ w. Âî-ïåðâûõ, ïðîâåðèì, ÷òî H1 ∈ T .

Èç ðàâåíñòâà âûøå äëÿ Hn, íàõîäèì, ÷òî

Hn
1 = (−ζ1−q · ζ−2, ζq

3+1 · ζ−q3−q2−q+1 · ζ−4, ζq
3+1 · ζ

−q3−q2−q+1
2 · ζ−2, ζq

3+1 · ζ−1) =

= (−ζ−1−q, ζ−q
2−q−2, ζ

q3−q2−q−1
2 , ζq

3

).

Òîãäà Hσn
1 = (−ζ−q−q2 , ζ−q3−q2−2q, ζ

q4−q3−q2−q
2 , ζq

4
).

Ïîñêîëüêó ζq
3+q2+q+1 = −1, âèäèì, ÷òî −ζ−q−q2 = ζq

3+1 è ζ−q
3−q2−2q = −ζ1−q. Ìû

çíàåì, ÷òî 4 äåëèò q − 1, ïîýòîìó ζ
q4−1

2 = ζ(q
3+q2+q+1)(q−1)/2 = 1. Òîãäà ζ

q4−q
2 = ζ

1−q
2 è,

ñëåäîâàòåëüíî, ζ
q4−q3−q2−q

2 = ζ
−q3−q2−q+1

2 . Çíà÷èò, Hσn
1 = H1 è H1 ïðèíàäëåæèò ãðóïïå

T .

Ïóñòü λ3 = ζ
−q3−q2−q+1

2 è λ4 = ζ. Òîãäà λ23λ
−2
4 = ζ−q

3−q2−q+1−2 = ζ−q
3−q2−q−1 = −1.

Òåïåðü ðàâåíñòâî âûøå äëÿ (Hn)4 âëå÷åò, ÷òî (H1n)
4 = 1, ÷òî è òðåáîâàëîñü ïîêàçàòü.

Òîð 12. Â ýòîì ñëó÷àå w = w16w3w2 è ýëåìåíòû w è ww0 ñîïðÿæåíû â W . Áîëåå

òîãî, âèäèì, ÷òî

CW (w) = ⟨w,w0, w24⟩ ≃ Z4 × Z2 × Z2.

Ðàññìîòðèì ýëåìåíò n = n16n3n2. Âî-ïåðâûõ, ïîêàæåì, ÷òî äëÿ w íå ñóùåñòâóåò

ïîäíÿòèé ïîðÿäêà 4. Ïóñòü a � ïðîîáðàç ýëåìåíòà w â Nσn. Ïóñòü a = H1n, ãäå H1 =
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(λ1, λ2, λ3, λ4) � ýëåìåíò ãðóïïû T . Èñïîëüçóÿ MAGMA, âèäèì, ÷òî n4 = h3. Òîãäà ïî

ëåììå 3.5.4 èìååì, ÷òî a4 = (λ41, λ
6
1,−λ41, λ21). Î÷åâèäíî, ÷òî a4 íå ÿâëÿåòñÿ åäèíè÷íûì

ýëåìåíòîì â N . Êàê ñëåäñòâèå, çàêëþ÷àåì, ÷òî íå ñóùåñòâóåò äîïîëíåíèÿ ê T σn â

Nσn, è ìèíèìàëüíûé ïîðÿäîê ïîäíÿòèÿ ðàâåí 8. Òåïåðü ïîêàæåì, ÷òî ñóùåñòâóåò

äîáàâëåíèå ïîðÿäêà 2 · |CW (w)|.

Îáîçíà÷èì T = T σn. Ïóñòü ζ � ýëåìåíò ïîëÿ Fp òàêîé, ÷òî ζ
q4−1

2 = −1 è îáîçíà÷èì

η = ζ−
(q2+1)(q+1)

2 . Ïîëîæèì

H0 = (ζ−(q2+1)(q+1), ζ−2(q3+q2+1), ζ−(q3+2q2+1), ζ−(q2+1)),

H1 = (−1, ζq−1, ζ−
(q−1)2

2 ,−ζ
(q2+1)(q−1)

2 ),

H2 = (−η2, (−1)
q−1
2 η3, η

q+3
2 , η).

Ñíà÷àëà ïðîâåðèì, ÷òî H0, H1, H2 ∈ T . Ïî ëåììå 3.5.4,

Hn = (λ1, λ
2
1λ

−1
2 λ23λ

−2
4 , λ21λ

−1
2 λ3λ

−1
4 , λ1λ

−1
4 ).

Òåïåðü ìû ïðèìåíÿåì ýòî ðàâåíñòâî ê H0, H1 è H2. Íàõîäèì, ÷òî

Hn
0 = (ζ−(q2+1)(q+1), ζ−2(q2+1)(q+1)+2(q3+q2+1)−2(q3+2q2+1)+2(q2+1),

ζ−2(q2+1)(q+1)+2(q3+q2+1)−(q3+2q2+1)+(q2+1), ζ−(q2+1)(q+1)+(q2+1)) =

= (ζ−q
3−q2−q−1, ζ−2q3−2q2−2q, ζ−q

3−q2−2q, ζ−q
3−q).

Ïîñêîëüêó ζq
4
= ζ, èìååì

Hσn
0 = (ζ−q

4−q3−q2−q, ζ−2q4−2q3−2q2 , ζ−q
4−q3−2q2 , ζ−q

4−q2) =

= (ζ−q
3−q2−q−1, ζ−2q3−2q2−2, ζ−q

3−2q2−1, ζ−q
2−1) = H0.

Äàëåå, íàõîäèì, ÷òî

Hn
1 = (−1, ζ1−q−(q−1)2−(q2+1)(q−1),−ζ1−q−

(q−1)2

2
− (q2+1)(q−1)

2 , ζ−
(q2+1)(q−1)

2 ) =

= (−1, ζ−q
3+1,−ζ

−q3−q+2
2 , ζ−

(q2+1)(q−1)
2 ).

Ïîñêîëüêó ζ
q4−1

2 = −1, èìååì (−ζ −q3−q+2
2 )q = −ζ −q4−q2+2q

2 = −ζ −q4+1
2 ζ

−q2+2q−1
2 =

(−1)2ζ
−q2+2q−1

2 = ζ−
(q−1)2

2 . Áîëåå òîãî, (ζ−q
3+1)q = ζ−q

4+q = ζ−1+q è
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(ζ−
(q2+1)(q−1)

2 )q = ζ−
(q4−1)

2
+

(q2+1)(q−1)
2 = −ζ

(q2+1)(q−1)
2 . Ïîýòîìó íàõîäèì, ÷òî Hσn

1 =

(−1, ζ−q
3+1, ζ

−q3−q+2
2 , ζ−

(q2+1)(q−1)
2 )q = H1.

Íàêîíåö, âèäèì, ÷òî

Hn
2 = (−η2, η4(−1)

q−1
2 η−3ηq+3η−2, η4(−1)

q−1
2 η−3η

q+3
2 η−1,−η) =

(−η2, (−1)
q−1
2 ηq+2, (−1)

q−1
2 η

q+3
2 ,−η).

Ïîñêîëüêó ηq−1 = −1, èìååì (η
q+3
2 )q = η

(q+3)(q−1)
2 η

q+3
2 = (−1)

q+3
2 η

q+3
2 è

Hσn
2 = (−η2, (−1)

q−1
2 ηq+2, (−1)

q−1
2 η

q+3
2 ,−η)q =

(−η2, (−1)
q−1
2 η3, (−1)

q−1
2 (−1)

q+3
2 η

q+3
2 , η) = H2.

Ñëåäîâàòåëüíî, çàêëþ÷àåì, ÷òî H0, H1, H2 ∈ T . Èñïîëüçóÿ MAGMA, âèäèì, ÷òî

[n, n0] = [n, n24] = 1, è ïîýòîìó ýëåìåíòû a = H1n16n3n2, b = H2n24 è c = H0n0 ïðè-

íàäëåæàò Nσn. Ìû óòâåðæäàåì, ÷òî M = ⟨a, b, c⟩ � äîáàâëåíèå ïîðÿäêà 2 · |CW (w)| ê

T òàêîå, ÷òî M ∩ T = ⟨h3⟩.

Ïîñêîëüêó (Hn)4 = (λ41, λ
6
1,−λ41, λ21), èìååì a4 = h3. Ïî ëåììå 3.5.4,

Hn24 = (λ−1
1 , λ−3

1 λ2, λ
−2
1 λ3, λ

−1
1 λ4), (Hn24)

2 = (1,−λ−3
1 λ22, λ

−2
1 λ23,−λ−1

1 λ24).

Ñëåäîâàòåëüíî, ïîëó÷àåì, ÷òî b2 = (1, 1, ηq−1, 1) = h3.

Òåïåðü ïðîâåðèì, ÷òî [a, c] = 1. Ïî ëåììå 1.4.3, ýòî ðàâåíñòâî ýêâèâàëåíòíî ðà-

âåíñòâó H−2
1 = H−1

0 Hn
0 . Ïðèìåíÿÿ ðàâåíñòâî äëÿ H

n, íàõîäèì, ÷òî

H−1
0 Hn

0 =

(ζ(q
2+1)(q+1), ζ2(q

3+q2+1), ζq
3+2q2+1, ζq

2+1)(ζ−q
3−q2−q−1, ζ−2q3−2q2−2q, ζ−q

3−q2−2q, ζ−q
3−q) =

(1, ζ2−2q, ζq
2−2q+1, ζ−q

3+q2−q+1),

è H−2
1 = (1, ζ2−2q, ζ(q−1)2 , ζ−(q2+1)(q−1)). Òîãäà H−2

1 = H−1
0 Hn

0 è, ñëåäîâàòåëüíî, [a, c] =

1.

Òåïåðü ïðîâåðèì, ÷òî [a, b] ∈ ⟨h3⟩, Ïîñêîëüêó ηq−1 = −1, èìååì

H−1
2 Hn

2 = (−η−2, (−1)
q−1
2 η−3, η−

q+3
2 , η−1)(−η2, (−1)

q−1
2 ηq+2, (−1)

q−1
2 η

q+3
2 ,−η) =

(1,−1, (−1)
q−1
2 ,−1),
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H−1
1 Hn24

1 = (−1, ζ1−q, ζ
(q−1)2

2 ,−ζ−
(q2+1)(q−1)

2 )(−1,−ζq−1, ζ−
(q−1)2

2 , ζ
(q2+1)(q−1)

2 ) =

(1,−1, 1,−1).

Ñëåäîâàòåëüíî, ïî ëåììå 3.5.4, ïîëó÷àåì, ÷òî êîììóòàòîð [a, b] ðàâåí ëèáî 1, ëèáî

h3. Ïîýòîìó èìååì [a, b] ∈ ⟨h3⟩.

Îñòàëîñü ïðîâåðèòü, ÷òî [c, b] ∈ ⟨h3⟩. Èñïîëüçóÿ ðàâåíñòâà äëÿ Hn0 è Hn24 , ïîëó-

÷àåì, ÷òî

Hn24
0 = (ζ(q

2+1)(q+1), ζ3(q
2+1)(q+1)ζ−2(q3+q2+1), ζ2(q

2+1)(q+1)ζ−(q3+2q2+1), ζ(q
2+1)(q+1)ζ−(q2+1))

= (ζ(q
2+1)(q+1), ζq

3+q2+3q+1, ζq
3+2q+1, ζq

3+q),

è, ñëåäîâàòåëüíî,

H−1
0 Hn24

0 =

(ζ(q
2+1)(q+1), ζ2(q

3+q2+1), ζq
3+2q2+1, ζq

2+1)(ζ(q
2+1)(q+1), ζq

3+q2+3q+1, ζq
3+2q+1, ζq

3+q) =

(ζ2(q
2+1)(q+1), ζ3q

3+3q2+3q+3, ζ2q
3+2q2+2q+2, ζq

3+q2+q+1).

Ñ äðóãîé ñòîðîíû, èìååì

H−1
2 Hn0

2 = H−2
2 = (η−4, η−6, η−(q+3), η−2) = (η−4, η−6,−η−4, η−2).

Ïîñêîëüêó η = ζ−
(q2+1)(q+1)

2 , çàêëþ÷àåì, ÷òî cb = bc.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî ⟨h3⟩ � íîðìàëüíàÿ ïîäãðóïïà â M . Òîãäà M/⟨h3⟩

� ãîìîìîðôíûé îáðàç ãðóïïû CW (w), è ïîýòîìó |M | ⩽ 2 · |CW (w)|. Çíà÷èò, |M | =

2 · |CW (w)|, êàê è óòâåðæäàëîñü âûøå.

Òîðû 13 è 15. Â ýòîìó ñëó÷àå w = w3w2w7 èëè w = w3w2w7w0, ñîîòâåòñòâåííî.

Âû÷èñëåíèÿ â GAP ïîêàçûâàþò, ÷òî

CW (w) ≃ ⟨w3w2w7⟩ × ⟨w0⟩ ≃ Z6 × Z2.

Ðàññìîòðèì ýëåìåíò n = h1n3n2n7. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî n6 = n2
0 = 1 è

[n, n0] = 1. Ñëåäîâàòåëüíî, K = ⟨n, n0⟩ � äîïîëíåíèå ê T σn â Nσn òàê æå, êàê è ê

T σn0n â Nσn0n.
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Òîðû 14 è 16. Â ýòîì ñëó÷àå w = w3w2w1 èëè w = w3w2w1w0, ñîîòâåòñòâåííî.

Âû÷èñëåíèÿ â GAP ïîêàçûâàþò, ÷òî

CW (w) = ⟨w3w2w1⟩ × ⟨w0⟩ ≃ Z6 × Z2.

Ðàññìîòðèì ýëåìåíò n = n3n2n1. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî n6 = n2
0 = 1 è

[n, n0] = 1. Ñëåäîâàòåëüíî, K = ⟨n, n0⟩ � äîïîëíåíèå ê T σn â Nσn òàê æå, êàê è ê

T σn0n â Nσn0n.

Òîð 22. Â ýòîì ñëó÷àå w = w8w16w3w2 è ýëåìåíò w ñîïðÿæåí ñ ww0 â W . Âû÷èñ-

ëåíèÿ â GAP ïîêàçûâàþò, ÷òî ãðóïïà CW (w) èçîìîðôíà ãðóïïå SL2(3) : 4 è èìååò

ñëåäóþùåå êîïðåäñòàâëåíèå

CW (w) ≃ ⟨a, b, c | a4, b4, c3, aba−1b−1, a3b2cb−1c−2⟩.

Áîëåå òîãî, ýëåìåíòû w16w8, w2w3 è w1w3w16w19 óäîâëåòâîðÿþò ýòèì ñîîòíîøåíèÿì

è ïîðîæäàþò ãðóïïó CW (w).

Ïóñòü n = h2n8n16n3n2. Îáîçíà÷èì ÷åðåç M äîáàâëåíèå ê T = T σn ìèíèìàëü-

íîãî ïîðÿäêà. Âû÷èñëåíèÿ â GAP ïîêàçûâàþò, ÷òî ýëåìåíò (w21w8w3w2)
w16 ëåæèò â

CW (w). Òåïåðü ëåììà 3.5.6 âëå÷åò, ÷òî h3 = hn16
3 ïðèíàäëåæèò L = T ∩M . Ïîñêîëü-

êó [n, n1n3n16n19] = 1, çàêëþ÷àåì, ÷òî n1n3n16n19 ∈ Nσn. Ãðóïïà L � íîðìàëüíàÿ

ïîäãðóïïà â Nσn, è ïîýòîìó h3h4 = hn1n3n16n19
3 ∈ L. Ñëåäîâàòåëüíî, èìååì |L| ≥ 4.

Òåïåðü ìû óòâåðæäàåì, ÷òî ýëåìåíòû a = n16n8, b = h2n2n3, c = n1n3n16n19 ïðè-

íàäëåæàò Nσn è ïîðîæäàþò äîáàâëåíèå ê T ïîðÿäêà 4·|CW (w)|. Èñïîëüçóÿ MAGMA,

âèäèì, ÷òî [n, a] = [n, b] = [n, c] = 1 è, ñëåäîâàòåëüíî, a, b, c ∈ Nσn. Äàëåå, íàõî-

äèì, ÷òî a4 = h3, b
4 = h3, c

3 = 1, [a, b] = h3, a
3b2cb−1c−2 = h3. h

a
3 = hb3 = h3,

hc3 = h3h4, h
a
4 = h3h4, h

b
4 = h3h4, h

c
4 = h3. Ïîýòîìó ⟨h3, h4⟩ � íîðìàëüíàÿ ïîäãðóïïà

â M = ⟨a, b, c⟩, è ôàêòîðãðóïïà M/⟨h3, h4⟩ � ãîìîìîðôíûé îáðàç ãðóïïû CW (w).

Çíà÷èò, |M | ⩽ 4 · |CW (w)|. Ñ äðóãîé ñòîðîíû, ìû çíàåì, ÷òî |M | ≥ 4 · |CW (w)| è,

ñëåäîâàòåëüíî, ãðóïïà M � äîáàâëåíèå ê T ïîðÿäêà 4 · |CW (w)|.

Íàêîíåö, âèäèì, ÷òî (n8n16n3n2)
4 = 1, è ïîýòîìó ýëåìåíò n8n16n3n2 � òðåáóåìîå

ïîäíÿòèå ïîðÿäêà 4.

Òîð 23. Â ýòîì ñëó÷àå w = w3w2w1w16 è CW (w) ≃ ⟨w⟩ ≃ Z8. Áîëåå òîãî, ýëåìåíòû

w è ww0 ñîïðÿæåíû â W .
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Ðàññìîòðèì ýëåìåíò n = n3n2n1n16. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî n8 = 1.

Îòêóäà ñëåäóåò, ÷òî ãðóïïà K = ⟨n⟩ � äîïîëíåíèå ê T σn â Nσn.

Òîð 24. Â ýòîì ñëó÷àå w = w8w1w2w4 è CW (w) ≃ ⟨w⟩ ≃ Z12. Áîëåå òîãî, ýëåìåíòû

w è ww0 ñîïðÿæåíû â W .

Ðàññìîòðèì n = n8n1n2n4. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî n12 = 1, è ïîýòîìó

ãðóïïà K = ⟨n⟩ � äîïîëíåíèå ê T σn â Nσn.

Òîðû 25 è 18. Â ýòîì ñëó÷àå w = w6w1w9w4 èëè w = w0w6w1w9w4, ñîîòâåòñòâåí-

íî. Êðîìå òîãî, èìååì, ÷òî CW (w) ≃ Z3 × SL2(3).

Âû÷èñëåíèÿ â GAP ïîêàçûâàþò, ÷òî ãðóïïà CW (w) èìååò ñëåäóþùåå êîïðåäñòàâ-

ëåíèå

CW (w) ≃ ⟨a, b, c | a3, b4, c3, [a, b], [a, c], bcb−1cbc, (c−1b)3⟩,

áîëåå òîãî, ýëåìåíòû w1w4w2w19, w1w3w6w20, w1w2 ïîðîæäàþò CW (w) è óäîâëåòâî-

ðÿþò ýòîìó ìíîæåñòâó ñîîòíîøåíèé. Ðàññìîòðèì ýëåìåíò n = n6n1n9n4 è îáîçíà÷èì

a = h1h2h4n1n4n2n19, b = h1h3h4n1n3n6n20 è c = h1h2n1n2. Èñïîëüçóÿ MAGMA, âèäèì,

÷òî [n, a] = [n, b] = [n, c] = 1, è ïîýòîìó a, b, c ∈ Nσn. Áîëåå òîãî, ýòè ýëåìåíòû óäî-

âëåòâîðÿþò ñîîòíîøåíèÿì äëÿ ãðóïïû CW (w). Ñëåäîâàòåëüíî, ãðóïïà K = ⟨a, b, c⟩ �

ãîìîìîðôíûé îáðàç ãðóïïû CW (w), è ïîýòîìó K ≃ CW (w). Çíà÷èò, K � äîïîëíåíèå

ê T σn â Nσn.

Òåîðåìû 3.5.2 è 3.5.3 äîêàçàíû.

Òàáëèöû.

Â ýòîì ðàçäåëå ìû èëëþñòðèðóåì ðåçóëüòàòû â òàáëèöàõ 3.11 è 3.12. Ïóñòü G =

F4(q) è ÷èñëî q íå÷åòíî.

Ïåðâàÿ òàáëèöà ïîñâÿùåíà ìàêñèìàëüíûì òîðàì ãðóïïû G è òåîðåìå 3.5.2. Ñó-

ùåñòâóåò áèåêöèÿ ìåæäó ñîïðÿæåííûìè êëàññàìè ìàêñèìàëüíûõ òîðîâ ãðóïïû G è

ñîïðÿæåííûìè êëàññàìè ãðóïïû W . Ìû âûáèðàåì ïðåäñòàâèòåëåé êëàññîâ ãðóïïû

W â ñîîòâåòñòâèè ñ [37]. Åñëè T � ìàêñèìàëüíûé òîð, ñîîòâåòñòâóþùèé ïðåäñòàâè-

òåëþ w, òî ìû ïèøåì w âî âòîðîé ñòîëáåö òàáëèöû 3.11. Ïåðâûé ñòîëáåö ñîäåðæèò

íîìåð òîðà T . Åñëè ýëåìåíòû w è ww0 íå ñîïðÿæåíû, òî ìû òàêæå óêàçûâàåì â ñêîá-

êàõ íîìåð ìàêñèìàëüíîãî òîðà, ñîîòâåòñòâóþùåãî êëàññó (ww0)
W . Òðåòèé ñòîëáåö
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ñîäåðæèò ïîðÿäîê ýëåìåíòà w, ÷åòâåðòûé ñòîëáåö ñîäåðæèò ñòðóêòóðíîå îïèñàíèå

ãðóïïû CW (w). Ïÿòûé ñòîëáåö ñîäåðæèò öèêëè÷åñêîå ñòðîåíèå òîðà T , êîòîðîå ìî-

æåò áûòü íàéäåíî ñòàíäàðòíûì ñïîñîáîì: ïðèâåäåíèå ìàòðèöû q ·w−I ê äèàãîíàëü-

íîìó âèäó, ãäå I � åäèíè÷íàÿ ìàòðèöà. Çäåñü ÷åðåç nk ìû îáîçíà÷àåì ýëåìåíòàðíóþ

àáåëåâó ãðóïïó Zkn. Îòìåòèì, ÷òî öèêëè÷åñêîå ñòðîåíèå â ýòîì ñòîëáöå âåðíî è äëÿ

÷åòíûõ q. Íàêîíåö, øåñòîé ñòîëáåö ñîäåðæèò ìèíèìàëüíî âîçìîæíûé ïîðÿäîê ïå-

ðåñå÷åíèÿ M ∩ T , ãäå M � äîáàâëåíèå ê T . Çäåñü çàïèñü 4/8 äëÿ âòîðîãî (äåâÿòîãî)

òîðà îçíà÷àåò, ÷òî åñëè q ≡ 1(mod 4) (q ≡ −1(mod 4)), òî ìèíèìàëüíûé ïîðÿäîê

ïåðåñå÷åíèÿ M ∩ T ðàâåí 4, èíà÷å îí ðàâåí 8.

Âî âòîðîé òàáëèöå äëÿ ýëåìåíòîâ w ∈ W ìû ïðèâîäèì ïðèìåðû ïîäíÿòèé ïî-

ðÿäêà |w| â ãðóïïå N(G, T ), åñëè îíè ñóùåñòâóþò. Ïðåäñòàâèòåëè w è èõ ïîðÿäêè

� òàêèå æå, êàê è â òàáëèöå 3.11. Òðåòèé ñòîëáåö ñîäåðæèò ïðèìåðû ïîäíÿòèé. Â

÷åòâåðòîì ñòîëáöå ìû ïèøåì óñëîâèÿ, êîòîðûå ÿâëÿþòñÿ íåîáõîäèìûìè è äîñòà-

òî÷íûìè äëÿ ñóùåñòâîâàíèÿ ïîäíÿòèé. Íàïîìíèì, ÷òî åñëè äëÿ w íå ñóùåñòâóåò

ïîäíÿòèÿ ïîðÿäêà |w|, òî ìèíèìàëüíûé ïîðÿäîê ïîäíÿòèÿ ðàâåí 2|w|.
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Òàáëèöà 3.11: Ìèíèìàëüíûå äîáàâëåíèÿ ê ìàêñèìàëüíûì òîðàì ãðóïïû F4(q)

� w |w| ñòðîåíèå CW (w) öèêëè÷åñêîå ñòðîåíèå T äîá.

1 (17) 1 1 W (F4) ≃ GO+
4 (q − 1)4 4

2 (9) w2 2 Z2 × Z2 × S4 (q − 1)2 × (q2 − 1) 4/8

3 (10) w3 2 Z2 × Z2 × S4 (q − 1)2 × (q2 − 1) 2

4 w6w3 2 D8 ×D8 (q − 1)× (q + 1)× (q2 − 1) 4

5 w16w3 2 Z2 × Z2 × Z2 × Z2 (q2 − 1)2 2

6 (21) w2w1 3 Z6 × S3 (q − 1)× (q3 − 1) 1

7 (20) w3w4 3 Z6 × S3 (q − 1)× (q3 − 1) 1

8 (19) w3w2 4 Z4 ×D8 (q − 1)× (q2 + 1)(q − 1) 2

9 (2) w21w8w2 2 Z2 × Z2 × S4 (q2 − 1)× (q + 1)2 4/8

10 (3) w8w6w3 2 Z2 × Z2 × S4 (q2 − 1)× (q + 1)2 2

11 w2w1w16 4 Z4 × Z2 × Z2 (q − 1, 2)×
(q4 − 1)

(q − 1, 2)
2

12 w16w3w2 4 Z4 × Z2 × Z2 (q − 1, 2)×
(q4 − 1)

(q − 1, 2)
2

13 (15) w3w2w7 6 Z6 × Z2 (q − 1)(q3 + 1) 1

14 (16) w3w2w1 6 Z6 × Z2 (q − 1)(q3 + 1) 1

15 (13) w16w3w12 6 Z6 × Z2 (q + 1)(q3 − 1) 1

16 (14) w21w2w1 6 Z6 × Z2 (q + 1)(q3 − 1) 1

17 (1) w21w8w6w3 2 W (F4) ≃ GO+
4 (q + 1)4 4

18 (25) w21w2w1w19 3 Z3 × SL2(3) (q2 + q + 1)2 1

19 (8) w21w8w3w2 4 Z4 ×D8 (q2 + 1)(q + 1)× (q + 1) 2

20 (7) w21w8w3w10 6 Z6 × S3 (q3 + 1)× (q + 1) 1

21 (6) w6w1w16w3 6 Z6 × S3 (q3 + 1)× (q + 1) 1

22 w8w16w3w2 4 SL2(3) : Z4 (q2 + 1)2 4

23 w3w2w1w16 8 Z8 (q4 + 1) 1

24 w8w1w2w4 12 Z12 (q4 − q2 + 1) 1

25 (18) w6w1w9w4 6 Z3 × SL2(3) (q2 − q + 1)2 1
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Òàáëèöà 3.12: Ïîäíÿòèÿ ýëåìåíòîâ ãðóïïû W (F4)

w |w| ïîäíÿòèå ïîðÿäêà |w| óñëîâèå

1 1 1

w2 2 h1n2

w3 2 h2n3

w6w3 2 h1n6n3

w16w3 2 h1h2n16n3

w2w1 3 n2n1

w3w4 3 n3n4

w3w2 4 (ζq
2+1, ζq+1, ζ, 1)n3n2, ζ

2(q2+1) = −1 q ≡ 1 (mod 4)

w21w8w2 2 h1n2n0

w8w6w3 2 h2n3n0

w2w1w16 4 (ζq
3+1,−ζ1−q, ζ −q3−q2−q+1

2 , ζ)n2n1n16, q ≡ 1 (mod 4)

ζq
3+q2+q+1 = −1

w16w3w2 4 �

w3w2w7 6 h1n3n2n7

w3w2w1 6 n3n2n1

w16w3w12 6 h1n3n2n7n0

w21w2w1 6 n3n2n1n0

w21w8w6w3 2 n0

w21w2w1w19 3 n21n2n1n19

w21w8w3w2 4 �

w21w8w3w10 6 n3n4n0

w6w1w16w3 6 n2n1n0

w8w16w3w2 4 n8n16n3n2

w3w2w1w16 8 n3n2n1n16

w8w1w2w4 12 n8n1n2n4

w6w1w9w4 6 n6n1n9n4
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3.6 Èñêëþ÷èòåëüíûå ãðóïïû 3D4(q), G2(q) è 2G2(q)

Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ îñòàâøèåñÿ èñêëþ÷èòåëüíûå ãðóïïû ëèåâà

òèïà. Òåì ñàìûì, çàâåðøàåòñÿ ðåøåíèå ïðîáëåì 1 è 2, ñôîðìóëèðîâàííûõ âî ââåäå-

íèè. Îòâåò íà ïðîáëåìó 1 â ñëó÷àå àëãåáðàè÷åñêèõ ãðóïï ëèåâà òèïà G2 äàåò ñëåäó-

þùàÿ òåîðåìà.

Òåîðåìà 3.6.1. Ïóñòü G � ïðîñòàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà ëèåâà

òèïà G2 íàä ïîëåì Fp. Ïóñòü T � ìàêñèìàëüíûé òîð â ãðóïïå G. Òîãäà NG(T )

ðàñùåïëÿåòñÿ íàä T .

Îòâåò íà ïðîáëåìó 2 äëÿ ãðóïï {G2(q),
2G2(q),

3D4(q)} ñîäåðæèòñÿ â ñëåäóþùåé

òåîðåìå.

Òåîðåìà 3.6.2. Ïóñòü G ∈ {G2(q),
2G2(q),

3D4(q)}. Åñëè T � ìàêñèìàëüíûé òîð

ãðóïïû G è N � åãî àëãåáðàè÷åñêèé íîðìàëèçàòîð, òî N ðàñùåïëÿåòñÿ íàä T .

Äîêàçàòåëüñòâî îáùåé òåîðåìû 3.1.1 êàê è çàìå÷àíèå î ñêðó÷åííûõ ãðóïïàõ 2F4(q)

è 2B2(q) ïðèâåäåíî â êîíöå ðàçäåëà.

Äîêàçàòåëüñòâî òåîðåìû 3.6.1.

Ôóíäàìåíòàëüíàÿ ñèñòåìà êîðíåé êîðíåâîé ñèñòåìû G2 ñîñòîèò èç âåêòîðîâ r1, r2,

ãäå

(r1, r1) = 2, (r2, r2) = 6, (r1, r2) = −3.

Êîðíåâàÿ ñèñòåìà Φ ñîñòîèò èç 6 êîðîòêèõ è 6 äëèííûõ êîðíåé. Ïîðÿäîê ãðóïïû

Âåéëÿ W (G2) ðàâåí 12. Åå ìîæíî çàïèñàòü â âèäå

W = ⟨w1, w2|w2
1 = w2

2 = (w1w2)
6 = 1⟩ ≃ D12.

Ïîñêîëüêó ∆(G2) = 1, òî óíèâåðñàëüíàÿ è ïðèñîåäèíåííàÿ ãðóïïû âèäà G2(Fp) ñîâ-

ïàäàþò. Îïðåäåëèì

N1 = hr2nr1 , N2 = hr1nr2 .

Åñëè ìû ïîêàæåì, ÷òî

N2
1 = N2

2 = (N1N2)
6 = 1,
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òî òîð èìååò äîïîëíåíèå K = ⟨N1, N2⟩ ≃ D12. Äàííûå ñîîòíîøåíèÿ ìîãóò ïðîâåðåíû

ñ ïîìîùüþ MAGMA. Òåì íå ìåíåå, ìû ïðèâåäåì äîêàçàòåëüñòâî áåç èñïîëüçîâàíèÿ

êîìïüþòåðíûõ ïðîãðàìì, êàê ýòî áûëî ñäåëàíî àâòîðîì â ðàáîòå [57]. Ïîñêîëüêó

(ñì. [22, �7.1]) èìåþò ìåñòî ðàâåíñòâà

χ3r1+r2,−1(a) = (−1)
2(3r1+r2,a)

(3r1+r2,3r1+r2) = (−1)
2·3(r1,a)

6 (−1)
2(r2,a)

6 =

(−1)
2·(r1,a)
(r1,r1) (−1)

2(r2,a)
(r2,r2) = χr1,−1(a)χr2,−1(a)

è

χr1+r2,−1(a) = (−1)
2(r1+r2,a)

(r1+r2,r1+r2) = (−1)
2(r1,a)

2 (−1)
2(r2,a)

2 =

(−1)
2·(r1,a)
(r1,r1) (−1)

3
2(r2,a)
(r2,r2) = χr1,−1(a)χr2,−1(a),

òî

N2
1 = hr2nr1hr2nr1 = hr2h

nr1
r2 hr1 = hr2h3r1+r2hr1 = h(χr2,−1χ3r1+r2,−1χr1,−1) = 1,

N2
2 = hr1nr2hr1nr2 = hr1h

nr2
r1 hr2 = hr1hr1+r2hr2 = h(χr1,−1χr1+r2,−1χr2,−1) = 1.

Ïîëîæèì φ = nr1nr2 , òîãäà

(N1N2)
6 = (hr2nr1hr1nr2)

6 = (hr1hr2nr1nr2)
6 = (hr1hr2)(hr1hr2)

φ . . . (hr1hr2)
φ5

φ6 = Hφ6.

Ìû õîòèì ïîêàçàòü, ÷òî H = 1 è φ6 = 1. Ïóñòü w = w1w2, òîãäà íåïîñðåäñòâåííî

ïðîâåðÿåòñÿ, ÷òî w3(r1) = −r1, w3(r2) = −r2. Ñëåäîâàòåëüíî, {r1, w(r1), . . . , w5(r1)} �

ìíîæåñòâî âñåõ êîðîòêèõ êîðíåé Φ, à {r2, w(r2), . . . , w5(r2)} � ìíîæåñòâî âñåõ äëèí-

íûõ êîðíåé Φ. Ïîñêîëüêó h−1
r = h−r äëÿ âñåõ r ∈ Φ, òî

H = (hr1hr2)(hr1hr2)
φ . . . (hr1hr2)

φ5

= Π5
i=0hwi(r1)hwi(r2) = Πr∈Φhr = Π(r∈Φ+)hrh−r = 1.

Äëÿ äîêàçàòåëüñòâà ðàâåíñòâà φ6 = 1 íàì ïîòðåáóþòñÿ íåêîòîðûå êîíñòàíòû ηr,s.

Âûáèðàåì ñòðóêòóðíûå êîíñòàíòû êàê óêàçàíî â ðàçäåëå 1.2. Òîãäà ñîãëàñíî [20,

ïðåäëîæåíèå 6.4.3] ïîëó÷àåì, ÷òî ηr1,r2 = ηr1+r2,3r1+r2 = 1, ηr2,r1 = −1.

Òàêèì îáðàçîì,

φ6 = (nr1nr2)
6 = (nr1nr2nr1 · nr2nr1nr2)2 = (n

nr1
r2 hr1n

nr2
r1 hr2)

2 =

(nwr1 (r2)
(ηr1,r2)hr1nwr2 (r1)

(ηr2,r1)hr2)
2 = (n3r1+r2hr1hr1+r2nr1+r2hr2)

2 =

(n3r1+r2hr2n
−1
3r1+r2

n3r1+r2nr1+r2hr2)
2 = (hw3r1+r2 (r2)

n3r1+r2nr1+r2hr2)
2 =
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h3r1+2r2n3r1+r2nr1+r2hr2 · h3r1+2r2n3r1+r2nr1+r2hr2 =

h3r1+2r2n3r1+r2(hr2h3r1+2r2n3r1+r2)
nr1+r2hr1+r2hr2 =

h3r1+2r2n3r1+r2h−3r1−2r2h−r2nwr1+r2 (3r1+r2)
(ηr1+r2,3r1+r2)hr1+r2hr2 =

h3r1+2r2(h−3r1−2r2h−r2)
n3r1+r2n3r1+r2n3r1+r2hr1+r2hr2 =

h3r1+2r2h−r2h−3r1−2r2h3r1+r2hr1+r2hr2 = h3r1+r2hr1+r2 = h(χ3r1+r2,−1 · χr1+r2,−1) = 1,

ïîñêîëüêó χ3r1+r2,−1 = χr1+r2,−1.

Äîêàçàòåëüñòâî òåîðåìû 3.6.2 äëÿ ãðóïï G2(q).

Ìû ïðåäïîëàãàåì, ÷òî G = G2(q), ãäå q � ñòåïåíü ïðîñòîãî ÷èñëà p. Ïîñêîëüêó

ñëó÷àé p = 2 âûòåêàåò èç çàìå÷àíèÿ 1.4.1, òî äàëåå áóäåì ïðåäïîëàãàòü, ÷òî p è q

íå÷åòíû.

Ñëåäóÿ [1], áóäåì èñïîëüçîâàòü ñëåäóþùóþ íóìåðàöèþ ïîëîæèòåëüíûõ êîðíåé:

r3 = r1 + r2, r4 = 2r1 + r2, r5 = 3r1 + r2, r6 = 3r1 + 2r2.

Öåíòðàëüíàÿ èíâîëþöèÿ â ãðóïïå Âåéëÿ W = ⟨w1, w2⟩ ≃ D12 èìååò âèä w0 = w1w6 =

w3w5. Ãðóïïà W ñîäåðæèò 6 êëàññîâ σ-ñîïðÿæåííîñòè, êîòîðûå ñîâïàäàþò ñ îáû÷-

íûìè êëàññàìè, ïîñêîëüêó σ äåéñòâóåò òðèâèàëüíî íà W â äàííîì ñëó÷àå.

Ïðè äîêàçàòåëüñòâå òåîðåìû 3.6.2 ðàññìàòðèâàåòñÿ êàæäûé êëàññ σ-

ñîïðÿæåííîñòè ìàêñèìàëüíûõ òîðîâ ïî îòäåëüíîñòè. Â êà÷åñòâå ýëåìåíòà ãðóïïû

W , ñîîòâåòñòâóþùåãî êëàññó ñîïðÿæåííîñòè íåêîòîðîãî ìàêñèìàëüíîãî òîðà, âûáè-

ðàåòñÿ ýëåìåíò w ñîãëàñíî òàáëèöå 3.13. Â êàæäîì ñëó÷àå ïðåäúÿâëÿþòñÿ ýëåìåíò

n òàêîé, ÷òî π(n) = w è äîïîëíåíèå ê òîðó T σn â Nσn. Öèêëè÷åñêîå ñòðîåíèå

ìàêñèìàëüíûõ òîðîâ, ïðèâåäåííîå â òàáëèöå 3.13, ìîæíî íàéòè â [35, �2]. Ïðè

äîêàçàòåëüñòâå òåîðåìû èñïîëüçóþòñÿ âû÷èñëåíèÿ, âûïîëíåííûå â êîìïüþòåðíûõ

ñèñòåìàõ MAGMA [53, 48] è GAP [52]. Ñîîòâåòñòâóþùèå êîìàíäû ìîãóò áûòü

íàéäåíû â [51]. Âñå âû÷èñëåíèÿ òàêîãî ðîäà ìîãóò áûòü ïðîâåðåíû âðó÷íóþ êàê

ýòî áûëî ïðîäåìîíñòðèðîâàíî ïðè äîêàçàòåëüñòâå òåîðåìû 3.6.1. Âû÷èñëåíèÿ â

MAGMA ïîêàçûâàþò, ÷òî n0 := h1n1n6 ëåæèò â Z(T ).

Òîðû 1 è 4. Â ýòîì ñëó÷àå w = 1 èëè w = w0 ñîîòâåòñòâåííî. Êðîìå òîãî, èìååì

CW (w) ≃ ⟨w1, w2⟩ ≃ D12.
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Ïóñòü n = 1, åñëè w = 1, è n = n0, åñëè w = w0. Ðàññìîòðèì ýëåìåíòû a = h2n1 è

b = h1n2. Èç îïðåäåëåíèÿ ýëåìåíòà n ñëåäóåò, ÷òî [n, a] = [n, b] = 1. Ïî ëåììå 1.4.2(2)

ïîëó÷àåì, ÷òî a, b ∈ Nσn. Ñîãëàñíî [57, �7] âåðíî, ÷òî a2 = b2 = 1 è (ab)6 = 1.

Ñëåäîâàòåëüíî, ãðóïïà K = ⟨a, b⟩ � äîïîëíåíèå ê T σn â Nσn.

Òîðû 2 è 3. Â ýòîì ñëó÷àå w = w2 èëè w = w2w0 = w4 ñîîòâåòñòâåííî. Êðîìå

òîãî, èìååì CW (w) = ⟨w2, w4⟩ ≃ Z2 × Z2.

Ïóñòü n = h1n2, åñëè w = w2, è n = h1n2n0, åñëè w = w4. Ðàññìîòðèì ýëåìåíòû

a = h1n2 è b = h1n4. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, a] = [n, b] = 1. Ñëåäîâàòåëü-

íî, a, b ∈ Nσn ïî ëåììå 1.4.2(2). Äàëåå, a2 = b2 = [a, b] = 1, ïîýòîìó K = ⟨a, b⟩ �

ãîìîìîðôíûé îáðàç ãðóïïû Z2 × Z2. Ñ äðóãîé ñòîðîíû, îáðàç ãðóïïû K â W èìååò

ïîðÿäîê 4, çíà÷èò K ≃ Z2 × Z2 è ÿâëÿåòñÿ äîïîëíåíèåì ê T σn â Nσn.

Òîðû 5 è 6. Â ýòîì ñëó÷àå w = w1w3 èëè w = w1w3w0 = w1w5 ñîîòâåòñòâåííî.

Êðîìå òîãî, èìååì CW (w) = ⟨w1w3⟩ × ⟨w0⟩ ≃ Z3 × Z2 ≃ Z6.

Ïóñòü n = n1n3, åñëè w = w1w3, è n = n1n3n0, åñëè w = w1w5. Ðàññìîòðèì

ýëåìåíòû a = n1n3 è n0. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî [n, a] = [n, n0] = 1. Ñëåäî-

âàòåëüíî, a, n0 ∈ Nσn ïî ëåììå 1.4.2(2). Ïîñêîëüêó a
3 = n2

0 = 1 è [a, n0] = 1, ãðóïïà

K = ⟨a, n0⟩ � äîïîëíåíèå ê T σn â Nσn.

Òàáëèöà 3.13: Ðàñùåïëÿåìîñòü íîðìàëèçàòîðîâ ìàêñèìàëüíûõ òîðîâ ãðóïïû G2(q)

� w |w| Ñòðîåíèå CW (w) Öèêë. ñòðîåíèå T Äîïîëíåíèå

1 1 1 D12 (q − 1)2 +

2 w2 2 Z2 × Z2 q2 − 1 +

3 w4 2 Z2 × Z2 q2 − 1 +

4 w1w6 2 D12 (q + 1)2 +

5 w1w3 3 Z6 q2 + q + 1 +

6 w1w5 6 Z6 q2 − q + 1 +

Äîêàçàòåëüñòâî òåîðåìû 3.6.2 äëÿ ãðóïï 2G2(q).

Â äàííîì ðàçäåëå ìû ïðåäïîëàãàåì, ÷òî G = 2G2(q), ãäå q = 32m+1 è m � öåëîå

ïîëîæèòåëüíîå ÷èñëî. Áóäåì ñëåäîâàòü îïðåäåëåíèþ ãðóïïû 2G2(q) èç [34, 1.15.4,
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2.2.3]. Â ÷àñòíîñòè, ρ � ñèììåòðèÿ äèàãðàììû Äûíêèíà, σ = ψ2m+1, ãäå

ψ(xr(t)) =

xr
ρ(t) åñëè r − äëèííûé êîðåíü,

xrρ(t
3) åñëè r − êîðîòêèé êîðåíü.

Êàê óæå áûëî îòìå÷åíî âûøå, ãðóïïà Âåéëÿ W = ⟨w1, w2⟩ ãðóïïû G2(q) èçîìîðôíà

ãðóïïå D12 è ñîäåðæèò öåíòðàëüíóþ èíâîëþöèþ w0 = w1w6 = w3w5. Êëàññû σ-

ñîïðÿæåííîñòè ãðóïïû W íàõîäÿòñÿ íåïîñðåäñòâåííî èç îïðåäåëåíèÿ. Íàïðèìåð,

êëàññ σ-ñîïðÿæåííîñòè äëÿ åäèíè÷íîãî ýëåìåíòà ñîñòîèò èç ýëåìåíòîâ {w−1wσ | w ∈

W}. Ýëåìåíòû ãðóïïû Âåéëÿ çàïèøåì â âèäå W = {wk, (w1w2)
k | k = 1, . . . , 6}.

Ïîñêîëüêó (w1w2)
σ = w2w1, òî

(w1w2)
−k((w1w2)

k)σ = (w2w1)
k(w2w1)

k = (w2w1)
2k = (w1w2)

−2k, w−1
1 wσ1 = w1w2,

w−1
2 wσ2 = w2w1 = (w1w2)

5, w−1
3 wσ3 = w3w5 = w0 = (w1w2)

3, w−1
4 wσ4 = w4w6 = (w1w2)

5,

w−1
5 wσ5 = w5w3 = w0 = (w1w2)

3, w−1
6 wσ6 = w6w4 = w1w2.

Ñëåäîâàòåëüíî, {w−1wσ | w ∈ W} = {(w1w2)
k | k = 1, . . . , 6}. Àíàëîãè÷íî íàõîäèì

îñòàëüíûå êëàññû σ-ñîïðÿæåííîñòè: {w1, w2}, {w3, w5} è {w4, w6}.

Äëÿ êàæäîãî ïðåäñòàâèòåëÿ êëàññà σ-ñîïðÿæåííîñòè íàéäåì ñòðîåíèå ñîîòâåò-

ñòâóþùåãî ìàêñèìàëüíîãî òîðà, à çàòåì ïîñòðîèì äîïîëíåíèå â ñîîòâåòñòâóþùåì

àëãåáðàè÷åñêîì íîðìàëèçàòîðå. Ïîëó÷åííûå ðåçóëüòàòû î ñòðîåíèè ìàêñèìàëüíûõ

òîðîâ è èõ íîðìàëèçàòîðîâ ïðèâåäåíû â òàáëèöå 3.14.

Òîð 1. Â ýòîì ñëó÷àå w = 1. Íàéäåì óñëîâèÿ íà ïðîèçâîëüíûé ýëåìåíò

hr1(t1)hr2(t2) èç òîðà T , êîòîðûå ÿâëÿþòñÿ íåîáõîäèìûìè è äîñòàòî÷íûìè, ÷òîáû

ýòîò ýëåìåíò ïðèíàäëåæàë òîðó T σ. Ñîãëàñíî [34, 1.15.4(b)] èìååì (hr(t))
ψ2

= hr(t
3).

Ñëåäîâàòåëüíî,

hr1(t1)hr2(t2) = (hr1(t1)hr2(t2))
σ = (hr1(t1)hr2(t2))

ψ2mψ =

=
(
hr1(t

3m

1 )hr2(t
3m

2 )
)ψ

= hr2(t
3m+1

1 )hr1(t
3m

2 ).

Òåì ñàìûì, ïîëó÷àåì äâà íåîáõîäèìûõ è äîñòàòî÷íûõ ðàâåíñòâà: t1 = t3
m

2 è t2 =

t3
m+1

1 . Ïðèìåíÿÿ ðàâíîñèëüíûå ïðåîáðàçîâàíèÿ, íàõîäèì, ÷òît1 = t3
m

2

t2 = t3
m+1

1

⇔

t1 = t3
m

2

t2 = t3
m·3m+1

2

⇔

t1 = t3
m

2

tq−1
2 = 1
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Òàêèì îáðàçîì, òîð ïàðàìåòðèçóåòñÿ ìíîæåñòâîì {(z, z
√
3q) | z ∈ Fp, zq−1 = 1} è

èçîìîðôåí öèêëè÷åñêîé ãðóïïå ïîðÿäêà q − 1.

Çàìåòèì, ÷òî CW,σ(w) ≃ ⟨w0⟩ ≃ Z2. Ðàññìîòðèì ýëåìåíò n = n0 = h1n1n6. Èñïîëü-

çóÿ MAGMA, âèäèì, ÷òî nσ = n è n2 = 1. Ñëåäîâàòåëüíî, èç îïðåäåëåíèÿ ãðóïïû

Nσn ñëåäóåò, ÷òî n ∈ Nσn. Çíà÷èò ãðóïïà K = ⟨n⟩ � äîïîëíåíèå ê T σn â Nσn.

Òîð 2. Â ýòîì ñëó÷àå w = w1. Èñïîëüçóÿ ëåììó 1.4.5, äëÿ ïðîèçâîëüíîãî ýëåìåíòà

hr1(t1)hr2(t2) ∈ T ïîëó÷àåì, ÷òî

(hr1(t1)hr2(t2))
σn1 =

(
hr1(t

3m

2 )hr2(t
3m+1

1 )
)n1

= h−r1(t
3m

2 )hr1+r2(t
3m+1

1 ) =

hr1(t
−3m

2 )hr1(t
3m+1

1 )hr2(t
3m+1

1 ) = hr1(t
3m+1

1 t−3m

2 )hr2(t
3m+1

1 ).

Ðàññìîòðèì ñëåäóþùóþ öåïî÷êó ðàâíîñèëüíûõ ñèñòåì óðàâíåíèé íà ïàðàìåòðû òîðà

T σn1 : t1 = t3
m+1

1 t−3m

2

t2 = t3
m+1

1

⇔

t1 = t3
m+1

1 t−32m+1

1

t2 = t3
m+1

1

⇔

t
32m+1−3m+1+1
1 = 1

t2 = t3
m+1

1

.

Òàêèì îáðàçîì, ýëåìåíòû òîðà ïàðàìåòðèçóþòñÿ ìíîæåñòâîì {(z, z
√
3q) | z ∈

Fp, zq−
√
3q+1 = 1}, ïîýòîìó T σn1 èçîìîðôåí öèêëè÷åñêîé ãðóïïå ïîðÿäêà q−

√
3q+ 1.

Çàìåòèì, ÷òî CW,σ(w) ≃ ⟨w1w2⟩ ≃ Z6. Ðàññìîòðèì ýëåìåíòû a = n1n2 è n = n1.

Î÷åâèäíî, ÷òî aσn = nn2n1n
−1 = n1n2 = a, òî åñòü a ∈ Nσn. Êàê áûëî çàìå÷åíî â

ñëó÷àå òîðà 6 ãðóïïû G2(q), âåðíî, ÷òî a
6 = 1. Ñëåäîâàòåëüíî, K = ⟨a⟩ � äîïîëíåíèå

ê T σn â Nσn.

Òîð 3. Â ýòîì ñëó÷àå w = w3. Ïðèìåíÿÿ ëåììó 1.4.5 ïîëó÷àåì, ÷òî

(hr1(t1)hr2(t2))
σn3 =

(
hr1(t

3m

2 )hr2(t
3m+1

1 )
)nr1+r2

= h2r1+r2(t
3m

2 )h−3r1−2r2(t
3m+1

1 ) =

hr1(t
2·3m
2 )hr2(t

3m+1

2 )hr1(t
−3m+1

1 )hr2(t
−2·3m+1

1 ) = hr1(t
−3m+1

1 t2·3
m

2 )hr2(t
−2·3m+1

1 t3
m+1

2 ).

Çíà÷èò ýëåìåíòû òîðà T σn3 çàäàþòñÿ ñëåäóþùèìè äâóìÿ óðàâíåíèÿìè íà t1 è t2:
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t1 = t−3m+1

1 t2·3
m

2 è t2 = t−2·3m+1

1 t3
m+1

2 . Ñëåäîâàòåëüíî,t
3m+1+1
1 = t2·3

m

2

t2·3
m+1

1 = t3
m+1−1

2

⇔

t
3m+1+1
1 = t2·3

m

2

t3
m+1−1

1 = t3
m−1

2

⇔

t
2
1 = t3

m+1
2

t3
m+1−1

1 = t3
m−1

2

⇔

t
2
1 = t3

m+1
2

t
32m+1+2·3m−1

2
2 = t3

m−1
2

⇔

t
2
1 = t3

m+1
2

t
32m+1+1

2
2 = 1

Òàêèì îáðàçîì, t
q+1
2

2 = 1 è t1 = ±t
√

q/3+1

2
2 . Çíà÷èò òîð T σn3 èìååò öèêëè÷åñêîå ñòðîåíèå

Z2 × Z q+1
2
, ãäå êàæäûé ýëåìåíò çàïèñûâàåòñÿ â ïðÿìîì ïðîèçâåäåíèè ñëåäóþùèì

îáðàçîì:

(t1, t2) = (t1 · t
−
√

q/3−1

2
2 , 1) · (t

√
q/3+1

2
2 , t2).

Çàìåòèì, ÷òî CW,σ(w) ≃ ⟨w1w2⟩ ≃ Z6. Ðàññìîòðèì ýëåìåíòû a = n1n2 è n = h2n3.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî aσn = a. Ñëåäîâàòåëüíî, K = ⟨a⟩ � äîïîëíåíèå ê

T σn â Nσn.

Òîð 4. Â ýòîì ñëó÷àå w = w4. Òîãäà

(hr1(t1)hr2(t2))
σn4 =

(
hr1(t

3m

2 )hr2(t
3m+1

1 )
)n2r1+r2

= h−r1−r2(t
3m

2 )hr2(t
3m+1

1 ) =

hr1(t
−3m

2 )hr2(t
−3m+1

2 )hr2(t
3m+1

1 ).

Ïîëó÷àåì ñëåäóþùèå ðàâíîñèëüíûå ñèñòåìû óðàâíåíèé íà ïàðàìåòðû t1 è t2 ýëå-

ìåíòîâ òîðà T σn4 :t1 = t−3m

2

t2 = t3
m+1

1 t−3m+1

2

⇔

t1 = t−3m

2

t2 = (t−3m

2 )3
m+1

t−3m+1

2

t1 = t−3m

2

t3
2m+1+3m+1+1

2 = 1

.

Òàêèì îáðàçîì, ýëåìåíòû òîðà ïàðàìåòðèçóþòñÿ ìíîæåñòâîì {(z, z−
√
3q) | z ∈

Fp, zq+
√
3q+1 = 1}, ïîýòîìó îí èçîìîðôåí öèêëè÷åñêîé ãðóïïå ïîðÿäêà q +

√
3q + 1.

Çàìåòèì, ÷òî CW,σ(w) ≃ ⟨w1w2⟩ ≃ Z6. Ðàññìîòðèì ýëåìåíòû a = n1n2 è n = h2n4.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî aσn = a. Ñëåäîâàòåëüíî, K = ⟨a⟩ � äîïîëíåíèå ê

T σn â Nσn.
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Òàáëèöà 3.14: Ðàñùåïëÿåìîñòü íîðìàëèçàòîðîâ ìàêñèìàëüíûõ òîðîâ ãðóïïû 2G2(q)

� w Ñòðîåíèå T CW,σ(w) Äîïîëíåíèå

1 1 ∼ (w1w2)
k {(z, z

√
3q) | zq−1 = 1} Z2 +

T ≃ q − 1

2 w1 ∼ w2 {(z, z
√
3q) | zq−

√
3q+1 = 1} Z6 +

T ≃ q −
√
3q + 1

3 w3 ∼ w5 {(t1, t2) | t1 = ±t(
√
q/3−1)/2

2 , t
(q+1)/2
2 = 1} Z6 +

T ≃ Z2 × q+1
2

4 w4 ∼ w6 {(z, z−
√
3q) | zq+

√
3q+1 = 1} Z6 +

T ≃ q +
√
3q + 1

Äîêàçàòåëüñòâî òåîðåìû 3.6.2 äëÿ ãðóïï 3D4(q).

Â äàííîì ðàçäåëå ìû ïðåäïîëàãàåì, ÷òî G = 3D4(q), ãäå q � ñòåïåíü ïðîñòîãî

÷èñëà p. Ïîñêîëüêó ñëó÷àé p = 2 âûòåêàåò èç çàìå÷àíèÿ 1.4.1, òî äàëåå áóäåì ïðåäïî-

ëàãàòü, ÷òî q íå÷åòíî. Ðàñøèðåííàÿ äèàãðàììà Äûíêèíà òèïà D4 èìååò ñëåäóþùèé

âèä:

uaaaaau u
u!!!!!

aaaaa

r1

1 r2

r3

1

u!!!!!
−r12
-1

2 r4

1

×åðåç ρ áóäåì îáîçíà÷àòü ñèììåòðèþ äèàãðàììû Äûíêèíà òàêóþ, ÷òî ρ(r1) = r3,

ρ(r2) = r2, ρ(r3) = r4 è ρ(r4) = r1. Áóäåì èñïîëüçîâàòü ñëåäóþùóþ íóìåðàöèþ êîðíåé:

r5 = r1 + r2, r6 = r2 + r3, r7 = r2 + r4, r8 = r1 + r2 + r3, r9 = r1 + r2 + r4,

r10 = r2 + r3 + r4, r11 = r1 + r2 + r3 + r4, r12 = r1 + 2r2 + r3 + r4.

Ñîãëàñíî [34, Òåîðåìû 2.2.3, 1.15.2 è 1.15.4] ýíäîìîðôèçì σ äåéñòâóåò íà ïîðîæäàþ-

ùèõ ãðóïïû G ñëåäóþùèì îáðàçîì: (xr(t))
σ = xrρ(t

q). Â ÷àñòíîñòè,

nσr = nrρ è (hr(t))
σ = hrρ(t

q).
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Ñòðîåíèå ìàêñèìàëüíûõ òîðîâ â ãðóïïå 3D4(q) áûëî îïèñàíî â ðàáîòå [30, ïðåäëî-

æåíèå 1.2] è ïðèâåäåíî íèæå â òàáëèöå 3.15.

Õîðîøî èçâåñòíî, ÷òî ãðóïïà Âåéëÿ W = ⟨w1, w2, w3, w4⟩ ãðóïïû D4(q) èçîìîðô-

íà ïîäãðóïïå èíäåêñà 2 â ãðóïïå 24 ⋊ Sym4 è ñîäåðæèò öåíòðàëüíóþ èíâîëþöèþ

w0 = w1w3w4w12. Â ãðóïïå W èìååòñÿ 7 êëàññîâ σ-ñîïðÿæåííîñòè. Ìû âûáèðàåì

ïðåäñòàâèòåëè σ-ñîïðÿæåííûõ êëàññîâ ãðóïïû W ñîãëàñíî òàáëèöå 3.15.

Âû÷èñëåíèÿ â MAGMA ïîêàçûâàþò, ÷òî n0 := n1n3n4n12 ëåæèò â Z(T ).

Òàáëèöà 3.15: Ðàñùåïëÿåìîñòü íîðìàëèçàòîðîâ ìàêñèìàëüíûõ òîðîâ ãðóïïû 3D4(q)

� w |w| CW,σ(w) Ñòðîåíèå T Äîïîëíåíèå

1 1 1 D12 {(t1, t2, tq1, t
q2

1 ) | tq
3−1

1 = tq−1
2 = 1} +

T ≃ (q3 − 1)× (q − 1)

2 w12 2 Z2 × Z2 {(t, t1−q3 , tq4 , tq2) | t(q3−1)(q+1) = 1} +

T ≃ (q3 − 1)(q + 1)

3 w0w12 2 Z2 × Z2 {(t, tq3+1, tq
4
, tq

2
) | t(q3+1)(q−1) = 1} +

T ≃ (q3 + 1)(q − 1)

4 w12w2 3 SL2(3) {(t1, t2, tq1t2, (t−1
1 t2)

q+1) | tq
2+q+1
i = 1} +

T ≃ (q2 + q + 1)× (q2 + q + 1)

5 w0w12w2 3 SL2(3) {(t1, t2, t−q1 t2, (t1t
−1
2 )q−1) | tq

2−q+1
i = 1} +

T ≃ (q2 − q + 1)× (q2 − q + 1)

6 w1w2 3 Z4 {(t, tq3+1, tq, tq
2
) | tq4−q2+1 = 1} +

T ≃ q4 − q2 + 1

7 w0 2 D12 {(t1, t2, t−q1 , tq
2

1 ) | tq
3+1

1 = tq+1
2 = 1} +

T ≃ (q3 + 1)× (q + 1)

Äëÿ êàæäîãî êëàññà σ-ñîïðÿæåííîñòè ìàêñèìàëüíûõ òîðîâ ïðåäúÿâèì äîïîëíå-

íèå â ñîîòâåòñòâóþùåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå.

Òîðû 1 è 7. Â ýòîì ñëó÷àå w = 1 èëè w = w0 ñîîòâåòñòâåííî. Êðîìå òîãî, èìååì,

÷òî CW,σ(w) ≃ ⟨w2, w1w3w4⟩ ≃ D12.

Îïðåäåëèì n = 1, åñëè w = 1 è n = n0, åñëè w = w0. Ðàññìîòðèì ýëåìåíòû
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a = h1h3h4n2, b = h2n1n3n4. Ïîñêîëüêó

nσn2 = nn2 = n2, (n1n3n4)
σn = (n3n4n1)

n = n1n3n4,

òî n2, n1n3n4 ∈ Nσn. Ñîãëàñíî òàáëèöå 3.15 âåðíî, ÷òî h2, h1h3h4 ∈ T σn è, ñëåäîâà-

òåëüíî, a, b ∈ Nσn. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî a2 = b2 = 1 è (ab)6 = 1. Òàêèì

îáðàçîì, ãðóïïà K = ⟨a, b⟩ � äîïîëíåíèå ê T σn â Nσn.

Òîðû 2 è 3. Â ýòîì ñëó÷àå w = w12 èëè w = w0w12 ñîîòâåòñòâåííî. Êðîìå òîãî,

èìååì, ÷òî CW,σ(w) ≃ ⟨w0, w12⟩ ≃ Z2 × Z2.

Îïðåäåëèì n = n12 è ε = −, åñëè w = w12; n = n0n12 è ε = +, åñëè w = w0w12.

Ïóñòü α, β ∈ Fp òàêèå, ÷òî α
((εq)3+1)(εq−1)

2 = −1 è β = α
((εq)3+1)

2 . Îïðåäåëèì ýëåìåíòû

H1 = (α, α(εq)3+1, αq
4

, αq
2

), H2 = (β, β(εq)3+1, βq
4

, βq
2

).

Ñîãëàñíî [30, òàáëèöà 1.1] èìååì H1, H2 ∈ T σn.

Ðàññìîòðèì ýëåìåíòû a = H1n0 è b = H2n12. Ïîñêîëüêó

nσn0 = nn0 = n0, nσn12 = nn12 = 1,

òî n0, n12 ∈ Nσn. Èç ëåììû 3.3.4 ñëåäóåò, ÷òî

(Hn12)
2 = (−λ21λ−1

2 , 1,−λ23λ−1
2 ,−λ24λ−1

2 ).

Ïîñêîëüêó βεq = −β, òî β = βq
2
= βq

4
= −β(εq)3 . Ñëåäîâàòåëüíî,

b2 = (H2n12)
2 = (−β1−(εq)3 , 1,−β2q4−(εq)3−1,−β2q2−(εq)3−1) = (1, 1, 1, 1) = 1.

Ïî ëåììå 1.4.3 íàõîäèì, ÷òî

[a, b] = 1 ⇔ H−1
1 Hn12

1 = H−1
2 Hn0

2 = H−2
2 .

Ïîñêîëüêó

Hn12 = (λ1λ
−1
2 , λ−1

2 , λ3λ
−1
2 , λ4λ

−1
2 ),

òî

H−1
1 Hn12

1 = (α−((εq)3+1), α−2((εq)3+1), α−((εq)3+1), α−((εq)3+1)) = (β−2, β−4, β−2, β−2).
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C äðóãîé ñòîðîíû, β(εq)3+1 = −β2 è

H−2
2 = (β−2, β−2((εq)3+1), β−2q4 , β−2q2) = (β−2, (−β2)−2, β−2, β−2).

Íàêîíåö, äëÿ ëþáîãî H âåðíî, ÷òî (Hn0)
2 = n2

0 = 1. Òàêèì îáðàçîì, ãðóïïà K =

⟨a, b⟩ ≃ Z2 × Z2 � äîïîëíåíèå ê T σn â Nσn.

Òîðû 4 è 5. Â ýòîì ñëó÷àå w = w12w2 èëè w = w0w12w2 ñîîòâåòñòâåííî. Êðîìå

òîãî, èìååì, ÷òî CW,σ(w) ≃ SL2(3). Ñîãëàñíî GAP ãðóïïà SL2(3) èìååò ñëåäóþùåå

êîïðåäñòàâëåíèå:

SL2(3) ≃ ⟨a, b | a4, b3, aba−1bab, (b−1a)3⟩.

Áîëåå òîãî, ýëåìåíòû w1w7, w1w2w3w7 ïîðîæäàþò CW,σ(w) è óäîâëåòâîðÿþò ýòîìó

ìíîæåñòâó ñîîòíîøåíèé.

Îïðåäåëèì n = n12n2, åñëè w = w12w2 è n = n0n12n2, åñëè w = w0w12w2.

Ðàññìîòðèì ýëåìåíòû a = n1n2n3n7 è b = n1n7. Ïîñêîëüêó

aσn = (n3n2n4n5)
n = a, bσn = (n3n5)

n = b,

òî a, b ∈ Nσn. Èñïîëüçóÿ MAGMA, âèäèì, ÷òî a4 = b3 = aba−1bab = (b−1a)3 = 1.

Òàêèì îáðàçîì, ãðóïïà K = ⟨a, b⟩ � äîïîëíåíèå ê T σn â Nσn.

Òîð 6. Â ýòîì ñëó÷àå w = w1w2 è CW,σ(w) ≃ ⟨w1w2w3w7⟩ ≃ Z4.

Ðàññìîòðèì n = n1n2 è a = n1n2n3n7. Ïîñêîëüêó aσn = (n3n2n4n5)
n = a, òî

a ∈ Nσn.

Èñïîëüçóÿ MAGMA, âèäèì, ÷òî a4 = 1, ïîýòîìó ãðóïïà K = ⟨a⟩ � äîïîëíåíèå ê

T σn â Nσn.

Äîêàçàòåëüñòâî òåîðåìû 3.1.1

Äëÿ ãðóïï ëèåâà òèïà Aεn(q) è Cn(q) ðåçóëüòàò ñëåäóåò èç òåîðåì 2.3.3 è 2.2.3

ñîîòâåòñòâåííî. Ãðóïïû Bn(q), Dn(q) è
2Dn(q) ïðåäñòàâëåíû â òåîðåìàõ 2.4.2, 2.4.3 è

2.4.4.

Â òåîðåìå 3.2.2 ðàññìîòðåíû êîíå÷íûå ïðîñòûå ãðóïïû Eε
6(q), â òåîðåìå 3.3.2 �

ãðóïïû E7(q), à â òåîðåìå 3.4.2 � ãðóïïû E8(q). Èñêëþ÷èòåëüíûì ãðóïïàì F4(q)

ïîñâÿùåíà òåîðåìà 3.5.2. Â òåîðåìå 3.6.2 ðàçîáðàíû ãðóïïû G2(q),
2G2(q) è

3D4(q).
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Íàêîíåö, ïðåäïîëîæèì, ÷òî G = 2F4(q) èëè G = 2B2(q). Ïóñòü T � ìàêñèìàëüíûé

òîð ãðóïïû G è N � åãî àëãåáðàè÷åñêèé íîðìàëèçàòîð. Ïîñêîëüêó ãðóïïû 2F4(q) è

2B2(q) îïðåäåëåíû íàä ïîëåì õàðàêòåðèñòèêè 2, òî â ñèëó çàìå÷àíèÿ 1.4.1 ïîëó÷àåì,

÷òî N ðàñùåïëÿåòñÿ íàä T .



Ãëàâà 4

Ëîêàëüíûé ñëó÷àé â òåîðåìå

Àøáàõåðà

4.1 Îáçîð îñíîâíûõ ðåçóëüòàòîâ ãëàâû

Äàííàÿ ãëàâà ïîñâÿùåíà óòî÷íåíèþ êëàññè÷åñêîé òåîðåìû Àøáàõåðà î ïîäãðóï-

ïîâîì ñòðîåíèè â êëàññè÷åñêèõ ãðóïïàõ. Íàïîìíèì, ÷òî äëÿ äàííîãî âåêòîðíîãî ïðî-

ñòðàíñòâà V , íàäåëåííîãî áèëèíåéíîé ôîðìîé, ÷åðåç I(V ) è Ω(V ) îáîçíà÷àþòñÿ ïîë-

íàÿ ãðóïïà èçîìåòðèé ïðîñòðàíñòâà V è åå êîììóòàíò, ñîîòâåòñòâåííî.Îñíîâíûìè

ðåçóëüòàòàìè ýòîé ãëàâû ÿâëÿþòñÿ äâå ñëåäóþùèå òåîðåìû.

Òåîðåìà 4.1.1. Ïóñòü G = GLηn(q), H ⩽ G, Or(H) ⩽̸ Z(G) äëÿ íåêîòîðîãî ïðîñòî-

ãî r. Òîãäà èìååò ìåñòî îäèí èç ñëåäóþùèõ ñëó÷àåâ:

(1) H ñîäåðæèòñÿ â ýëåìåíòå îäíîãî èç êëàññîâ Àøáàõåðà C1 � C4;

(2) n = rγ äëÿ íåêîòîðîãî íàòóðàëüíîãî ÷èñëà γ, q ≡ η (mod r), H ñîäåðæèòñÿ

â íîðìàëèçàòîðå N íåêîòîðîé r-ïîäãðóïïû ñèìïëåêòè÷åñêîãî òèïà, Or(H) ⩽

Or(N) è âûïîëíåíî îäíî èç óòâåðæäåíèé:

(à) N = (Zq−η ◦ 21+2γ
δ ).Oδ

2γ(2), δ ∈ {+,−}, åñëè r = 2, q ≡ −η (mod 4);

(á) N = (Zq−η ◦ r1+2γ). Sp2γ(r) â îñòàëüíûõ ñëó÷àÿõ.

217
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Òàáëèöà 4.1: Êëàññû Àøáàõåðà â GLn(q).

Ci Íàèìåíîâàíèå Ïðèìåðíîå ñòðîåíèå â GLn(q)

Ñòàáèëèçàòîðû âïîëíå èçîòðîïíûõ

C1 èëè íåâûðîæäåííûõ ïîäïðîñòðàíñòâ Ìàêñèìàëüíûå ïàðàáîëè÷åñêèå

åñòåñòâåííîãî ìîäóëÿ

Ñòàáèëèçàòîðû ðàçëîæåíèé GLa(q) ≀ St,

C2 åñòåñòâåííîãî ìîäóëÿ V â ïðÿìóþ n = at

ñóììó V = V1 ⊕ . . .⊕ Vt, dim(Vi) = a

C3 Ïîäãðóïïû, ñâÿçàííûå ñ ðàñøèðåíèåì GLa(q
b).b,

ïîëÿ Fq n = ab, b ïðîñòîå

C4 Ñòàáèëèçàòîðû òåíçîðíûõ ðàçëîæåíèé GLa(q) ◦GLb(q),

V = V1
⊗

V2 åñòåñòâåííîãî ìîäóëÿ V n = ab

C5 Ïîäãðóïïû, ñîîòâåòñòâóþùèå GLn(q0),

ïîäïîëÿì ïðîñòîãî èíäåêñà b ïîëÿ Fq q = qb0, b ïðîñòîå

C6 Íîðìàëèçàòîðû s-ãðóïï (Zq−1 ◦ s1+2a). Sp2a(s),

ñèìïëåêòè÷åñêîãî òèïà, s ïðîñòîå n = sa

Ñòàáèëèçàòîðû òåíçîðíûõ

C7 ðàçëîæåíèé åñòåñòâåííîãî ìîäóëÿ (

t︷ ︸︸ ︷
GLa(q) ◦ . . . ◦GLa(q)). St,

V =
t⊗
i=1

Vi, dim(Vi) = a n = at

Spn(q), n ÷åòíî

C8 Êëàññè÷åñêèå ãðóïïû On(q), O
±
n (q), q íå÷åòíî

GUn(q
1/2), q êâàäðàò
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Ïðè ýòîì ïîäãðóïïà N ëèáî ÿâëÿåòñÿ ýëåìåíòîì êëàññà Aøáàõåðà C6, ëèáî

ñîäåðæèòñÿ â ýëåìåíòå îäíîãî èç êëàññîâ C5 èëè C8 â ñîîòâåòñòâèè ñ óòâåð-

æäåíèÿìè (3) ïðåäëîæåíèé 4.2.4 è 4.3.1.

Òåîðåìà 4.1.2. Ïóñòü V � ñèìïëåêòè÷åñêîå èëè îðòîãîíàëüíîå ïðîñòðàíñòâî íàä

êîíå÷íûì ïîëåì íå÷åòíîé õàðàêòåðèñòèêè, G = I(V ). Ïóñòü H ⩽ G è Or(H) ̸= 1

äëÿ íåêîòîðîãî íå÷åòíîãî ïðîñòîãî r. Òîãäà H ñîäåðæèòñÿ â ýëåìåíòå îäíîãî èç

êëàññîâ Àøáàõåðà C1 � C3.

Îòìåòèì, ÷òî â êîíå÷íûõ ñèìïëåêòè÷åñêèõ è îðòîãîíàëüíûõ ãðóïïàõ öåíòð ÿâ-

ëÿåòñÿ 2-ãðóïïîé, ïîýòîìó â ñëó÷àå íå÷åòíîé õàðàêòåðèñòèêè óñëîâèå Or(H) ̸= 1

ðàâíîñèëüíî óñëîâèþ Or(H) ⩽̸ Z(G), ïðèñóòñòâóþùåìó â òåîðåìå 4.1.1.

Â ñëó÷àå ñèìïëåêòè÷åñêèõ è îðòîãîíàëüíûõ ãðóïï íàä ïîëåì ÷åòíîé õàðàêòåðè-

ñòèêè ìû òàêæå ìîæåì óòâåðæäàòü, ÷òî ñèòóàöèÿ ñ ¾÷óæîé¿ õàðàêòåðèñòèêîé íå

âîçíèêàåò, ïîñêîëüêó êëàññ C6 îêàçûâàåòñÿ ïóñòûì (ñì. îïð. êëàññà C6 â [36, �4.6]).

Èç òåîðåì 4.1.1 è 4.1.2 âûòåêàþò ñëåäóþùèå äâà ñëåäñòâèÿ.

Ñëåäñòâèå 4.1.3. Ïóñòü G � ãðóïïà òàêàÿ, ÷òî SLηn(q) ⩽ G ⩽ GLηn(q) è Z ⩽ Z(G).

Ïóñòü : G → G/Z � åñòåñòâåííûé ãîìîìîðôèçì è H � ïîëíûé ïðîîáðàç â G

ïîäãðóïïû H ⩽ G òàêîé, ÷òî Or(H) ⩽̸ Z(G) äëÿ íåêîòîðîãî íå÷åòíîãî ïðîñòîãî r.

Òîãäà âåðíî çàêëþ÷åíèå òåîðåìû 4.1.1.

Ñëåäñòâèå 4.1.4. Ïóñòü V � ñèìïëåêòè÷åñêîå èëè îðòîãîíàëüíîå ïðîñòðàíñòâî

íàä êîíå÷íûì ïîëåì íå÷åòíîé õàðàêòåðèñòèêè, Ω(V ) ⩽ G ⩽ I(V ) è Z ⩽ Z(G).

Ïóñòü : G → G/Z � åñòåñòâåííûé ãîìîìîðôèçì è H � ïîëíûé ïðîîáðàç â

G ïîäãðóïïû H ⩽ G òàêîé, ÷òî ïîäãðóïïà Or(H) íåòðèâèàëüíà äëÿ íåêîòîðîãî

íå÷åòíîãî ïðîñòîãî r. Òîãäà H ñîäåðæèòñÿ â ýëåìåíòå îäíîãî èç êëàññîâ Àøáàõåðà

C1 � C3.

Â ÷àñòíîñòè, äàííûå ñëåäñòâèÿ ïðèìåíèìû ïðè èññëåäîâàíèè ëîêàëüíîãî ñëó-

÷àÿ â òåîðåìå Àøáàõåðà äëÿ ïðîåêòèâíûõ ëèíåéíûõ, óíèòàðíûõ, ñèìïëåêòè÷åñêèõ

è îðòîãîíàëüíûõ ãðóïï.
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4.2 Ðàäèêàëüíûå r-ïîäãðóïïû ëèíåéíûõ è óíèòàð-

íûõ ãðóïï

Â ýòîì ïàðàãðàôå ïðèâåäåíî îïèñàíèå ðàäèêàëüíûõ r-ïîäãðóïï â ëèíåéíûõ è

óíèòàðíûõ ãðóïïàõ ïðè íå÷åòíîì r, êîòîðîå áûëî ïîëó÷åíî â ðàáîòàõ [10, �4] è [11,

�2] ñîîòâåòñòâåííî.

Îïðåäåëåíèå 4.2.1. Íàïîìíèì, ÷òî ñîãëàñíî [10] ïîäãðóïïà R ãðóïïû G íàçûâàåò-

ñÿ ðàäèêàëüíîé r-ïîäãðóïïîé äëÿ íåêîòîðîãî ïðîñòîãî ÷èñëà r, åñëè R = Or(NG(R)).

Îïðåäåëåíèå 4.2.2. Ïóñòü G � êîíå÷íàÿ ãðóïïà, r � ïðîñòîå ÷èñëî è H1, H2 �

ïîäãðóïïû ãðóïïû G. Áóäåì ïèñàòü H1 ⩽r H2, åñëè H1 ⩽ H2 è Or(H1) ⩽ Or(H2).

Ëåãêî âèäåòü, ÷òî îòíîøåíèå ⩽r çàäàåò ÷àñòè÷íûé ïîðÿäîê íà ìíîæåñòâå ïîä-

ãðóïï. Ïðè ýòîì, åñëè H � ìàêñèìàëüíàÿ îòíîñèòåëüíî äàííîãî ïîðÿäêà ïîäãðóïïà,

òî NG(Or(H)) = H. Òàêèì îáðàçîì, Or(H) ÿâëÿåòñÿ ðàäèêàëüíîé r-ïîäãðóïïîé. Îò-

ìåòèì, ÷òî âåðíî è îáðàòíîå, ò. å. ïîäãðóïïû ãðóïïû H, ìàêñèìàëüíûå îòíîñèòåëüíî

îòíîøåíèÿ ⩽r, ÿâëÿþòñÿ íîðìàëèçàòîðàìè ðàäèêàëüíûõ ïîäãðóïï (ñì. [7, �1]). Òà-

êèì îáðàçîì, èìååò ìåñòî ñëåäóþùåå

Çàìå÷àíèå 4.2.3. Ïóñòü G � êîíå÷íàÿ ãðóïïà, H ⩽ G è Or(H) ̸= 1 äëÿ íåêîòîðîãî

ïðîñòîãî ÷èñëà r. Òîãäà ñóùåñòâóåò ðàäèêàëüíàÿ r-ïîäãðóïïà R ãðóïïû G, òàêàÿ

÷òî H ⩽ NG(R) è Or(H) ⩽ R.

Äëÿ ïðîèçâîëüíûõ êâàäðàòíûõ ìàòðèö A,B îïðåäåëèì èõ êðîíåêåðîâî ïðîèçâå-

äåíèå:

A⊗B =


a11B . . . a1nB
...

. . .
...

an1B . . . annB

 .

Çàôèêñèðóåì îáîçíà÷åíèÿ, êîòîðûå áóäóò èñïîëüçîâàòüñÿ â ýòîì ïàðàãðàôå. ×å-

ðåç q êàê è ðàíåå îáîçíà÷àåòñÿ íåêîòîðàÿ ñòåïåíü ïðîñòîãî ÷èñëà p è η ∈ {+,−} çíàê.

Ïóñòü r � íå÷åòíîå ïðîñòîå ÷èñëî, (q, r) = 1, e � ïîðÿäîê ýëåìåíòà ηq ïî ìîäóëþ

r (òî åñòü íàèìåíüøåå ñðåäè íàòóðàëüíûõ ÷èñåë m òàêèõ, ÷òî (ηq)m ≡ 1 (mod r)),
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ε = ηe, è ÷èñëî a îïðåäåëÿåòñÿ ðàâåíñòâîì (q2e − 1)r = ra. Äëÿ íåîòðèöàòåëüíîãî

öåëîãî ÷èñëà γ ÷åðåç Eγ áóäåì îáîçíà÷àòü ýêñòðàñïåöèàëüíóþ ãðóïïó ýêñïîíåíòû r

è ïîðÿäêà r1+2γ (ïðè ýòîì åñëè γ = 0, òî Eγ � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà r). Äëÿ

íåîòðèöàòåëüíîãî öåëîãî ÷èñëà α ÷åðåç Zα áóäåì îáîçíà÷àòü öèêëè÷åñêóþ ãðóïïó ïî-

ðÿäêà ra+α. ×åðåç Rα,γ îáîçíà÷àåòñÿ öåíòðàëüíîå ïðîèçâåäåíèå ãðóïï Zα è Eγ, òàêîå

÷òî Z(Eγ) = Ω1(Zα). Ãðóïïà Rα,γ âêëàäûâàåòñÿ â ãðóïïó GLεrγ (q
erα) (ñì. [36, Ïðåä-

ëîæåíèå 4.6.3]), à ãðóïïà GLεrγ (q
erα), ðàñøèðåííàÿ ýëåìåíòîì ïîðÿäêà erα, âêëàäû-

âàåòñÿ â ãðóïïó GLηerα+γ (q) (ñì. [36, �4.3]). Ïðè ýòîì îáðàç ãðóïïû Rα,γ îòíîñèòåëüíî

êîìïîçèöèè âëîæåíèé

Rα,γ ↪→ GLεrγ (q
erα) ↪→ GLηerα+γ (q) (4.1)

îïðåäåëÿåòñÿ îäíîçíà÷íî ñ òî÷íîñòüþ äî ñîïðÿæåííîñòè. Ñëåäóÿ [11, 1C], îáîçíà÷èì

÷åðåç W ñóæåíèå âëîæåíèÿ Rα,γ ↪→ GLεrγ (q
erα) íà Eγ, è ïóñòü Lα,γ � íîðìàëèçàòîð

W(Eγ) â GLεrγ (q
erα). Â ñèëó ñêàçàííîãî âûøå, ãðóïïà Lα,γ òàêæå âêëàäûâàåòñÿ â

GLηerα+γ (q).

Ïóñòü Vα,γ � åñòåñòâåííûé ìîäóëü äëÿ ãðóïïû Gα,γ = GLηerα+γ (q). Äàëåå, äëÿ

ëþáîãî íàòóðàëüíîãî ÷èñëà m îïðåäåëèì

Vm,α,γ = Vα,γ⊥Vα,γ⊥ . . .⊥Vα,γ︸ ︷︷ ︸
m ðàç

,

ãäå ⊥ îáîçíà÷àåò ïðÿìóþ ñóììó ïîäïðîñòðàíñòâ â ñëó÷àå η = + è îðòîãîíàëüíóþ

ïðÿìóþ ñóììó ïðè η = −. Ïóñòü òàêæå Gm,α,γ = GLηmerα+γ (q), ïðè ýòîì Vm,α,γ ìîæíî

ðàññìàòðèâàòü êàê åñòåñòâåííûé ìîäóëü äëÿ Gm,α,γ. Ãðóïïà Gα,γ ïîñðåäñòâîì âëî-

æåíèÿ

g 7→ Im ⊗ g =


g

. . .

g

 ,

ãäå Im � åäèíè÷íàÿ ìàòðèöà ðàçìåðà m, âêëàäûâàåòñÿ â ãðóïïó Gm,α,γ.

Ëåãêî âèäåòü, ÷òî ãðóïïó GLεrγ (q
erα) ìîæíî òàêæå âëîæèòü â GLηmerα+γ (q) ïîñðåä-

ñòâîì öåïî÷êè âëîæåíèé

GLεrγ (q
erα) ↪→ GLεmrγ (q

erα) ↪→ GLηmerα+γ (q)
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òàêèì îáðàçîì, ÷òî ñëåäóþùàÿ äèàãðàììà îêàæåòñÿ êîììóòàòèâíîé.

GLεrγ (q
erα) //

��

GLηerα+γ (q)

��
GLεmrγ (q

erα) // GLηmerα+γ (q)

Ïîñêîëüêó âëîæåíèå GLεrγ (q
erα) ↪→ GLεmrγ (q

erα) çàäàåòñÿ ïðàâèëîì g 7→ Im⊗ g, îáðàç

ãðóïïû GLεrγ (q
erα) â GLεmrγ (q

erα) ñîâïàäàåò ñ ïîäãðóïïîé Im ⊗GLεrγ (q
erα).

Îòìåòèì òàêæå, ÷òî ìåæäó ïîäãðóïïàìè Im ⊗ GLεrγ (q
erα) è GLεmrγ (q

erα) ãðóï-

ïû GLηmerα+γ (q) íàõîäèòñÿ ïîäãðóïïà GLεm(q
erα) ⊗ GLεrγ (q

erα), êîòîðàÿ ïðè m > 1

ïðèíàäëåæèò êëàññó Àøáàõåðà C4(GLεmrγ (q
erα)). Êðîìå òîãî, ìåæäó ïîäãðóïïàìè

GLεmrγ (q
erα) è GLηmerα+γ (q) íàõîäèòñÿ ïîäãðóïïà GLεmrγ (q

erα).erα, ïðèíàäëåæàùàÿ ïðè

e > 1 èëè α > 0 êëàññó C3(GLηmerα+γ (q)).

Äëÿ íàãëÿäíîñòè ïåðå÷èñëåííûå ïîäãðóïïû ãðóïïû GLηmerα+γ (q) èçîáðàçèì íà

ñëåäóþùåé äèàãðàììå (äâîéíàÿ ëèíèÿ ñîîòâåòñòâóåò íîðìàëüíûì ïîäãðóïïàì).

sGLεm(q
erα)⊗ Irγ

s GLηmerα+γ (q)

s GLεmrγ (q
erα).erα

s GLεmrγ (q
erα)

s GLεm(q
erα)⊗GLεrγ (q

erα)

s Im ⊗GLεrγ (q
erα)

s
Z(GLεmrγ (q

erα))

�
�

�

�
�

�

@
@

@

@
@

@

�
�

�

�
�

�

@
@

@

@
@

@

Îáîçíà÷èì ÷åðåç Rm,α,γ è Lm,α,γ îáðàçû â Gm,α,γ ãðóïï Rα,γ è Lα,γ îòíîñèòåëüíî

êîìïîçèöèè ýòèõ âëîæåíèé. Ïóñòü Cm,α,γ = CGm,α,γ (Rm,α,γ), Nm,α,γ = NGm,α,γ (Rm,α,γ)

è N0
m,α,γ = {g ∈ Nm,α,γ|[g, Z(Rm,α,γ)] = 1}.

Ïðåäëîæåíèå 4.2.4. Âî ââåäåííûõ îáîçíà÷åíèÿõ

(1) Cm,α,γ = GLεm(q
erα)⊗ Irγ ;

(2) N0
m,α,γ = Lm,α,γCm,α,γ, ãäå Rm,α,γ ⩽ Lm,α,γ, Lm,α,γ ∩ Cm,α,γ = Z(Lm,α,γ) =
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Z(Cm,α,γ), [Lm,α,γ, Cm,α,γ] = 1, Lm,α,γ/Z(Lm,α,γ)Rm,α,γ ≃ Sp2γ(r) è Lm,α,γ ñîäåð-

æèòñÿ â ïîäãðóïïå Im ⊗GLεrγ (q
erα);

(3) |Nm,α,γ/N
0
m,α,γ| = erα;

(4) Nm,α,γ ñîäåðæèòñÿ â ïîäãðóïïå GLεmrγ (q
erα).erα.

Äîêàçàòåëüñòâî. [10, �4], [11, �2].

Äîáàâèì â ïðåäûäóùóþ äèàãðàììó ãðóïïû èç ïðåäëîæåíèÿ 4.2.4.

s GLηmerα+γ (q) = Gm,α,γ

s GLεmrγ (q
erα).erα

s GLεmrγ (q
erα)

s GLεm(q
erα)⊗GLεrγ (q

erα)

ss
sLm,α,γ

s
Z(GLεmrγ (q

erα)) = Z(Lm,α,γ) = Z(Cm,α,γ)

sN0
m,α,γ

sNm,α,γ

Im ⊗GLεrγ (q
erα)�

�
�

�
�
�
�
�

�

Cm,α,γ = GLεm(q
erα)⊗ Irγ

@
@

@
@

@
@

@
@

@
@
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@
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Â ÷àñòíîñòè, ëåãêî âèäåòü, ÷òî ïîäãðóïïà N0
m,α,γ = Lm,α,γCm,α,γ ñîäåðæèòñÿ â

ïîäãðóïïå GLεm(q
erα)⊗GLεrγ (q

erα) ãðóïïû GLηmerα+γ (q).

Ñëåäóÿ [10], áóäåì ðàññìàòðèâàòü ñèììåòðè÷åñêèå ãðóïïû êàê ãðóïïû ìàòðèö ïî-

ñðåäñòâîì åñòåñòâåííîãî ïîäñòàíîâî÷íîãî ïðåäñòàâëåíèÿ. Îïðåäåëèì ñïëåòåíèå X ≀Y

ìàòðè÷íîé ãðóïïû X è ïîäñòàíîâî÷íîé ìàòðè÷íîé ãðóïïû Y êàê ãðóïïó ìàòðèö, ïî-

ëó÷åííóþ çàìåíîé âñåõ âõîæäåíèé 1 è 0 â ìàòðèöàõ y èç Y íà ïðîèçâîëüíûå ìàòðèöû

èç X è íóëåâûå ìàòðèöû èç X ñîîòâåòñòâåííî (ñð. [36, Ëåììà 4.2.1]). Äàëåå, ïóñòü

c̄ = (c1, c2, . . . , cl), ãäå c1, c2, . . . , cl � íàòóðàëüíûå ÷èñëà. Ïóñòü Aci � ýëåìåíòàðíàÿ

àáåëåâà ãðóïïà ïîðÿäêà rci äëÿ ëþáîãî i = 1, . . . , l è Ac̄ � ïîäñòàíîâî÷íîå ñïëå-

òåíèå Ac1 ≀ Ac2 ≀ . . . ≀ Acl . Òîãäà Ac̄ âêëàäûâàåòñÿ â ñèììåòðè÷åñêóþ ãðóïïó Su, ãäå
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u = rc1+c2+...+cl . Ïîëîæèì Rm,α,γ,c̄ = Rm,α,γ ≀ Ac̄, Gm,α,γ,c̄ = GLηd(q), ãäå d = merα+γu è

Vm,α,γ,c̄ = Vm,α,γ⊥Vm,α,γ⊥ . . .⊥Vm,α,γ︸ ︷︷ ︸
u ðàç

ñîîòâåòñòâóþùèé ìîäóëü äëÿ Gm,α,γ,c̄. Ñîãëàñíî [10, �4] è [11, �2] ãðóïïà Rm,α,γ,c̄ åñòå-

ñòâåííûì îáðàçîì âêëàäûâàåòñÿ â ãðóïïó Gm,α,γ,c̄, îïðåäåëÿåòñÿ â íåé îäíîçíà÷íî ñ

òî÷íîñòüþ äî ñîïðÿæåíèÿ è íàçûâàåòñÿ åå áàçèñíîé ïîäãðóïïîé.

Ïðåäëîæåíèå 4.2.5. Ïóñòü G = GLη(V ) = GLηn(q) è R � ðàäèêàëüíàÿ r-ïîäãðóïïà

ãðóïïû G. Òîãäà ñóùåñòâóþò ñîîòâåòñòâóþùèå äðóã äðóãó ðàçëîæåíèÿ

V = V0⊥V1⊥ . . .⊥Vt, (4.2)

R = R0 ×R1 × . . .×Rt, (4.3)

òàêèå ÷òî R0 � òðèâèàëüíàÿ ïîäãðóïïà ãðóïïû GLη(V0) è Ri � áàçèñíàÿ ïîäãðóïïà

ãðóïïû GLη(Vi) äëÿ i ⩾ 1.

Äîêàçàòåëüñòâî. [10, 4A], [11, 2B].

Ïóñòü òåïåðü â ïðåæíèõ îáîçíà÷åíèÿõ R � ðàäèêàëüíàÿ r-ïîäãðóïïà ãðóïïû G,

V � åñòåñòâåííûé ìîäóëü äëÿ G è

V = V0⊥V1⊥ . . .⊥Vt, R = R0 ×R1 × . . .×Rt

ðàçëîæåíèÿ 4.2�4.3. Ïóñòü R(m,α, γ, c̄) � ïðîèçâåäåíèå òåõ èç ïîäãðóïï Ri, äëÿ êî-

òîðûõ Ri = Rm,α,γ,c̄, V (m,α, γ, c̄) � ñóììà ñîîòâåòñòâóþùèõ ýòèì Ri ïîäïðîñòðàíñòâ

Vi, u(m,α, γ, c̄) � ÷èñëî òàêèõ Ri è G(m,α, γ, c̄) = GLη(V (m,α, γ, c̄)).

Ïðåäëîæåíèå 4.2.6. Âî ââåäåííûõ îáîçíà÷åíèÿõ

NG(R) = GLη(V0)×
∏

m,α,γ,c̄

NG(m,α,γ,c̄)(R(m,α, γ, c̄)) (4.4)

NG(m,α,γ,c̄)(R(m,α, γ, c̄)) = NGm,α,γ,c̄(Rm,α,γ,c̄) ≀ Su(m,α,γ,c̄) (4.5)

Äîêàçàòåëüñòâî. [5, Ëåììà 11].
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4.3 Ðàäèêàëüíûå 2-ïîäãðóïïû ëèíåéíûõ è óíèòàð-

íûõ ãðóïï

Â ýòîì ïàðàãðàôå ïðèâåäåíî îïèñàíèå ðàäèêàëüíûõ 2-ïîäãðóïï â ëèíåéíûõ è

óíèòàðíûõ ãðóïïàõ, êîòîðîå áûëî ïîëó÷åíî â ðàáîòàõ [13, �2] è [14, �2] ñîîòâåòñòâåí-

íî.

Íàïîìíèì, ÷òî q � íåêîòîðàÿ ñòåïåíü íå÷åòíîãî ïðîñòîãî ÷èñëà p è η ∈ {+,−}

çíàê. Ïóñòü ε ∈ {−1, 1} âûáðàíî òàê, ÷òî q − ε äåëèòñÿ íà 4. ×èñëî a îïðåäåëèì

ðàâåíñòâîì (q−ε)2 = 2a. Ïóñòü α � íåîòðèöàòåëüíîå öåëîå ÷èñëî. Ïîëîæèì εα = η2
α

è

Zα =

Z2 åñëè α = 0 è η = −ε,

Z2a+α â ïðîòèâíîì ñëó÷àå.

Ïóñòü γ � íåîòðèöàòåëüíîå öåëîå ÷èñëî, δ ∈ {+,−} è Eγ � ýêñòðàñïåöèàëüíàÿ

ãðóïïà 22γ+1
δ . ×åðåç EγZα áóäåì îáîçíà÷àòü öåíòðàëüíîå ïðîèçâåäåíèå ãðóïï Eγ è

Zα, òàêîå ÷òî Z(Eγ) = Ω1(Zα). Ââèäó ïðåäëîæåíèÿ [36, � 4.6] ãðóïïà EγZα âêëà-

äûâàåòñÿ â GLεα2γ (q
2α) òàêèì îáðàçîì, ÷òî Zα ñîâïàäàåò ñ O2(Z(GLεα2γ (q

2α))), è ÷åðåç

Rα,γ îáîçíà÷èì îáðàç EγZα îòíîñèòåëüíî ýòîãî âëîæåíèÿ. Ïðè ýòîì ãðóïïàGLεα2γ (q
2α),

ðàñøèðåííàÿ ïîëåâûì àâòîìîðôèçìîì ïîðÿäêà 2α, âêëàäûâàåòñÿ â ãðóïïó GLη2α+γ (q)

(ñì. [36, ��4.2, 4.3]). Ïóñòü Hα,γ � íîðìàëèçàòîð â GLεα2γ (q
2α) ïîäãðóïïû Rα,γ.

Ïóñòü m � íàòóðàëüíîå ÷èñëî. Èìååò ìåñòî ñëåäóþùàÿ öåïî÷êà âëîæåíèé

GLεα2γ (q
2α) ↪→ GLη2γ+α(q) ↪→ GLηm2γ+α(q),

ãäå ïåðâîå âëîæåíèå � âëîæåíèå Ãàëóà èëè åãî êîìïîçèöèÿ ñ âëîæåíèåì

GL2γ+α−1(q2) ↪→ GL−
2γ+α(q)

[36, ��4.2, 4.3], à âòîðîå çàäàåòñÿ ïðàâèëîì

g 7→ Im ⊗ g =


g

. . .

g

 , g ∈ GLη2γ+α(q).
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Ëåãêî âèäåòü, ÷òî ãðóïïó GLεα2γ (q
2α) ìîæíî òàêæå âëîæèòü â GLηm2α+γ (q) ïîñðåä-

ñòâîì öåïî÷êè âëîæåíèé

GLεα2γ (q
2α) ↪→ GLεαm2γ (q

2α) ↪→ GLηm2α+γ (q)

òàêèì îáðàçîì, ÷òî ñëåäóþùàÿ äèàãðàììà îêàæåòñÿ êîììóòàòèâíîé.

GLεα2γ (q
2α) −→ GLη2α+γ (q)

↓ ↓

GLεαm2γ (q
2α) −→ GLηm2α+γ (q)

Äëÿ íàãëÿäíîñòè ïåðå÷èñëåííûå ïîäãðóïïû ãðóïïû GLηm2α+γ (q) èçîáðàçèì íà ñëå-

äóþùåé äèàãðàììå (äâîéíàÿ ëèíèÿ ñîîòâåòñòâóåò íîðìàëüíûì ïîäãðóïïàì).

sGLεαm (q2
α
)⊗ I2γ

s GLηm2α+γ (q)

s GLεαm2γ (q
2α).2α

s GLεαm2γ (q
2α)

s GLεαm (q2
α
)⊗GLεα2γ (q

2α)

sIm ⊗GLεα2γ (q
2α)

s
Z(GLεαm2γ (q

2α))

�
�

�

�
�
�

@
@

@

@
@

@

�
�

�

�
�
�

@
@

@

@
@

@

Îáîçíà÷èì ÷åðåç Rm,α,γ è Hm,α,γ îáðàçû ãðóïï Rα,γ è Hα,γ â GLηm2γ+α(q) îòíîñè-

òåëüíî êîìïîçèöèè ýòèõ âëîæåíèé. Îòìåòèì, ÷òî ãðóïïû Rm,α,γ è Hm,α,γ îïðåäåëåíû

îäíîçíà÷íî ñ òî÷íîñòüþ äî ñîïðÿæåííîñòè. Ïóñòü Gm,α,γ = GLηm2α+γ (q), Cm,α,γ =

CGm,α,γ (Rm,α,γ), Nm,α,γ = NGm,α,γ (Rm,α,γ) è N
0
m,α,γ = {g ∈ Nm,α,γ|[g, Z(Rm,α,γ)] = 1}.

Ïðåäëîæåíèå 4.3.1. Âî ââåäåííûõ îáîçíà÷åíèÿõ

(1) Cm,α,γ = GLεαm (q2
α
)⊗ I2γ ;

(2) N0
m,α,γ = Hm,α,γCm,α,γ, [Hm,α,γ, Cm,α,γ] = 1, Hm,α,γ ∩ Cm,α,γ = Z(Hm,α,γ) ⩽

Z(Cm,α,γ), Hm,α,γ ñîäåðæèòñÿ â ïîäãðóïïå Im ⊗GLεα2γ (q
2α) è

Hm,α,γ/Z(Hm,α,γ)Rm,α,γ ≃

 Oδ
2γ(2), åñëè α = 0 è ε = −η,

Sp2γ(2) â îñòàëüíûõ ñëó÷àÿõ.
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(3) ôàêòîðãðóïïà Nm,α,γ/N
0
m,α,γ ÿâëÿåòñÿ öèêëè÷åñêîé ïîðÿäêà 2α;

(4) Nm,α,γ ñîäåðæèòñÿ â ïîäãðóïïå GLεαm2γ (q
2α).2α.

Äîêàçàòåëüñòâî. [13, �1], [14, �1].

Äîáàâèì â ïðåäûäóùóþ äèàãðàììó ãðóïïû èç ïðåäëîæåíèÿ 4.3.1.

s GLηm2α+γ (q) = Gm,α,γ

s GLεαm2γ (q
2α).2α

s GLεαm2γ (q
2α)

s GLεαm (q2
α
)⊗GLεα2γ (q

2α)

ss
sHm,α,γ

s
Z(Hm,α,γ) ⩽ Z(Cm,α,γ) = Z(GLεαm2γ (q

2α))

sN0
m,α,γ

sNm,α,γ

Im ⊗GLεα2γ (q
2α)�

�
�

�
�
�
�
�

�

Cm,α,γ = GLεαm (q2
α
)⊗ I2γ

@
@

@
@

@
@

@
@

@
@

@
@
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@
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@
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@
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Çàìå÷àíèå 4.3.2. Â ÷àñòíîñòè, ëåãêî âèäåòü, ÷òî ïîäãðóïïà N0
m,α,γ = Hm,α,γCm,α,γ

ñîäåðæèòñÿ â ïîäãðóïïå GLεαm (q2
α
)⊗GLεα2γ (q

2α) ãðóïïû GLηm2α+γ (q).

Ïðåäïîëîæèì, ε = −η. ×åðåç EγP îáîçíà÷èì öåíòðàëüíîå ïðîèçâåäåíèå ýêñòðàñ-

ïåöèàëüíîé ãðóïïû Eγ = 22γ+1
δ è ïîëóäèýäðàëüíîé ãðóïïû P ïîðÿäêà 2a+2, òàêîå ÷òî

Z(Eγ) = Z(P ). Òîãäà EγP àáñîëþòíî íåïðèâîäèìî âêëàäûâàåòñÿ â GLη2γ+1(q) è îáðàç

îòíîñèòåëüíî ýòîãî âëîæåíèÿ áóäåì îáîçíà÷àòü ÷åðåç S1,γ.

Îáîçíà÷èì ÷åðåç L1,γ ïîäãðóïïó, ñîñòîÿùóþ èç òåõ ýëåìåíòîâ íîðìàëèçàòîðà â

GLη2γ+1(q) ïîäãðóïïû S1,γ, êîòîðûå òðèâèàëüíî äåéñòâóþò íà [S1,γ, S1,γ]. Äëÿ íàòó-

ðàëüíîãî ÷èñëà m îáîçíà÷èì ÷åðåç Lm,1,γ è Sm,1,γ îáðàçû â GLηm2γ+1(q) ïîäãðóïï L1,γ

è S1,γ îòíîñèòåëüíî âëîæåíèÿ

GLη2γ+1(q) ↪→ GLηm2γ+1(q),
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çàäàâàåìîãî ïðàâèëîì

g 7→ Im ⊗ g =


g

. . .

g

 , g ∈ GLη2γ+1(q).

Ïîäãðóïïû Lm,1,γ è Sm,1,γ â ãðóïïå GLηm2γ+1(q) îïðåäåëÿþòñÿ îäíîçíà÷íî ñ òî÷íîñòüþ

äî ñîïðÿæåííîñòè.

Ïðåäëîæåíèå 4.3.3. Âî ââåäåííûõ îáîçíà÷åíèÿõ ïóñòü Gm,1,γ = GLηm2γ+1(q), S =

Sm,1,γ, S
0 = CS([S, S]). Ïîëîæèì N = NGm,1,γ (S) è N

0 = CN(Z(S
0)). Òîãäà

(1) N0 ⩽ GLm2γ (q
2);

(2) N ⩽ GLm2γ (q
2).2.

Äîêàçàòåëüñòâî. (1) Ñëåäóåò èç äîêàçàòåëüñòâ [13, (1I)] è [14, (1M)];

(2) Ñëåäóåò èç [13, (1I)] è [14, (1M)].

Äëÿ öåëûõ ÷èñåë γ ⩾ 0, m ⩾ 1, k = 1, 2 ïîëîæèì

Rk
m,0,γ =

 Sm,1,γ−1, åñëè k = 2, γ ⩾ 1 è ε = −η,

Rm,0,γ â îñòàëüíûõ ñëó÷àÿõ.

Ïîëîæèì òàêæå R1
m,α,γ = Rm,α,γ (òàêèì îáðàçîì, ïîäãðóïïà R2

m,α,γ îïðåäåëåíà òîëü-

êî åñëè α = 0, γ ⩾ 1 è ε = −η). Îáîçíà÷èì ÷åðåç Ck
m,α,γ è Nk

m,α,γ ñîîòâåòñòâåííî

öåíòðàëèçàòîð è íîðìàëèçàòîð â ãðóïïå GLηm2γ+α(q) ïîäãðóïïû Rk
m,α,γ. Äàëåå, ïóñòü

c̄ = (c1, c2, . . . , cl), ãäå c1, c2, . . . , cl � íàòóðàëüíûå ÷èñëà, èëè c̄ = (0). Ïóñòü äëÿ ëþáî-

ãî i = 1, . . . , l ÷åðåç Aci îáîçíà÷åíà ýëåìåíòàðíàÿ àáåëåâà ãðóïïà ïîðÿäêà 2ci , îòîæ-

äåñòâëÿåìàÿ ïîñðåäñòâîì ðåãóëÿðíîãî ïðåäñòàâëåíèÿ ñ ïîäãðóïïîé ñèììåòðè÷åñêîé

ãðóïïû S2ci , è Ac̄ = Ac1 ≀Ac2 ≀· · ·≀Acl � ïîäãðóïïà ãðóïïû Su, ãäå u = 2c1+c2+···+cl . Â ñëó-

÷àå, êîãäà c̄ = (0), ïîëîæèì Ac̄ = 1. Ïóñòü òàêæå d = 2α+γmu. Êðîìå òîãî, ïîëîæèì

Gk
m,α,γ,c̄ = GLηd(q). Ãðóïïà R

k
m,α,γ,c̄ = Rk

m,α,γ ≀ Ac̄ åñòåñòâåííûì îáðàçîì âêëàäûâàåòñÿ

â ãðóïïó Gk
m,α,γ,c̄, îïðåäåëÿåòñÿ â íåé îäíîçíà÷íî ñ òî÷íîñòüþ äî ñîïðÿæåíèÿ. Çà èñ-

êëþ÷åíèåì ñëó÷àÿ, êîãäà α = γ = 0, c1 = 1 è ε = −η, ïîäãðóïïà Rk
m,α,γ,c̄ íàçûâàåòñÿ

áàçèñíîé ïîäãðóïïîé ãðóïïû Gk
m,α,γ,c̄.
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Ïðåäëîæåíèå 4.3.4. Ïóñòü, êàê è ðàíåå, G = GLηn(q) è V � åñòåñòâåííûé ìîäóëü

äëÿ G, ñíàáæåííûé ñîîòâåòñòâóþùåé ôîðìîé (òðèâèàëüíîé ïðè η = 1 è óíèòàð-

íîé ïðè η = −1). Îòîæäåñòâèì G ñ GLη(V ). Ïóñòü R � ðàäèêàëüíàÿ 2-ïîäãðóïïà

ãðóïïû G. Òîãäà ñóùåñòâóþò ñîîòâåòñòâóþùèå äðóã äðóãó ðàçëîæåíèÿ

V = V1⊥ . . .⊥Vs⊥Vs+1⊥ . . .⊥Vt, (4.6)

R = R1 × . . .×Rs ×Rs+1 × . . .×Rt, (4.7)

òàêèå, ÷òî Ri = {±1Vi} ïðè i = 1, . . . , s è Ri � áàçèñíàÿ ïîäãðóïïà ãðóïïû GLη(Vi)

ïðè i = s+ 1, . . . , t. Êðîìå òîãî, åñëè ε = η, òî s = 0.

Äîêàçàòåëüñòâî. [13, (2B)], [14, (2B)].

Ïóñòü òåïåðü â ïðåæíèõ îáîçíà÷åíèÿõ R � ðàäèêàëüíàÿ 2-ïîäãðóïïà ãðóïïû G,

V � åñòåñòâåííûé ìîäóëü äëÿ G è

V = V1⊥ . . .⊥Vs⊥Vs+1⊥ . . .⊥Vt, R = R1 × . . .×Rs ×Rs+1 × . . .×Rt

ðàçëîæåíèÿ 4.6�4.7. Ïóñòü R(k,m, α, γ, c̄) � ïðîèçâåäåíèå òåõ èç ïîäãðóïï Ri, äëÿ

êîòîðûõ Ri = Rk
m,α,γ,c̄, V (k,m, α, γ, c̄) � ñóììà ñîîòâåòñòâóþùèõ ýòèì Ri ïîäïðî-

ñòðàíñòâ Vi, à u(k,m, α, γ, c̄) � ÷èñëî òàêèõ Ri. Ïóñòü òàêæå G(k,m, α, γ, c̄) =

GLη(V (k,m, α, γ, c̄)) � ãðóïïà, îòîæäåñòâëÿåìàÿ ñ ñîîòâåòñòâóþùåé ïîäãðóïïîé â

G.

Ïðåäëîæåíèå 4.3.5. Âî ââåäåííûõ îáîçíà÷åíèÿõ

NG(R) =
∏

k,m,α,γ,c̄

NG(k,m,α,γ,c̄)(R(k,m, α, γ, c̄)), (4.8)

NG(k,m,α,γ,c̄)(R(k,m, α, γ, c̄)) = NGk
m,α,γ,c̄

(Rk
m,α,γ,c̄) ≀ Su(k,m,α,γ,c̄), (4.9)

Äîêàçàòåëüñòâî. [6, Ëåììà 9].
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4.4 Ðàäèêàëüíûå r-ïîäãðóïïû ñèìïëåêòè÷åñêèõ è

îðòîãîíàëüíûõ ãðóïï

Â ýòîì ïàðàãðàôå ïðèâåäåíî îïèñàíèå ðàäèêàëüíûõ r-ïîäãðóïï â ñèìïëåêòè÷å-

ñêèõ è îðòîãîíàëüíûõ ãðóïïàõ íàä ïîëåì íå÷åòíîé õàðàêòåðèñòèêè äëÿ íå÷åòíîãî r,

ïîëó÷åííîå â ðàáîòå [11, �2].

Ïóñòü q � íåêîòîðàÿ ñòåïåíü íå÷åòíîãî ïðîñòîãî ÷èñëà, r � íå÷åòíîå ïðîñòîå

÷èñëî, âçàèìíî ïðîñòîå ñ q, è e � ïîðÿäîê ÷èñëà q2 êàê âû÷åòà ïî ìîäóëþ r. ×èñëî a

îïðåäåëÿåòñÿ ðàâåíñòâîì (q2e − 1)r = ra, è çíàê ε ∈ {1,−1} âûáðàí òàê, ÷òî ra äåëèò

qe − ε. Äëÿ íåîòðèöàòåëüíîãî öåëîãî ÷èñëà γ ÷åðåç Eγ áóäåì îáîçíà÷àòü ýêñòðàñïå-

öèàëüíóþ ãðóïïó ýêñïîíåíòû r è ïîðÿäêà r1+2γ (ïðè ýòîì åñëè γ = 0, òî Eγ � öèê-

ëè÷åñêàÿ ãðóïïà ïîðÿäêà r). Äëÿ íåîòðèöàòåëüíîãî öåëîãî ÷èñëà α ÷åðåç Zα áóäåì

îáîçíà÷àòü öèêëè÷åñêóþ ãðóïïó ïîðÿäêà ra+α. ×åðåç ZαEγ îáîçíà÷àåòñÿ öåíòðàëüíîå

ïðîèçâåäåíèå ãðóïï Zα è Eγ, òàêîå ÷òî Z(Eγ) = Ω1(Zα). Äëÿ óíèôèêàöèè ôîðìóëè-

ðîâîê, ìû âñëåä çà [36] èñïîëüçóåì îáîçíà÷åíèå GLεn(q), ãäå ε = ±1 èëè çíàê ýòîãî

÷èñëà, ïîëàãàÿ GL+
n (q) = GLn(q) � îáùàÿ ëèíåéíàÿ ãðóïïà è GL−

n (q) = GUn(q) �

óíèòàðíàÿ ãðóïïà. Â ñëó÷àå îðòîãîíàëüíîãî ïðîñòðàíñòâà V ÷åðåç η(V ) îáîçíà÷àåòñÿ

çíàê ñîîòâåòñòâóþùåé êâàäðàòè÷íîé ôîðìû.

Ñîãëàñíî [36, �4.6] ãðóïïà ZαEγ âêëàäûâàåòñÿ â ãðóïïó GLεrγ (q
erα) òàê, ÷òî

Zα = Or(Z(GLεrγ (q
erα))), è ÷åðåç Rα,γ áóäåì îáîçíà÷àòü îáðàç ãðóïïû ZαEγ îòíî-

ñèòåëüíî ýòîãî âëîæåíèÿ. Ïóñòü Lα,γ � íîðìàëèçàòîð Rα,γ â GLεrγ (q
erα), Vα,γ � ñèì-

ïëåêòè÷åñêîå èëè îðòîãîíàëüíîå ïðîñòðàíñòâî ðàçìåðíîñòè 2erα+γ íàä ïîëåì Fq è

η(Vα,γ) = ε, åñëè Vα,γ îðòîãîíàëüíî. Äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà m îïðåäåëèì

Vm,α,γ = Vα,γ⊥Vα,γ⊥ . . .⊥Vα,γ︸ ︷︷ ︸
m ðàç

,

ãäå ⊥ îáîçíà÷àåò îðòîãîíàëüíóþ ïðÿìóþ ñóììó ïîäïðîñòðàíñòâ. Ãðóïïà GLεerα+γ (q)

âêëàäûâàåòñÿ â ãðóïïó I(Vα,γ) ñîãëàñíî [36, 4.2.5],[36, 4.2.7] èëè [36, 4.3.18] â ñëó÷àå

ñèìïëåêòè÷åñêîãî èëè îðòîãîíàëüíûõ ïðîñòðàíñòâ, ñîîòâåòñòâåííî. Òàêèì îáðàçîì,

èìååò ìåñòî ñëåäóþùàÿ öåïî÷êà âëîæåíèé

GLεrγ (q
erα) ↪→ GLεerα+γ (q) ↪→ I(Vα,γ) ↪→ I(Vm,α,γ) (4.10)
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ãäå ïîñëåäíåå âëîæåíèå çàäàåòñÿ ñëåäóþùèì îáðàçîì

g 7→ Im ⊗ g =


g

. . .

g

 , g ∈ I(Vα,γ).

Çäåñü è äàëåå Im îáîçíà÷àåò åäèíè÷íóþ ìàòðèöó ðàçìåðà m. Ïðè ýòîì η(Vm,α,γ) =

εm, åñëè Vm,α,γ îðòîãîíàëüíî. ×åðåç Rm,α,γ è Lm,α,γ îáîçíà÷èì îáðàçû Rα,γ è Lα,γ

â I(Vm,α,γ) îòíîñèòåëüíî êîìïîçèöèè ýòèõ âëîæåíèé. Ëåãêî âèäåòü, ÷òî ãðóïïà

GLεrγ (q
erα) âêëàäûâàåòñÿ â I(Vm,α,γ) ïîñðåäñòâîì öåïî÷êè âëîæåíèé

GLεrγ (q
erα) ↪→ GLεmrγ (q

erα) ↪→ GLεmerα+γ (q) ↪→ I(Vm,α,γ) (4.11)

òàê, ÷òî ñëåäóþùàÿ äèàãðàììà ÿâëÿåòñÿ êîììóòàòèâíîé:

GLεrγ (q
erα) //

��

GLεerα+γ (q) //

��

I(Vα,γ)

��
GLεmrγ (q

erα) // GLεmerα+γ (q) // I(Vm,α,γ)

Ïîñêîëüêó âëîæåíèå GLεrγ (q
erα) ↪→ GLεmrγ (q

erα) çàäàåòñÿ ïðàâèëîì g 7→ Im ⊗ g, òî

îáðàç ãðóïïû GLεrγ (q
erα) â GLεmrγ (q

erα) ñîâïàäàåò ñ ïîäãðóïïîé Im ⊗GLεrγ (q
erα).

Îòìåòèì òàêæå, ÷òî ãðóïïà GLεm(q
erα) ⊗ GLεrγ (q

erα) ëåæèò ìåæäó ïîäãðóïïà-

ìè Im ⊗ GLεrγ (q
erα) è GLεmrγ (q

erα) ãðóïïû GLεmerα+γ (q). Ñîãëàñíî [36, �4.3] ãðóïïà

GLεmrγ (q
erα), ðàñøèðåííàÿ ýëåìåíòîì ïîðÿäêà erα, âêëàäûâàåòñÿ â GLεmerα+γ (q).

Äëÿ íàãëÿäíîñòè ïðåäñòàâèì ïåðå÷èñëåííûå ïîäãðóïïû ãðóïïû GLεmerα+γ (q) íà

ñëåäóþùåé äèàãðàììå (äâîéíàÿ ëèíèÿ ñîîòâåòñòâóåò íîðìàëüíîé ïîäãðóïïå).

sGLεm(q
erα)⊗ Irγ

s
s GLεmerα+γ (q)

s GLεmrγ (q
erα).erα

s GLεmrγ (q
erα)

s GLεm(q
erα)⊗GLεrγ (q

erα)

s Im ⊗GLεrγ (q
erα)

s
Z(GLεmrγ (q

erα))

�
�

�

�
�

�

@
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@
@
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@
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@

@
@

@
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Ïóñòü Cm,α,γ = CI(Vm,α,γ)(Rm,α,γ), Nm,α,γ = NI(Vm,α,γ)(Rm,α,γ) è N0
m,α,γ = {g ∈

Nm,α,γ|[g, Z(Rm,α,γ)] = 1}.

Ïðåäëîæåíèå 4.4.1. Âî ââåäåííûõ îáîçíà÷åíèÿõ âåðíû ñëåäóþùèå óòâåðæäåíèÿ

(1) Cm,α,γ ≃ GLεm(q
erα)⊗ Irγ ;

(2) N0
m,α,γ = Lm,α,γCm,α,γ, ãäå Rm,α,γ ⩽ Lm,α,γ, Lm,α,γ ∩ Cm,α,γ = Z(Lm,α,γ) =

Z(Cm,α,γ), [Lm,α,γ, Cm,α,γ] = 1, è Lm,α,γ ñîäåðæèòñÿ â ïîäãðóïïå Im⊗GLεrγ (q
erα);

(3) N0
m,α,γ ⊴ Nm,α,γ è Nm,α,γ/N

0
m,α,γ � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà 2erα;

(4) Nm,α,γ ñîäåðæèòñÿ â ïîäãðóïïå GLεmerα+γ (q).2.

Äîêàçàòåëüñòâî ñëåäóåò èç [11, �2]. □

Äîáàâèì â ïðåäûäóùóþ äèàãðàììó ãðóïïû èç ïðåäëîæåíèÿ 4.4.1. Äëÿ äàííîé ãðóï-

ïû G ÷åðåç G1
2
îáîçíà÷èì ïîäãðóïïó â ãðóïïå G èíäåêñà 2.

s GLεmerα+γ (q)

s GLεmrγ (q
erα).erα

s GLεmrγ (q
erα)

s GLεm(q
erα)⊗GLεrγ (q

erα)

ss
sLm,α,γ

s
Z(GLεmrγ (q

erα)) = Z(Lm,α,γ) = Z(Cm,α,γ)

sN0
m,α,γ

sNm,α,γ
1
2

Im ⊗GLεrγ (q
erα)�

�
�

�
�

�
�

�
�

Cm,α,γ = GLεm(q
erα)⊗ Irγ
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@
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Ñëåäóÿ [10], áóäåì ðàññìàòðèâàòü ñèììåòðè÷åñêèå ãðóïïû êàê ãðóïïû ìàòðèö ïî-

ñðåäñòâîì åñòåñòâåííîãî ïîäñòàíîâî÷íîãî ïðåäñòàâëåíèÿ. Îïðåäåëèì ñïëåòåíèå X ≀Y

ìàòðè÷íîé ãðóïïû X è ïîäñòàíîâî÷íîé ìàòðè÷íîé ãðóïïû Y êàê ãðóïïó ìàòðèö, ïî-

ëó÷åííóþ çàìåíîé âñåõ âõîæäåíèé 1 è 0 â ìàòðèöàõ y èç Y íà ïðîèçâîëüíûå ìàòðèöû
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èç X è íóëåâûå ìàòðèöû èç X ñîîòâåòñòâåííî. Äàëåå, ïóñòü c̄ = (c1, c2, . . . , cl), ãäå

c1, c2, . . . , cl � íàòóðàëüíûå ÷èñëà. Ïóñòü Aci � ýëåìåíòàðíàÿ àáåëåâà ãðóïïà ïîðÿä-

êà rci äëÿ ëþáîãî i = 1, . . . , l è Ac̄ � ïîäñòàíîâî÷íîå ñïëåòåíèå Ac1 ≀ Ac2 ≀ . . . ≀ Acl .

Òîãäà Ac̄ âêëàäûâàåòñÿ â ñèììåòðè÷åñêóþ ãðóïïó Su, ãäå u = rc1+c2+...+cl . Ïîëîæèì

Rm,α,γ,c̄ = Rm,α,γ ≀ Ac̄, è

Vm,α,γ,c̄ = Vm,α,γ⊥Vm,α,γ⊥ . . .⊥Vm,α,γ︸ ︷︷ ︸
u ðàç

.

Ñîãëàñíî [11, �2] ãðóïïà Rm,α,γ,c̄ åñòåñòâåííûì îáðàçîì âêëàäûâàåòñÿ â ãðóïïó

I(Vm,α,γ,c̄) è íàçûâàåòñÿ åå áàçèñíîé ïîäãðóïïîé.

Ïðåäëîæåíèå 4.4.2. Ïóñòü V � ñèìïëåêòè÷åñêîå èëè îðòîãîíàëüíîå ïðîñòðàí-

ñòâî íàä ïîëåì Fq íå÷åòíîé õàðàêòåðèñòèêè, G = I(V ), è R � ðàäèêàëüíàÿ ïîä-

ãðóïïà ãðóïïû G. Òîãäà ñóùåñòâóþò ñîîòâåòñòâóþùèå äðóã äðóãó ðàçëîæåíèÿ

V = V0⊥V1⊥ . . .⊥Vt, (4.12)

R = R0 ×R1 × . . .×Rt (4.13)

òàêèå, ÷òî R0 � òðèâèàëüíàÿ ïîäãðóïïà ãðóïïû I(V0) è Ri � áàçèñíàÿ ïîäãðóïïà

ãðóïïû I(Vi) äëÿ i ⩾ 1.

Äîêàçàòåëüñòâî ñì. â [11, 2D]. □

Ïóñòü òåïåðü â ïðåæíèõ îáîçíà÷åíèÿõ R � ðàäèêàëüíàÿ r-ïîäãðóïïà ãðóïïû G,

V � åñòåñòâåííûé ìîäóëü äëÿ G è

V = V0⊥V1⊥ . . .⊥Vt, R = R0 ×R1 × . . .×Rt

ðàçëîæåíèÿ 4.12�4.13. Ïóñòü R(m,α, γ, c̄) � ïðîèçâåäåíèå òåõ èç ïîäãðóïï Ri, äëÿ êî-

òîðûõ Ri = Rm,α,γ,c̄, V (m,α, γ, c̄) � ñóììà ñîîòâåòñòâóþùèõ ýòèì Ri ïîäïðîñòðàíñòâ

Vi è u(m,α, γ, c̄) � ÷èñëî òàêèõ Ri.

Ïðåäëîæåíèå 4.4.3. Âî ââåäåííûõ îáîçíà÷åíèÿõ âåðíû ñëåäóþùèå óòâåðæäåíèÿ

NG(R) = I(V0)×
∏

m,α,γ,c̄

NI(V (m,α,γ,c̄))(R(m,α, γ, c̄)) (4.14)

NI(V (m,α,γ,c̄))(R(m,α, γ, c̄)) = NI(Vm,α,γ,c̄)(Rm,α,γ,c̄) ≀ Su(m,α,γ,c̄) (4.15)

Äîêàçàòåëüñòâî ñì. â [5, Ëåììà 11]. □
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4.5 Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ ãëàâû

Â äàííîì ïàðàãðàôå áóäóò äîêàçàíû òåîðåìû 4.1.1 è 4.1.2. Äëÿ äîêàçàòåëüñòâà

òåîðåìû 4.1.1 ðàññìîòðèì ïîñëåäîâàòåëüíî ñëó÷àé r = 2 (òåîðåìà 4.5.2) è ñëó÷àé

íå÷åòíîãî r (òåîðåìà 4.5.4). Â ñëó÷àå r = 2 îòìåòèì ñíà÷àëà

Ïðåäëîæåíèå 4.5.1. Ïóñòü G = GLη2γ (q). Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) Äëÿ ëþáîãî δ ∈ {+,−} ãðóïïà G ñîäåðæèò àáñîëþòíî íåïðèâîäèìóþ ýêñòðà-

ñïåöèàëüíóþ ãðóïïó Eδ = 22γ+1
δ òàêóþ, ÷òî Z(Eδ) = Ω1(O2(Z(G))).

(2) Ïóñòü Z � ñèëîâñêàÿ 2-ïîäãðóïïà öåíòðà Z(G) ãðóïïû G. Òîãäà åñëè |Z| = 2,

òî ZEδ = Eδ, è åñëè |Z| > 2, òî ZE+ ≃ ZE−. Êàæäîìó èçîìîðôíîìó òèïó

ãðóïï ZEδ, δ = ±, ñîîòâåòñòâóåò ðîâíî îäèí êëàññ ñîïðÿæåííîñòè àáñîëþò-

íî íåïðèâîäèìûõ ïîäãðóïï ñèìïëåêòè÷åñêîãî òèïà ãðóïïû G c ïðåäñòàâèòå-

ëåì ZEδ.

(3) Çàôèêñèðóåì δ ∈ {+,−} è ïîëîæèì R = ZEδ è N = NG(R). Òîãäà âûïîëíåíî

îäíî èç ñëåäóþùèõ óòâåðæäåíèé.

(à) q ≡ η (mod 4), N = (Zq−η ◦ 21+2γ). Sp2γ(2). Ïðè ýòîì N ÿâëÿåòñÿ ýëåìåí-

òîì êëàññà C6, åñëè q � ïðîñòîå ÷èñëî, è ñîäåðæèòñÿ â ýëåìåíòå êëàññà

C5 â ïðîòèâíîì ñëó÷àå.

(á) q ≡ −η (mod 4), N = (Zq−η ◦ 21+2γ
δ ).Oδ

2γ(2). Ïðè ýòîì ëèáî q ïðîñòîå,

η = + è N ñîäåðæèòñÿ â ïîäãðóïïå I ∈ C8 ãðóïïû G òàêîé, ÷òî

I =

 GO+
2a(q), ïðè δ = +

GSp2a(q), ïðè δ = −
,

ëèáî N ñîäåðæèòñÿ â ýëåìåíòå êëàññà C5.

Äîêàçàòåëüñòâî. Óòâåðæäåíèÿ (1) è (2) ñëåäóþò èç [36, �4.6].

Óòâåðæäåíèå (3) òàêæå ìîæíî âûâåñòè èç ðåçóëüòàòîâ [36, �4.6], íî â ÷àñòè,

êàñàþùåéñÿ ñòðîåíèÿ ãðóïïû N , óòâåðæäåíèå (3) ïîëó÷àåòñÿ òàêæå èç ïðåäëîæå-

íèÿ 4.3.1. Èñïîëüçóåì îáîçíà÷åíèÿ èç ïðåäûäóùåãî ïàðàãðàôà. Â ñèëó ïóíêòà (3)
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ïðåäëîæåíèÿ 4.3.1 èìååì NG(R) = N1,0,γ = N0
1,0,γ. Èç ïóíêòîâ (1) è (2) òîãî æå

ïðåäëîæåíèÿ ñëåäóåò, ÷òî N0
1,0,γ = H1,0,γC1,0,γ, ïðè÷åì C1,0,γ ≃ Zq−η, [H1,0,γ, C1,0,γ] = 1,

H1,0,γ ∩ C1,0,γ = Z(H1,0,γ) è

H1,0,γ/Z(H1,0,γ)R1,0,γ ≃

 Oδ
2γ(2), åñëè α = 0 è ε = −η,

Sp2γ(2) â îñòàëüíûõ ñëó÷àÿõ.

Ñëåäîâàòåëüíî,

Z(H1,0,γ)R1,0,γ = (H1,0,γ ∩ C1,0,γ)R1,0,γ = C1,0,γR1,0,γ.

Ïîñêîëüêó Zα ñîâïàäàåò ñ O2(Z(GLη2γ (q))), èìååì Zα = Z0 ⩽ C1,0,γ è

Z(H1,0,γ)R1,0,γ = Zq−η ◦ Eγ = Zq−η ◦ 21+2γ
δ .

Òàêèì îáðàçîì,

NG(R) =

 (Zq−η ◦ 21+2γ
δ ).Oδ

2γ(2), åñëè ε = −η,

(Zq−η ◦ 21+2γ). Sp2γ(2), åñëè ε = η.

Ñïðàâåäëèâîñòü óòâåðæäåíèÿ (3) äîêàçûâàåìîãî ïðåäëîæåíèÿ â ÷àñòè, îòíîñÿ-

ùåéñÿ ê âëîæåíèþ ïîäãðóïïû N â ýëåìåíò òîãî èëè èíîãî êëàññà C5, C6 èëè C8,

ñëåäóåò èç ñîïðÿæåííîñòè àáñîëþòíî íåïðèâîäèìûõ ïîäãðóïï ãðóïïû G, èçîìîðô-

íûõ R, êîòîðóþ ãàðàíòèðóåò óòâåðæäåíèå (2), è [36, �3.5, �4.5, �4.6 è �4.8] (ñì., â

÷àñòíîñòè, òàáëèöû 3.5A�3.5F1).

Â ñëó÷àå r = 2 òåîðåìà 4.1.1 ìîæåò áûòü ñôîðìóëèðîâàíà ñëåäóþùèì îáðàçîì.

Òåîðåìà 4.5.2. Ïóñòü G = GLηn(q), H ⩽ G, O2(H) ⩽̸ Z(G). Òîãäà èìååò ìåñòî

îäèí èç ñëåäóþùèõ ñëó÷àåâ:

(1) H ñîäåðæèòñÿ â ýëåìåíòå îäíîãî èç êëàññîâ Àøáàõåðà C1 � C4;

(2) n = 2γ äëÿ íåêîòîðîãî íàòóðàëüíîãî ÷èñëà γ, H ñîäåðæèòñÿ â íîðìàëèçà-

òîðå N íåêîòîðîé 2-ïîäãðóïïû ñèìïëåêòè÷åñêîãî òèïà, O2(H) ⩽ O2(N), è

ïîäãðóïïà N òàêàÿ æå, êàê â óòâåðæäåíèè (3) ïðåäëîæåíèÿ 4.5.1.

1Îòìåòèì, ÷òî â òàáëèöå 3.5.B ñîäåðæèòñÿ íåòî÷íîñòü: òðåáîâàíèå ÷åòíîñòè f , óêàçàííîå â êà÷å-

ñòâå óñëîâèÿ ñóùåñòâîâàíèÿ êëàññà C6 â óíèòàðíûõ ãðóïïàõ, íå íóæíî. Ñð. [19, òàáëèöû 8.1�8.84].
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Äîêàçàòåëüñòâî. Ïóñòü G = GLηn(q), H ⩽ G, O2(H) ⩽̸ Z(G). Ñîãëàñíî çàìå÷à-

íèþ 4.2.3, ãðóïïà H íîðìàëèçóåò íåêîòîðóþ ðàäèêàëüíóþ 2-ïîäãðóïïó R ãðóïïû G,

ïðè÷åì O2(H) ⩽ O2(NG(R)), è ìû ìîæåì ïðåäïîëàãàòü, ÷òî H = NG(R).

Åñëè (q, 2) ̸= 1, òî NG(R) ñîäåðæèòñÿ â íåêîòîðîé ñîáñòâåííîé ïàðàáîëè÷åñêîé

ïîäãðóïïå ïî òåîðåìå Áîðåëÿ-Òèòñà [18], òî åñòü ñîäåðæèòñÿ â íåêîòîðîì ýëåìåíòå

êëàññà C1. Äàëåå ïðåäïîëàãàåì, ÷òî (q, 2) = 1, è â ýòîì ñëó÷àå èìåþò ìåñòî ðàç-

ëîæåíèÿ 4.6�4.9. Åñëè â ðàçëîæåíèè 4.8 ñîäåðæèòñÿ áîëåå îäíîãî ñîìíîæèòåëÿ, òî

ïîäãðóïïà H ñíîâà ïîïàäàåò â íåêîòîðûé ýëåìåíò èç êëàññà C1. Òàêèì îáðàçîì,

ìîæíî ñ÷èòàòü, ÷òî s = 0, t = 1, G = G(k,m, α, γ, c̄) äëÿ íåêîòîðûõ k,m, α, γ, c̄ è

NG(R) = NG(k,m,α,γ,c̄)(R(k,m, α, γ, c̄)) = NGk
m,α,γ,c̄

(Rk
m,α,γ,c̄) ≀ Su(k,m,α,γ,c̄).

Åñëè u(k,m, α, γ, c̄) > 1, òî NG(R) ñîäåðæèòñÿ â íåêîòîðîì ýëåìåíòå êëàññà C2.

Äàëåå, ìû ïðåäïîëàãàåì, ÷òî u(k,m, α, γ, c̄) = 1, è ïîýòîìó G = Gk
m,α,γ,c̄, à R =

Rk
m,α,γ,c̄. Èç îïðåäåëåíèÿ ãðóïïû R ñëåäóåò, ÷òî R ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâåäåíè-

åì ãðóïïû R1× . . .×Ru è ãðóïïû Ac̄, ãäå u = 2c1+c2+...+cl è êàæäàÿ èç ãðóïï Ri ñîâïà-

äàåò ñ Rk
m,α,γ. Ïîñêîëüêó Ac̄ âêëàäûâàåòñÿ â ãðóïïó Su, òî NG(R) ⩽ NGk

m,α,γ
(Rk

m,α,γ)≀Su.

Ñëåäîâàòåëüíî, åñëè u ̸= 1, òî NG(R) ñîäåðæèòñÿ â íåêîòîðîì ýëåìåíòå êëàññà C2.

Òàêèì îáðàçîì, ìîæíî ñ÷èòàòü, ÷òî u = 1, R = Rk
m,α,γ, G = Gk

m,α,γ. Äîïóñòèì

α > 0, òîãäà k = 1, è â ñèëó ïóíêòà (4) ïðåäëîæåíèÿ 4.3.1 ñëåäóåò, ÷òî NG(R) = Nm,α,γ

ñîäåðæèòñÿ â ãðóïïå GLεαm2γ (q
2α).2α. Ñëåäîâàòåëüíî, NG(R) ñîäåðæèòñÿ â íåêîòîðîì

ýëåìåíòå êëàññà C3 ïðè η = + è â íåêîòîðîì ýëåìåíòå êëàññà C2 ïðè η = −.

Äàëåå ñ÷èòàåì, ÷òî α = 0. Òîãäà εα = η è NG(R) = Nk
m,0,γ.

Ïóñòü k = 2, òîãäà R = R2
m,0,γ = Sm,1,γ−1, è â ñèëó ïðåäëîæåíèÿ 4.3.3 ïîëó÷àåì,

÷òî NG(R) ñîäåðæèòñÿ â ïîäãðóïïå GLm2γ−1(q2).2. Ñëåäîâàòåëüíî, NG(R) ñîäåðæèòñÿ

â íåêîòîðîì ýëåìåíòå êëàññà C3 ïðè η = + è â íåêîòîðîì ýëåìåíòå êëàññà C2 ïðè

η = −. Äàëåå ñ÷èòàåì, ÷òî k = 1.

Â ñèëó çàìå÷àíèÿ 4.3.2, ïðè m > 1 ñïðàâåäëèâî âêëþ÷åíèå

NG(R) = N0
m,0,γ ⩽ GLηm(q)⊗GLη2γ (q) ∈ C4.

Íàêîíåö, ìû ìîæåì ñ÷èòàòü, ÷òî

m = 1, R = R1,0,γ = R0,γ, G = G1,0,γ = GLη2γ (q) è n = 2γ.
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Òàêèì îáðàçîì, ïîäãðóïïà N = NG(R) òàêàÿ, êàê îïèñàíî â óòâåðæäåíèè (3)

ïðåäëîæåíèÿ 4.5.1, è òåîðåìà äîêàçàíà.

Ïåðåéäåì ê ðàññìîòðåíèþ ñëó÷àÿ íå÷åòíîãî r. Àíàëîãè÷íî ïðåäëîæåíèþ 4.5.1

äëÿ ÷åòíîãî r, èíôîðìàöèþ î âëîæåíèè â ëèíåéíûõ è óíèòàðíûõ ãðóïïàõ íîðìà-

ëèçàòîðà àáñîëþòíî íåïðèâîäèìîé r-ïîäãðóïïû ñèìïëåêòè÷åñêîãî òèïà â ýëåìåíò

ñîîòâåòñòâóþùåãî êëàññà Àøáàõåðà ïðè íå÷åòíîì r äàåò ñëåäóþùåå

Ïðåäëîæåíèå 4.5.3. Ïóñòü r � íå÷åòíîå ïðîñòîå ÷èñëî è G = GLηrγ (q), ãäå

q = pf � ñòåïåíü ïðîñòîãî ÷èñëà p, ïðè÷åì q ≡ η (mod r). Îáîçíà÷èì ÷åðåç e íàè-

ìåíüøèé äåëèòåëü ÷èñëà r− 1 òàêîé, ÷òî pe ≡ η (mod r). Ñïðàâåäëèâû ñëåäóþùèå

óòâåðæäåíèÿ.

(1) Ãðóïïà G ñîäåðæèò àáñîëþòíî íåïðèâîäèìóþ ýêñòðàñïåöèàëüíóþ ãðóïïó E =

r2γ+1 òàêóþ, ÷òî Z(E) = Ω1(Or(Z(G))).

(2) Ïóñòü Z � ñèëîâñêàÿ r-ïîäãðóïïà öåíòðà Z(G) ãðóïïû G. Òîãäà â G ñîïðÿ-

æåíû ëþáûå äâå àáñîëþòíî íåïðèâîäèìûå ïîäãðóïïû, èçîìîðôíûå ZE.

(3) Ïîëîæèì R = ZE è N = NG(R). Òîãäà

N = (Zq−η ◦ r1+2γ). Sp2γ(r)

è èìååò ìåñòî îäèí èç ñëåäóþùèõ ñëó÷àåâ:

(à) f = e è ëèáî f íå÷åòíî, ëèáî η = −; ïðè ýòîì N ∈ C6;

(á) f = e ÷åòíî è η = +; ïðè ýòîì N ñîäåðæèòñÿ â Z(G) ◦GUrγ (q
1/2) ∈ C8;

(â) f > e; ïðè ýòîì N ñîäåðæèòñÿ â ïîäãðóïïå èç êëàññà C5.

Äîêàçàòåëüñòâî. Äàííîå ïðåäëîæåíèå äîêàçûâàåòñÿ àíàëîãè÷íî ïðåäëîæåíèþ 4.5.1

ñ ïîìîùüþ [36, �3.5, �4.5, �4.6 è �4.8]. Èíôîðìàöèÿ î ñòðîåíèè ãðóïïû N â ïóíêòå

(3) ñëåäóåò èç 4.2.4.

Â ñëó÷àå íå÷åòíîãî r òåîðåìà 4.1.1 ìîæåò áûòü ñôîðìóëèðîâàíà ñëåäóþùèì îá-

ðàçîì.
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Òåîðåìà 4.5.4. Ïóñòü G = GLηn(q), H ⩽ G, Or(H) ⩽̸ Z(G) äëÿ íåêîòîðîãî íå÷åò-

íîãî ïðîñòîãî r. Òîãäà èìååò ìåñòî îäèí èç ñëåäóþùèõ ñëó÷àåâ:

(1) H ñîäåðæèòñÿ â ýëåìåíòå îäíîãî èç êëàññîâ Àøáàõåðà C1 � C4;

(2) n = rγ äëÿ íåêîòîðîãî íàòóðàëüíîãî ÷èñëà γ, q ≡ η (mod r), H ñîäåðæèòñÿ

â íîðìàëèçàòîðå N íåêîòîðîé r-ïîäãðóïïû ñèìïëåêòè÷åñêîãî òèïà, O2(H) ⩽

O2(N), è ïîäãðóïïà N òàêàÿ æå, êàê â óòâåðæäåíèè (3) ïðåäëîæåíèÿ 4.5.3.

Äîêàçàòåëüñòâî. Ïóñòü G = GLηn(q), H ⩽ G, Or(H) ⩽̸ Z(G) äëÿ íåêîòîðîãî íå÷åò-

íîãî ïðîñòîãî r. Ñîãëàñíî çàìå÷àíèþ 4.2.3, ãðóïïà H íîðìàëèçóåò íåêîòîðóþ ðàäè-

êàëüíóþ r-ïîäãðóïïó R ãðóïïû G, ïðè÷åì Or(H) ⩽ Or(NG(R)), è ìû ìîæåì ïðåä-

ïîëàãàòü, ÷òî H = NG(R).

Åñëè (q, r) ̸= 1, òî NG(R) ñîäåðæèòñÿ â íåêîòîðîé ñîáñòâåííîé ïàðàáîëè÷åñêîé

ïîäãðóïïå ïî òåîðåìå Áîðåëÿ-Òèòñà [18], òî åñòü ñîäåðæèòñÿ â íåêîòîðîì ýëåìåíòå

êëàññà C1. Äàëåå ïðåäïîëàãàåì, ÷òî (q, r) = 1, è â ýòîì ñëó÷àå èìåþò ìåñòî ðàç-

ëîæåíèÿ 4.2�4.5. Åñëè â ðàçëîæåíèè 4.4 ñîäåðæèòñÿ áîëåå îäíîãî ñîìíîæèòåëÿ, òî

ïîäãðóïïà H ñíîâà ïîïàäàåò â íåêîòîðûé ýëåìåíò èç êëàññà C1. Òàêèì îáðàçîì,

ìîæíî ñ÷èòàòü, ÷òî V0 = 0, G = G(m,α, γ, c̄) äëÿ íåêîòîðûõ m,α, γ, c̄ è

NG(R) = NG(m,α,γ,c̄)(R(m,α, γ, c̄)) = NGm,α,γ,c̄(Rm,α,γ,c̄) ≀ Su(m,α,γ,c̄) .

Åñëè u(m,α, γ, c̄) > 1, òî NG(R) ñîäåðæèòñÿ â íåêîòîðîì ýëåìåíòå êëàññà C2.

Äàëåå, ìû ïðåäïîëàãàåì, ÷òî u(m,α, γ, c̄) = 1, è ïîýòîìó G = Gm,α,γ,c̄, à R =

Rm,α,γ,c̄. Èç îïðåäåëåíèÿ ãðóïïû R ñëåäóåò, ÷òî R ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâåäå-

íèåì ãðóïïû R1×. . .×Ru è ãðóïïû Ac̄, ãäå u = rc1+c2+...+cl è êàæäàÿ èç ãðóïï Ri ñîâïà-

äàåò ñ Rm,α,γ. Ïîñêîëüêó Ac̄ âêëàäûâàåòñÿ â ãðóïïó Su, òî NG(R) ⩽ NGm,α,γ (Rm,α,γ)≀Su.

Ñëåäîâàòåëüíî, åñëè u ̸= 1, òî NG(R) ñîäåðæèòñÿ â íåêîòîðîì ýëåìåíòå êëàññà C2.

Òàêèì îáðàçîì, ìîæíî ñ÷èòàòü, ÷òî u = 1, R = Rm,α,γ, G = Gm,α,γ, è ìû ìîæåì

âîñïîëüçîâàòüñÿ ïðåäëîæåíèåì 4.2.4. Èç ïóíêòà (4) ïðåäëîæåíèÿ 4.2.4 ñëåäóåò, ÷òî

NG(R) = Nm,α,γ âêëàäûâàåòñÿ â ãðóïïó GLεmrγ (q
erα).erα è ñîäåðæèòñÿ â íåêîòîðîì

ýëåìåíòå êëàññà C3, åñëè α > 0 èëè e > 1.
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Äàëåå ñ÷èòàåì, ÷òî α = 0 è e = 1. Òîãäà ε = η è NG(R) = Nm,0,γ = N0
m,0,γ. Êàê

îòìå÷àëîñü ðàíåå, ïðè m > 1 ñïðàâåäëèâî âêëþ÷åíèå

NG(R) = N0
m,0,γ ⩽ GLηm(q)⊗GLηrγ (q) ∈ C4.

Íàêîíåö, ìû ìîæåì ñ÷èòàòü, ÷òî

e = 1,m = 1, α = 0, R = R1,0,γ = R0,γ, G = GLηrγ (q) è n = rγ.

Â ñèëó ïóíêòà (3) ïðåäëîæåíèÿ 4.2.4 èìååì NG(R) = N1,0,γ = N0
1,0,γ. Èç ïóíêòîâ

(1),(2) ïðåäëîæåíèÿ 4.2.4 ñëåäóåò, ÷òî N0
1,0,γ = L1,0,γC1,0,γ, ãäå

R1,0,γ ⩽ L1,0,γ, C1,0,γ ≃ Zq−η, Z(L1,0,γ) = Z(C1,0,γ) è L1,0,γ/Z(L1,0,γ)R1,0,γ ≃ Sp2γ(q).

Ïîñêîëüêó Zα ñîäåðæèòñÿ â öåíòðå ãðóïïû Zα ◦ Eγ, èìååì Zα ⩽ C1,0,γ è

Z(L1,0,γ)R1,0,γ = Z(C1,0,γ)R1,0,γ = C1,0,γR1,0,γ = Zq−η ◦ Eγ = Zq−η ◦ r1+2γ.

Òàêèì îáðàçîì, NG(R) = (Zq−η ◦ r1+2γ). Sp2γ(r) òàêàÿ, êàê îïèñàíî â óòâåðæäåíèè (3)

ïðåäëîæåíèÿ 4.5.3, è òåîðåìà äîêàçàíà.

Òåîðåìà 4.1.1 íåïîñðåäñòâåííî âûòåêàåò èç òåîðåì 4.5.2 è 4.5.4.

Äîêàçàòåëüñòâî òåîðåìû 4.1.2. Ïóñòü G = I(V ), H ⩽ G è Or(H) ̸= 1 äëÿ íåêîòîðî-

ãî íå÷åòíîãî ïðîñòîãî r. Ñîãëàñíî çàìå÷àíèþ 4.2.3 ãðóïïà H íîðìàëèçóåò íåêîòîðóþ

ðàäèêàëüíóþ r-ïîäãðóïïó R ãðóïïû G, ïðè÷åì Or(H) ⩽ Or(NG(R)), è ìîæíî ñ÷è-

òàòü, ÷òî H = NG(R).

Åñëè (q, r) ̸= 1, òî NG(R) ñîäåðæèòñÿ â íåêîòîðîé ñîáñòâåííîé ïàðàáîëè÷åñêîé

ïîäãðóïïå ïî òåîðåìå Áîðåëÿ-Òèòñà [18], òî åñòü â íåêîòîðîì ýëåìåíòå êëàññà C1.

Ïîýòîìó ìîæíî ïðåäïîëàãàòü, ÷òî (q, r) = 1, è òîãäà èìåþò ìåñòî ðàçëîæåíèÿ 4.12�

4.15. Åñëè â ðàçëîæåíèè 4.14 ñîäåðæèòñÿ áîëåå îäíîãî ñîìíîæèòåëÿ, òî ïîäãðóïïà H

ñíîâà ïîïàäàåò â íåêîòîðûé ýëåìåíò èç êëàññà C1. Òàêèì îáðàçîì, ìîæíî ñ÷èòàòü,

÷òî V0 � íóëåâîå ïîäïðîñòðàíñòâî, G = I(V (m,α, γ, c̄)) äëÿ íåêîòîðûõ m,α, γ, c̄ è

NG(R) = NI(V (m,α,γ,c̄))(R(m,α, γ, c̄)) = NI(Vm,α,γ,c̄)(Rm,α,γ,c̄) ≀ Su(m,α,γ,c̄) .

Åñëè u(m,α, γ, c̄) > 1, òî NG(R) ñîäåðæèòñÿ â íåêîòîðîì ýëåìåíòå êëàññà C2.
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Äàëåå, ñ÷èòàåì, ÷òî u(m,α, γ, c̄) = 1,G = I(Vm,α,γ,c̄) è R = Rm,α,γ,c̄. Èç îïðåäåëåíèÿ

ãðóïïû R ñëåäóåò, ÷òî R ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâåäåíèåì ãðóïï R1 × . . . × Ru

è Ac̄, ãäå u = rc1+c2+...+cl è êàæäàÿ èç ãðóïï Ri ñîâïàäàåò ñ Rm,α,γ. Ïîñêîëüêó Ac̄

âêëàäûâàåòñÿ â ãðóïïó Su, òî NG(R) ⩽ NI(Vm,α,γ)(Rm,α,γ) ≀ Su. Ñëåäîâàòåëüíî, NG(R)

ñîäåðæèòñÿ â íåêîòîðîì ýëåìåíòå êëàññà C2, åñëè u ̸= 1.

Òàêèì îáðàçîì, ìîæíî ñ÷èòàòü, ÷òî u = 1, R = Rm,α,γ, G = I(Vm,α,γ) è âîñ-

ïîëüçîâàòüñÿ ïðåäëîæåíèåì 4.4.1. Èç ïóíêòà (4) ïðåäëîæåíèÿ 4.4.1 ñëåäóåò, ÷òî

NG(R) = Nm,α,γ âêëàäûâàåòñÿ â ãðóïïó GLεmerα+γ (q).2. Åñëè ε = +, òî NG(R) ñî-

äåðæèòñÿ â íåêîòîðîì ýëåìåíòå êëàññà C2 [36, Ïðåäëîæåíèÿ 4.2.5, 4.2.7]. Íàêîíåö,

åñëè ε = −, òî NG(R) ñîäåðæèòñÿ â íåêîòîðîì ýëåìåíòå êëàññà C3 [36, Ïðåäëîæåíèÿ

4.3.7, 4.3.18].

Äîêàçàòåëüñòâî ñëåäñòâèé 4.1.3 è 4.1.4. ßñíî, ÷òî Or(H) ⩽ Or(H). Îáðàòíî, ïîë-

íûé ïðîîáðàç Or(H) â H èìååò âèä S × T , ãäå S � ñèëîâñêàÿ r-ïîäãðóïïà ïîëíîãî

ïðîîáðàçà è T � õîëëîâà r′-ïîäãðóïïà ãðóïïû Z. Îòñþäà S = Or(H). Ïîñêîëü-

êó S ÿâëÿåòñÿ õàðàêòåðèñòè÷åñêîé ïîäãðóïïîé ãðóïïû S × T � H, èìååì S � H è

Or(H) ⩽ Or(H). Òàêèì îáðàçîì, Or(H) = Or(H) è Or(H) ⩽̸ Z(G). Òåïåðü óòâåðæäå-

íèÿ ñëåäñòâèé ïðÿìî âûòåêàþò èç óòâåðæäåíèé òåîðåì 4.1.1 è 4.1.2.



Çàêëþ÷åíèå

Â äèññåðòàöèè ïîëó÷åíû íîâûå ðåçóëüòàòû î ïîäãðóïïîâîì ñòðîåíèè ãðóïï ëèåâà

òèïà. Îñíîâíûìè ðåçóëüòàòàìè äèññåðòàöèè ÿâëÿþòñÿ ñëåäóþùèå:

1. Íàéäåíû âñå ïðîñòûå ñâÿçíûå ëèíåéíûå àëãåáðàè÷åñêèå ãðóïïû, îïðåäåëåí-

íûå íàä àëãåáðàè÷åñêèì çàìûêàíèåì ïðîñòîãî ïîëÿ ïîëîæèòåëüíîé õàðàêòåðèñòè-

êè, â êîòîðûõ íîðìàëèçàòîð ìàêñèìàëüíîãî òîðà ðàñùåïëÿåòñÿ íàä ýòèì òîðîì. Òåì

ñàìûì, ïðîáëåìà 1, ïîñòàâëåííàÿ Æ. Òèòñîì â 1966 ãîäó, ïîëíîñòüþ ðåøåíà.

2. Äëÿ âñåõ êîíå÷íûõ ïðîñòûõ êëàññè÷åñêèõ ãðóïï íàéäåíû âñå ìàêñèìàëüíûå

òîðû, èìåþùèå äîïîëíåíèå â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå.

3. Äëÿ âñåõ êîíå÷íûõ èñêëþ÷èòåëüíûõ ãðóïï ëèåâà òèïà íàéäåíû âñå ìàêñèìàëü-

íûå òîðû, èìåþùèå äîïîëíåíèå â ñâîåì àëãåáðàè÷åñêîì íîðìàëèçàòîðå. Òåì ñàìûì,

ïðîáëåìà 2 ïîëíîñòüþ ðåøåíà.

4. Äëÿ âñåõ êîíå÷íûõ èñêëþ÷èòåëüíûõ ãðóïï ëèåâà òèïà íàéäåíû ìèíèìàëüíûå

ïîðÿäêè ïîäíÿòèé ýëåìåíòîâ ãðóïïû Âåéëÿ â ñîîòâåòñòâóþùåì àëãåáðàè÷åñêîì íîð-

ìàëèçàòîðå ìàêñèìàëüíîãî òîðà.

5. Äëÿ ëèíåéíûõ è óíèòàðíûõ ãðóïï ïîëó÷åíî óòî÷íåíèå òåîðåìû Àøáàõåðà äëÿ

ïîäãðóïï, îáëàäàþùèõ íåòðèâèàëüíîé íîðìàëüíîé ïðèìàðíîé ïîäãðóïïîé.

6. Äëÿ ñèìïëåêòè÷åñêèõ è îðòîãîíàëüíûõ ãðóïï íàä ïîëåì íå÷åòíîé õàðàêòåðè-

ñòèêè ïîëó÷åíî óòî÷íåíèå òåîðåìû Àøáàõåðà äëÿ ïîäãðóïï, îáëàäàþùèõ íåòðèâè-

àëüíîé íîðìàëüíîé ïðèìàðíîé ïîäãðóïïîé íå÷åòíîãî ïîðÿäêà.

Ðåçóëüòàòû äèññåðòàöèè áóäóò ïîëåçíû â ïåðâóþ î÷åðåäü ñïåöèàëèñòàì ïî òåî-

ðèè ãðóïï, à òàêæå èññëåäîâàòåëÿì â ñìåæíûõ îáëàñòÿõ. Ïîñêîëüêó îñíîâíûå ðå-

çóëüòàòû ÿâëÿþòñÿ óòî÷íåíèåì ïîäãðóïïîâîãî ñòðîåíèÿ ãðóïï ëèåâà òèïà, òî îíè

áóäóò èñïîëüçîâàòüñÿ äëÿ äàëüíåéøèõ èññëåäîâàíèé â òåîðèè ãðóïï. Êðîìå òîãî,
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îíè ìîãóò áûòü âêëþ÷åíû â ïðîãðàììû ñïåöêóðñîâ äëÿ ñòóäåíòîâ è àñïèðàíòîâ,

ñïåöèàëèçèðóþùèõñÿ â ðàçëè÷íûõ îáëàñòÿõ àëãåáðû.
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